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��Ún�/:§3�n×nÝ
§F = (fij) ∈ Rn×n§D = (dij) ∈ Rn×n§C = (cij) ∈ Rn×n§Ù

¥§fijL«��iÚj�m�6þ§dijL« �iÚj�m�ål§cijL«��i u �j�

s¤§�¦�z���©���� �§¿¦���m�o6þ(½¤^)��§

min
x∈X

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

fikdjl xijxkl +

n∑
i=1

n∑
j=1

cijxij , (0.1)

Ù¥§X ÷v

X =
{
x
∣∣∣ n∑

j=1

xij = 1, i = 1, · · · , n;
n∑

i=1

xij = 1, j = 1, · · · , n; xij ∈ {0, 1}, i, j = 1, · · · , n
}
.

NõÄ�u¢S¯K��g©�¯K§Ù6Ý
�ålÝ
¥kéõ"��§�

�"���©ÙéØþ![1]. 3�g©�¯K�¦)¥§XJU
k1|^"��&E

~�¯K5�§ò¬!��þ$��m. ©z[2§3]®éùaäk�þ"���AÏ�g

©�¯K�¦)?1
&?§¿�Ñ
=äk"6½"ål�QAP¦)�{§�¿��

9Ó�äk"6Ú"ål�QAP¦)�{.

�©Ú\#�Vg§ò6Ý
�ålÝ
¥kéõ"����g©�¯K½Â�

DÕ�g�¯K(SQAP)§¿±�g©�¯K��5z�.�Ä:§éDÕ�g©�¯K

�¦)?1
&?§�Ñ
nØ�â. Ó�§é�g©�ÄO¯K¥QAPLIB¥Ü©äk

DÕ6Ý
ÚDÕålÝ
�¢~?1
ÿÁ§l¢���Ý`²
�A�nØ¿ÂÚ

|^"��&E��5.

1 QAP �5z�.

�g©�¯K8I¼ê¥��g�3�½§ÝþO\
¯K�¦)E,Ý§�d§

ÏL�½�{òÙ�g��5z§����¯K�d�(·Ü)�ê5y�.§l¦¯

K�¦)E,Ý���½ü$§U
A^Qk�(·Ü)�ê5y¦)�{¦)QAP¯K¶

��¯K5���§�J¦)�§�ÏL¦)T(·Ü)�ê5y�.��5tµ§¦�

�QAP¯K�`)�e.�.

î8��§Nõ�g©�¯K�5z�{®�JÑ§Ù�N�©�oaµ(1) ÏL

Ú\Cþyij := xij

n∑
k=1

n∑
l=1

qijklxkl(1 6 i, j 6 n)9Ù�A�å^���QAP�5z�

.[4−6]¶(2)ÏLÚ\0-1(½ëY)Cþyijkl := xijxkl(1 6 i, j, k, l 6 n)9Ù�A�å^�

��QAP�5z�.[7−9]¶(3)Äu6Ý
�QAP�5z�.[10]¶(4) QAPp��.[11,12].

�,þãA«QAP�5z�.3nØþ�p�d§�3¦)QAP¢~�§<�  �

�àu¤Ñ¤�O�]�§|^ÙëY½�5tµ¤¦)�e.�Cu�`8I¼ê�

��.. nÜ�Äù
Ï�§Adams-Johnson�.´��8cA^�é�õ�2�QAP�

5z�.§�T�.¥E�3�þP{CþÚ�å. ©z[3]Ú[13]ÏL�ØAdams-Johnson
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�.¥�P{CþÚ�å§��Xe¦)5�����tµ�QAP�.QAPLP-RIIIµ

QAPLP-RIII min
x∈X

n−1∑
i=1

n∑
j=1

n∑
k>i

n∑
l 6=j

q̃ijklyijkl +

n∑
i=1

n∑
j=1

c̃ijxij (1.2)

s.t. − xkl +

l−1∑
j=1

yijkl +

n∑
j=l+1

yijkl = 0,
i, k, l = 1, · · · , n,

k > i,
(1.3)

−xij +

j−1∑
l=1

yijkl +

n∑
l=j+1

yijkl = 0,
i, j, k = 1, · · · , n,

k > i,
(1.4)

yijkl > 0,
1 6 i < k 6 n,

1 6 j 6= l 6 n,
(1.5)

Ù¥§q̃ijkl = fikdjl + fkidlj§̃cij = qijij + cij = fiidjj + cij .

