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Fig.1 Doubly periodic microstructure and two different unit cells

T E R AL RSN R E e TR S
x eV~ n-, xe€dV~-
xcovt

-
r = s n =
zt eVt
(3)

MR S BT AR B IS, OV 5 oV X MK
PEA WM T ——X KRR

nt,

gt =z~ +d, nt=-n" (4)

Bl T8 1(b) 25F

(2~ +dy, Y4z~ €0V, it d=d,
xt =<z +dy, Bz €V, , Wit d=d,
( CPATIUAIE ¥ )

(5a)
(2= +di, Yz €V, Hitd=d
$7+d2, M:zlaliea‘@_,lﬂﬁﬂﬂ‘d:dg

Tr +d2—d1 9 M:zl r € 6‘/37 ,,[H:HTJ‘ d= dg—dl
(FETE 5 Jf)

\

(5b)
Suquet™ 5 t B9 8 R LB u(e) £YE R

e, MM o(x) ZEAYE, ATERRHA
u(x) ={e) - x+u*(x), o(x+d)=0c(x) (6)

Hrr, (e) 2PN R FHNAR, 75 5TA M A X
], v Z25EMKAKNDHROAYRY, &
u*(x +d) =u*(x) (7)

T, RRGAR OV 5 oV xR E KB
S A

u(x+d)—u(x)=(e)-d (8)
BRIt =0-n, dH (4) MK (6), FHLHR OVF
5 OV™ bXFNA E R85 T W % S A
tlx+d)+tlx)=0 9)
RRBREE KA (8) FIIL R L4 (9) St RI4LAL
TR A AR, AT LA M A

u(xT) —u(x™) =(e)-d " ut —u” =(e)-d
txzt)+t(xz")=0 tt+t =0
(10)
WMRAFAEETBT, BIEARIN T, MR
o i WA Z5T I



® 5 M

T WSRO T TSR R AL SR IT - AR Tk 683

Yy 5 fe

oc=C:e¢ (11a)

JLfTJ5 e

€= %(VU—HLV) (11b)

7 7
V.o=0 (11c)
DL R AR 157 A0 2 8] 0 S Ak 4. AR AR Bk AR 4y
JEEe O3] ZE9 Ry BT AR, JUAT 7 R DA R AR 2 5 A
Z BT (i REAER SRR, AR K
Pk R RGO B RN T & A) BIRETER T, DL RSB
B Z bR 7R 4y Rk U LA K B AE 454 7T BL B %

6]7:—/ V.o éudV -
1%
/ StT-(ut —u” —(e) - d)dS+
v+
/ (tt+t7)-6u"dS=0 (12)
V-

Her, 6() FRRES, t=0-n,n ZYMDBFE
Gk 1) B

0545 5 B N 7 0 AL RS 3% 3 Sk W R P4
2, U R R AR &M, WAZREMES
(X (12)) ATELE A

/ ott - (ut —u7)dS — (tr+t7) - 6u"dS =
av+

ov-—
/ 5t - (€) - ddS (13)
ov+

bR R AR A A E A T — R A A 5
FARE IR, DA R S SR et T B RS Y ) T A 1
SEAT R BUE T AR T — B R A

T BATTRE I 18 BT A 3 32 B 3R 43 R SN AE
] 3917 T 2 5 [ P N

2 ENNERBHHERF

TP R R, N1 {020y, Ty}, MLE
{u,v} PARARA T {X, Y} AT DU BN J7 68
B oo(z) Flw(z) BAREATH S5k sk 19

Op — Oy + 2741 = 20! (2) — 20" (2) — 2(2 — 2) " (2) (14a)

Oz + 0y =2¢'(2) +2¢'(2) (14b)
Su—iv) = 1o mp() ~ 6(2) — (- /()] (14o)

X +iY = —i[p(2) + w(z) + (z — 2)¢' (2)]} (14d)

He, i=V-T,z=2+1iy, () EXWHEEZE /K
Fwg3edE, X MY BRIERFAD A AEA B AKE
2B AB FLHIA& T, G EBUIBE, « THIAR
v Rk,

it AR SCHTRIF 5 06 A B e 8, R — A
ARG AT, WE L, TUERER
R P THT P A G R . B 1(b) , G
ARAT BN FAE R, BBk d b T F
L, DB LA A B R O X AR, IR A RN T B
AT DAV 0 R RSB I 1011

N N
p(z) =V22 —a? Zsz%_Q + Z Q2?1 (15a)
k=1 k=1

N N
w(z) = \/WZPICZ%_Q — Z Qpz2kt (15b)
k=1 k=1
He, P Qy REEMERE. ERRIFLRT
Wi R R TSy, AW R U R A
i (2 (11a), (11b), (11c)) , BEMARAT]Z iR BE(H
M (X (13)) R RH R ERE Py M Q. THS
T € R SR R

3 HERHHIKRE
AT T R e R T BN RBAT A IF,

&
P 1<k<N
Ay ={"" == (162)
Qr-n, N+1<k<2N
wp(2) =V22—a2 2?2, 1<k<N
wr(z) =
—wp(z) = 2k-N)-1 - N4 1<k<2N
(16b)
i