2 SQAP �5z�.

�©±QAP��5z�.QAPLP-RIII�Ä:§ïÄDÕ�g©�¯K�¦)�{.

�FÚD©O�QAP8I¼ê¥�6Ý
ÚålÝ
. Ä�u¢S�QAP¯K¥§Nõó

��m�6þ½Nõ/:�m�ål�0§=FÚD¥�3fi0k0
= fk0i0 = 0 (1 6 i0 6= k0 6

n )§dj0l0 = dl0j0 = 0 (1 6 j0 6= l0 6 n )§ù¦�Cþyi0jk0lÚyij0kl0�8I¼êXê�0§

=q̃i0jk0l = 0 (1 6 j 6= l 6 n§1 6 i0 < k0 6 n)§̃qij0kl0 = 0 (1 6 j0 6= l0 6 n§1 6 i < k 6 n).

�©òCþyi0jk0lÚyij0kl0©O¡�"6CþÚ"ålCþ§Ú¡�"Cþ.

l8I¼ê���Ý�Ä§Ø+"Cþyi0jk0lÚyij0kl0���0½1§§�é8I¼ê

���zþþ�0. @o§XJÏL�½��{òù
8I¼êXê�0�Cþ�Ø§ò¬

~�¯K�¦)5�§!��þ$�][2,3].

½n 2.1 eyijkl(1 6 i < k 6 n, 1 6 j 6= l 6 n)��.QAPLP-RIII¥�"Cþ§K

"CþyijklØU�üÕ�Ø.

y² Ø���5§b�Cþyi0j0k0l0 (1 6 i0 < k0 6 n§1 6 j0 6= l0 6 n)�"6Cþ.

�x0 ∈ X§x0
i0j0

= x0
k0l0

= 1 (1 6 i0 < k0 6 n§1 6 j0 6= l0 6 n)�q̃i0j0k0l0 = 0.

eòCþyi0j0k0l0�Ø§d
n∑

l=1,l 6=j

yijkl = xij§��µ

n∑
l=1

l6=j0,l0

yi0j0k0l = x0
i0j0 = 1.

lþª��§�3yi0j0k0l1 = 1�l1 6= l0. ?§d
l−1∑
j=1

yijkl +
n∑

j=l+1

yijkl = xkl§�µ

1 = yi0j0k0l1 6
l1−1∑
j=1

yi0jk0l1 +

n∑
j=l1+1

yi0jk0l1 = x0
k0l1 6 1.

Ïd§x0
k0l1

= 1(l1 6= l0). ù�x0 ∈ X�x0
k0l0

= 1�gñ.
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íØ 2.1 ?¿ÏLÚ\yijkl := xijxkl (1 6 i, j, k, l 6 n)9Ù�A�å^��

�QAP�5z�.¥�"CþØU�üÕ�Ø.

½n2.1ÚíØ2.1L²µ�
����QAP�d�SQAP�5z�.§�ØQAP�5

z�.¥�"Cþ�§7LÓ��Ø�¹"Cþ��å.

PN = {1, 2, · · · , n}¶F0 = {(i, k)|fik = fki = 0, i ∈ N, k ∈ N, i 6= k}¶D0 = {(j, l)|djl =
dlj = 0, j ∈ N, l ∈ N, j 6= l}. I§J§KÚL©O�N�f8§�÷vµ∀i ∈ I§∃k ∈ K§

¦�(i, k) ∈ F0§��½,¶∀j ∈ J§∃l ∈ L§¦�(j, l) ∈ D0§��½,. ©z[2]©O

òAdams-Johnson�.¥�"6CþÚ"ålCþ9Ù�A�å�Ø§��XeSQAP�

5z�.SQAP-IÚSQAP-IIµ

SQAP-I min
x∈X

n∑
i,k=1
k>i

(i,k)/∈F0

n∑
j,l=1
j 6=l

q̃ijklyijkl +

n∑
i=1

n∑
j=1

c̃ijxij (2.6)

s.t. − xij +

i−1∑
k=1

yklij +

n∑
k=i+1

yijkl = 0, i, j, l = 1, · · · , n,
j 6= l, i /∈ I,

(2.7)

−xij +

j−1∑
l=1

yklij +

n∑
l=j+1

yklij = 0, i, j, k = 1, · · · , n,
k < i, (i, k) /∈ F0,

(2.8)

−xij +

j−1∑
l=1

yijkl +

n∑
l=j+1

yijkl = 0, i, j, k = 1, · · · , n,
k > i, (i, k) /∈ F0,

(2.9)

yijkl > 0, k > i, j 6= l,

(i, k) /∈ F0.

(2.10)

SQAP-II min
x∈X

n∑
i,k=1
k>i

n∑
j,l=1
j 6=l

(j,l)/∈D0

q̃ijklyijkl +

n∑
i=1

n∑
j=1

c̃ijxij (2.11)

s.t. − xij +

i−1∑
k=1

yklij +

n∑
k=i+1

yijkl = 0, i, j, l = 1, · · · , n,
j 6= l, (j, l) /∈ D0,

(2.12)

−xij +

j−1∑
l=1

yklij +

n∑
l=j+1

yklij = 0, i, j, k = 1, · · · , n,
k < i, j /∈ J,

(2.13)

−xij +

j−1∑
l=1

yijkl +

n∑
l=j+1

yijkl = 0, i, j, k = 1, · · · , n,
k > i, j /∈ J,

(2.14)

yijkl > 0, k > i, j 6= l,

(j, l) /∈ D0

(2.15)
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éu6Ý
FÚålÝ
DÓ�DÕÝ
�QAP§�.SQAP-IÚSQAP-II¥E�3

�þ"Cþ§�
�Ø¤k"Cþ§½ÂXeCþzijk:

zijk :=

n∑
l=1

(j,l)∈D0

yijkl, 1 6 i, j, k 6 n, i < k, (i, k) /∈ F0, j ∈ J, (2.16)

¿±QAPLP-RIII�Ä:§���«�5z#�.SQAP-IIIµ

SQAP-III min
x∈X

n∑
i,k=1
k>i

(i,k)/∈F0

n∑
j,l=1
j 6=l

(j,l)/∈D0

q̃ijklyijkl +

n∑
i=1

n∑
j=1

c̃ijxij (2.17)

s.t.

n∑
l=1
l 6=j

yijkl = xij ,
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j /∈ J,
(2.18)

n∑
l=1

(j,l)/∈D0

yijkl + zijk = xij ,
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j ∈ J,
(2.19)

xij +

n∑
l=1

(j,l)∈D0

xkl 6 1 + zijk,
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j ∈ J,
(2.20)

zijk 6
n∑

l=1
(j,l)∈D0

xkl,
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j ∈ J,
(2.21)

n∑
l=1

(j,l)/∈D0

yijkl 6 xij ,
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j ∈ J,
(2.22)

yijkl ∈ {0, 1},
1 6 i, j, k, l 6 n, i < k,

(i, k) /∈ F0, (j, l) /∈ D0,
(2.23)

zijk ∈ {0, 1},
1 6 i, j, k 6 n, i < k,

(i, k) /∈ F0, j ∈ J.
(2.24)

½n 2.2 SQAP-III´SQAP��5z�..

y² PFQAPLP-RIIIÚFSQAP-III©O�QAPLP-RIIIÚSQAP-III��1)8. dyijkl

= xijxkl§��
n∑

l=1
(j,l)∈D0

yijkl = xij

( n∑
l=1

(j,l)∈D0

xkl

)
.

y²T½n¤á§��=�eã(2.25)¤á§

zijk =

n∑
l=1

(j,l)∈D0

yijkl = xij

(
n∑

l=1
(j,l)∈D0

xkl

)
,

1 6 i, j, k 6 n,

i < k, (i, k) /∈ F0, j ∈ J.
(2.25)
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Äk§∀(x, y) ∈ FQAPLP-RIII§÷vyijkl = xijxkl (1 6 i, j, k, l 6 n, k > i, j 6= l).