2N 2N
0(2) =D Appr(2), w(z) =Y Awp(z)  (17)
k=1 k=1
FNFR (14a)~(14d) #, I HES

. Ap s 1<k<2N
Ay = (18)

Ak,QN, 2N +1 <k <4N

Ho Ay _on £ Ap_on BIIEHE. 18 011 = 04, 020 = 0y,
Ol2 = 021 = Tgy, U1 = U, U2 =0, X1 =X, Xo =Y,
BTG REN R E o, B EE w AR X
Mo, TRAUS N T RAEX



684 i 4 ¥ Eitd 2009 4 £ 41 &
4N 4N 5| S e
. . M (20c) AU, X EERMFF SRR A oV
=S Ao =S AP
N - (19)

4N ~
X; = ZAk)g?“ ,

i,j=1,2

o, ol W R XY Rk Sk AT st
(14a)~(14d) BL K= (17) B . ¥ 19) RAFEZ
R &M (X (13)), BRIk iETRA
AN
> DuiAy =By, m=1,2,-- 4N (20a)
k=1
Hrp
D = /i9v+ n* ‘a'?'m) ’ (u?;C) h u(_k))dS_
/a (o o) U (20b)
Bm:/9v+n m) -(e)-ddS = Z m) -(e) -
(20c)

Oyl B Xy o ol ™ X A OV

Lﬁxiﬁﬂﬁﬁﬁiiﬁﬁ B A — RIS Zom X T A
OVt KRB EME X)) - (e)-d KA. WA (20) K
HEIFREUE, AAZIK (19) FHE 2N AL .

4 BEERSSH

KRBT MGG, ArdE—5 R i a0 T2
5 I B Jy 5 B B (STFs)
N
KI - iKH = 2\/772/1,&%_1/\/5 (21)
k=1

TIP3 7
= dV—l X;d g =1,2 (22
(Uz’j>—/va'ij _VZ iy, 4,5 =12 (22)

r2,Y

(a) FETEHS

(a) Rectangular array

L1,

TEB BB DUF R NAR (eq;) KB HBL, 251
A F P L 3 -

BAT (a)

(en) # 0, LRMAR 535 H 0 (23a)
BAT (b)

(e12) = (ezn) # 0, HARMARHEA 0 (23b)

SRAG AR 1 B 7 58 B B 7. PRI 1 e A (K —
1K) @, (4;)® Fil (K7 — K1) ®), (05;)®). 78 $ir
RAEBY YIRS T, 205 SCIE 4k i B 7 5
FERF A

gy = (B~ 1K)
Ku) (022)v/Ta
(KI - iKH)
(o12)v/Ta

Her, EBAR 7 47 RIS B E B (tension)
FIAEBIY] (shear) BAPIRAS. 22 G2 AR X R
HeFUmr, RBIAFEME, BMHALED TRAN

(Ki
(24)

(K1 —iKy)® =

(Ki — iKm)® = (Kp — iKn)"(02)® y/ma+

(K1 — iKu)*(o12)® y/ma (25a)
(Ky —iKyp)® = (K; — iKy) {o2) ™) /Ta+

(K1 — iK)%(o12) P /7Ta (25b)

LRGBS, WA B R TEHESI R, B
&R B ME K = K =0.

4.1 S
XTI 2(a),2(b) FREUHETE HES RIS 6 T HE
F, h/d =1 EERIEAT T, BIBEHCETE L,

(b) REETEHZ]
(b) Zig-zag array

B 2 P S XUR SRS B X
Fig.2 Two typical doubly-periodic array of cracks
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Fig.4 Variation of normalized stress intensity factors with the

crack length when cracks stagger in row (see Fig.3(b1))
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Fig.5 Variation of normalized stress intensity factors with the

crack length when cracks stagger in “stack” (see Fig.3(b2))
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ANALYSIS OF DOUBLY PERIODIC IN-PLANE CRACKS USING THE
EIGENFUNCTION EXPANSION-VARIATIONAL METHOD

Yan Peng Jiang Chiping?)
(School of Aeronautic Science and Engineering, Beihang University, Beijing 100191, China)

Abstract A variational functional for the unit cell for a doubly periodic in-plane problem is presented, based
on the variational principle in elasticity in conjunction with the double quasi-periodicity of the displacement
field and the double periodicity of the stress and strain fields. Then by combining with the eigenfunction
expansions of the complex stress functions satisfying the traction-free conditions on the crack surfaces, an
eigenfunction expansion-variational method for the unit cell model is developed. The general doubly periodic
boundary conditions for a unit cell are considered, so the present method can be used to solve the general doubly
periodic crack problems. The convergency analysis of the numerical results demonstrates the high efficiency
and accuracy of the present method. Finally, for several general doubly periodic crack arrays, the influence of

the stress intensity factors on the crack arrangement is examined.

Key words unit cell model, eigenfunction expansion, variational method, microcrack, double period
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