-zijk :=
n∑

l=1,(j,l)∈D0

yijkl§w,§(2.25)¤á.

Ùg§∀(x, y, z) ∈ FSQAP-III§�ÄXe3«�¹µ

• exij = 0§d(2.19)��§zijk = 0, 1 6 i, j, k 6 n§(i, k) /∈ F0, j ∈ J¶

• e
n∑

l=1,(j,l)∈D0

xkl = 0§d(2.21)��µzijk = 0§1 6 i, j, k 6 n§(i, k) /∈ F0, j ∈ J¶

• exij =
n∑

l=1,(j,l)∈D0

xkl = 1§Kd(2.20)9(2.21)�§zijk = 1.

dd��µ∀(x, y, z) ∈ FSQAP-III§÷vª(2.25).

Ïd§FQAPLP-RIII = FSQAP-III.

3 �~©Û

ÀJ�g©�ÄO¯K¥QAPLIB¥10�äk�L5�J)QAP¢~5ÿÁ�©J

Ñ��{§ù10�¢~�6Ý
ÚålÝ
þ�DÕÝ
. ¢��¸µIntel(R) Core(TM)

i5 CPU, 3.20GHz§4GBS�§ö�XÚ�Win XP§̀ z^��Cplex12.1§êâcÏ?n

dMatlab R2008b�¤§Cplex��CPUO��m�4��.

L1�Ñ
¤¦¢~9Ù5�n§�`8I¼ê�½�c®��`8I¼ê�(Opt.

or BK Sol.)§¤¦¢~�6Ý
�ålÝ
��Ý(DOM(%))§±9|^SQAP-I§SQAP-

IIÚSQAP-III¦)QAP¢~��Cþê(No. of Vars.)Ú�åê(No. of Cons.).

L 1 16�QAP ¦)¢~

Ins© n
Opt. or

BK Sol.

DOM(%) No. of Vars. No. of Cons.

Flow Dis. I II III I II III

Esc16h 16 996 (Opt.) 89.84 68.75 27 856 21 376 22 336 6 112 2 848 7 392

Esc16i 16 14 (Opt.) 11.72 68.75 3 856 21 376 3 136 512 2 848 992

Esc16j 16 8 (Opt.) 9.38 68.75 3 136 21 376 2 560 416 2 848 800

Esc32a 32 130 (B) 14.45 81.25 74 432 413 696 64 960 4 800 26 688 9 536

Esc32b 32 168 (B) 21.09 81.25 108 160 413 696 94 336 6 976 26 688 13 888

Esc32c 32 642 (B) 25.59 81.25 130 976 413 696 114 208 8 448 26 688 16 832

Esc32d 32 200 (B) 17.58 81.25 90 304 413 696 78 784 5 824 26 688 11 584

Esc32f 32 2 (Opt.) 1.17 81.25 6 976 413 696 6 208 448 26 688 832

Esc32g 32 6 (Opt.) 1.76 81.25 9 952 413 696 8 800 640 26 688 1 216

Esc32h 32 438 27.54 81.25 140 896 413 696 122 848 9 088 26 688 18 112

L2—L4©O�Ñ
QAP¢~dSQAP-I§SQAP-IIÚSQAP-III¦)�(J. 4��O

��mSCplexvk�Ñ?ÛB& B Gap (%)�§^/¨0L«¶duO��m���§

O�L§3����`)cr1(å§^/*0L«. L2—L4¥B& B Gap (%)ÚLP
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Gap(%)�O�úª©O�µ

B&B Gap =
Cost-bestnode

Cost
× 100% (3.1)

LP Gap =
Opt. or BK Sol.-LPCost

Opt. or BK Sol.
× 100% (3.2)

Ù¥§bestnode�O�L§¥Cplex¤�Ñ�e.�.

L 2 |^SQAP-I¦)QAP¢~�$1(J

Ins©

(Mixed) Integer programming LP Relaxation

Cost
B& B

Gap (%)

Cpu

time(Sec.)

No. of

Nodes

LP

Cost

LPGap

(%)

Cpu

time(Sec.)

Esc16h 996 2.43 14 400(*) 498 690 30.72 467.75

Esc16i 14 0.00 1.41 180 0 100.00 0.05

Esc16j 8 0.00 0.53 37 0 100.00 0.03

Esc32a 152 83.22 14 400(*) 1 285 0 100.00 54.59

Esc32b 212 87.84 14 400(*) 556 0 100.00 180.23

Esc32c 660 88.64 14 400(*) 568 0 100.00 239.72

Esc32d 216 85.19 14 400(*) 1 590 0 100.00 102.17

Esc32f 2 0.00 0.28 2 0 100.00 0.02

Esc32g 6 0.00 7.92 594 0 100.00 0.06

Esc32h 454 88.55 14 400(*) 526 0 100.00 268.00

L 3 |^SQAP-II¦)QAP¢~�$1(J

Ins©

(Mixed) Integer programming LP Relaxation

Cost
B& B

Gap(%)

Cpu

time(Sec.)

No. of

Nodes
LP Cost

LP

Gap(%)

Cpu

time(Sec.)

Esc16h 996 0 2 182.56 6 225 340 65.86 8.67

Esc16i 14 0 6 942.53 25 733 0 100.00 6.44

Esc16j 8 0 2 568.22 4 461 0 100.00 5.86

Esc32a 368 - 14 400(*) 1 0 100.00 14 400(*)

Esc32b 320 - 14 400(*) 1 0 100.00 14 400(*)

Esc32c 866 100 14 400(*) 1 0 100.00 14 400(*)

Esc32d 340 - 14 400(*) 1 0 100.00 14 400(*)

Esc32f 30 - 14 400(*) 1 0 100.00 14 400(*)

Esc32g 28 - 14 400(*) 1 0 100.00 14 400(*)

Esc32h 630 - 14 400(*) 1 0 100.00 14 400(*)

dL1��: ¤¦10��~¥§Ø�~Esc16h	§Ù{9��~�6Ý
�Ýþ�uå

lÝ
��Ý§Ïd§¦�|^SQAP-I�¦)5��u|^SQAP-II�¦)5�. �
Ó

��ØQAPLP-RIII¥�"6CþÚ"ålCþ§¿����QAPLP-RIII�d�QAP�

5z�.§SQAP-III¥Ú\
#Cþ9Ù�A�å§Ïd§�¤¦¯KålÝ
��Ý
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96Ý
��Ý���§|^SQAP-III¦)¯K�Cþê9�åê�U�u|^SQAP-

I½SQAP-II¦)¯K�Cþê9�åê§Xµ�~Esc16h|^SQAP-III¦)��5��

u|^SQAP-II�¦)5�. ØL§ù����¤¦¢~�6Ý
�Ý½ålÝ
�ÝA

O$�§|^SQAP-I½SQAP-II¦)T¢~��J(O��m½Cost�)`u|^SQAP-

III�¦)�J§Xµ|^SQAP-I¦)Esc16i§Esc16j§Esc32a§Esc32g�¦)�J`u|

^SQAP-III�¦)�J¶|^SQAP-II¦)Esc16h�¦)�J`u|^SQAP-III�¦)�

J. ��§SQAP-III·^u¦)5����6Ý
�ÝÚålÝ
�Ýþ�$�SQAP¢

~.

é'L2—L4¥�O�(J§ØJuyµdu�.SQAP-III¥�Cþê�uSQAP-

IÚSQAP-II¥�Cþê, ��Ó�¦)�~|^SQAP-III¦)�(J(Cost�)`u|^

SQAP-IÚSQAP-II¦)�(J(Cost�)§�du|^SQAP-III¦)���åê�ud

SQAP-I¦)���åê§Ïd|^SQAP-III¦)��O��m�u|^SQAP-I¦)�

�O��m. d	§du¤¦¯K�ålÝ
�Ý��§Ïd|^SQAP-II¦)�¤s¤

�O��m��. ��§dL2—L4¥�êâN´��§dSQAP-III¦)�~Esc16h¤¦

��e.'dSQAP-IÚSQAP-IIO��e.�§=|^SQAP-III�ëYtµO��e.

Ø�½`udSQAP-IÚSQAP-II�ëYtµO��e.§ù´SQAP-III�Øv�?.

L 4 |^SQAP-III¦)QAP¢~�$1(J

Ins©

(Mixed) Integer programming LP Relaxation

Cost
B& B

Gap(%)

Cpu

time(Sec.)

No. of

Nodes
LP Cost

LP

Gap(%)

Cpu

time(Sec.)

Esc16h 996 83.93 14 400(*) 97 581 0 100.00 0.19

Esc16i 14 0.00 15.98 14 43 0 100.00 0.02

Esc16j 8 0.00 0.98 172 0 100.00 0.00

Esc32a 158 81.01 14 400(*) 10 154 0 100.00 2.17

Esc32b 196 94.37 14 400(*) 5 501 0 100.00 3.44

Esc32c 652 97.24 14 400(*) 3 688 0 100.00 1.41

Esc32d 212 83.38 14 400(*) 19 086 0 100.00 1.05

Esc32f 2 0.00 0.22 2 0 100.00 0.02

Esc32g 6 0.00 90.86 6 619 0 100.00 0.02

Esc32h 448 94.55 14 400(*) 3 507 0 100.00 3.52

4 ( Ø

�©±�g©�¯K��5z�.�Ä:§ïÄ
�aAÏ�g©�¯K—-DÕ�

g©�¯K�¦)#�{§�Ñ
·^uDÕ�g©�¯K��5z�.SQAP-III. �

± ¦)�{SQAP-IÚSQAP-II�'§�¤¦¯K�6Ý
ÚålÝ
þ���5�D

ÕÝ
�§SQAP-IIIU
k1¿©|^¤k"���&E§ ~¦)¯K�5�§3k

�O��mS¦��`).

QAP�õ��5z�.§XµFrieze-Yadegar�.§Adams-Johnson�.§p��.§

9dù
�.C/��Ù¦QAP�.§Ù��þ´ÏLÚ\yijkl := xijxkl§òQAP8
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I¼ê¥��g�=z��5��. @o§�â©z[2§3]§9�©½n2.1Ú½n2.2�

?Ø§·��±�Ñ�Ù¦aqQAP�.�A�DÕ�5z�.§�du�Ì¤�§�
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��§ÒSQAP�¦)�{ó§�ö8�ïÄ�ü����µ(1) |^�.�K

Ftµ�{ÚSQAP-III¦)SQAP¯K¶(2) /�ïáSQAP-III�g�§ïÄÄuLawler

QAP�5z�.ÚKaufman-BroeckxaQAP�5z�.¦)SQAP� ~�{.

ë � © z

[1] Misevicius A. An improved hybrid genetic algorithm: new result for the quadratic assignment

Problem [J]. Knowledge-Based Systems, 2004, 17(2-4): 65-73.

[2] Ü¨û, êû. �aAÏ�g©�¯K9Ù¦) [J]. XÚó§, 2008, 26(8): 113-117.

[3] Zhang H Z, Beltran-Royo C, Constantino M. Effective formulation reductions for the quadratic

assignment problem [J]. Computers & Operations Research, 2010, 37(11): 2007-2016.

[4] Kaufman L, Broeckx F. An algorithm for the quadratic assignment problem using Bender’s

decomposition [J]. European Journal of Operational Research, 1978, 2(3): 204-211.

[5] Xia Y, Yuan Y X. A new linearization method for quadratic assignment problems [J]. Opti-

mization Methods and Software, 2006, 21(5): 805-818.

[6] Zhang H Z, Beltran-Royo C, Ma L. Solving the quadratic assignment problem by means of

general purpose mixed integer linear programming solvers [J]. Annals of Operations Research,

2013, 207(1): 261-278.

[7] Lawler E L. The quadratic assignment problem [J]. Management Science, 1963, 9(4): 586-599.

[8] Frieze A M, Yadegar J. On the quadratic assignment problem [J]. Discrete Applied Mathematics,

1983, 5(1): 89-98.

[9] Adams W P, Johnson T A. Improved linear programming-based lower bounds for the quadratic

assignment problem [C]//Quadratic Assignment and Related Problems. New York: American

Mathematical Society, 1994, 16: 43-75.
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