Chapter 5 Counting

5.4 Binomial Coefficients



1. The Binomial Theorem

o Example 1 (page 363)
s (X+Yy)3=x3+3X2y+3Xy?+y3

a Theorem 1

The Binomial Theorem (page 363)

(X+y)"

= Yo "C(n,j) X"yl

= C(n,0)x"+ C(n,1)x" 1y + C(Nn,2)X"2y2 +.........
+ C(n,n-1)xy"1 + C(n,n)y"
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1. The Binomial Theorem

a Theorem 1
s Proof

o SFEBUEITI A Il e FdJEl: xyl,
j=0,1,2, ..., n. AiHEUEUWX" J'yJ'EI’JIﬁ%Z, Wi 5%
B A2 AN R EN-j X OO T SReAR A oAt )
NI EY) A BT RIXFH I, Fik, xn JyJEI’J?\
oz

C(n,n-})=C(n,))
JAEBLi SN
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1. The Binomial Theorem

a Theorem 1
s Proof

o SFEBUEITI A Il e FdJEl: xyl,
j=0,1,2, ..., n. AiHEUEUWX" J'yJ'EI’JIﬁ%Z, Wi 5%
B A2 AN R EN-j X OO T SReAR A oAt )
NI EY) A BT RIXFH I, Fik, xn JyJEI’J?\
oz

C(n,n-})=C(n,))
JAEBLi SN
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1. The Binomial Theorem

o Example 2
= What is the expansion of (x+y)4?
= Solution

(x+y)*

= ¥, "C(4,j) xHy

= C(4,0)x*+ C(4,D)x3y + C(4,2)x?y?
+ C(4,3)xy3+ C(4,4)y?

=x* + 4x3y + 6x2y? + 4xy3 + y?
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1. The Binomial Theorem

o Example 3

= What is the coefficient of x1?y13in the expansion
of (X+y)2°?

= Solution
C(25,13)
= 25!/ (13! X121
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1. The Binomial Theorem

o Example 4

= What is the coefficient of x1?y13in the expansion
of (2x-3y)?°?

= Solution
(2x+(-3y))>°
= Y20 *° C(25,)) (2x)*>1 (-3y)
o The coefficient of x12y13 is
C(25,)) 212 (-3)13
= - 251/(13!x121) 212313
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1. The Binomial Theorem

a Corollary 1
= Let n be a nonnegative integer. The
2 " C(n,k) = 2"
s Proof:
2n
(1+1)"
Y = " C(n,k) 1k 1nk
= 2 - " C(n,k)
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1. The Binomial Theorem
a Corollary 2
= Let n be a positive integer. The
Y=o "(-1)kC(n,k) =0
= Proof:
0
= (N
= ((-1) + 1)
— Zk:O n (_1)k 1n-k
= T oo " (-1)* C(n,k)
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1. The Binomial Theorem

O Remark

s Corollary 2 implies that
C(n,0) + C(n,2) + C(n,4) +
= Cc(n,1) + C(n,3) + C(n,5) +
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1. The Binomial Theorem

a Corollary 3
= Let n be a nonnegative integer. Then

2 —o "C(n,k) = 3"
= Proof:
(1+2)"
Y=o "C(n,k) 1n-k2k
= Y=o "C(n,k) 2K
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2. Pascal’s Identity and Triangle

o Theorem 2 (Pascal’s Identity)

= Let n and k be positive integers with n=k. Then
C(n+1,k) = C(n,k-1) + C(n,k)
s Proof:

o BETE - PMEAEn+1IDN = EES, 2atTH It
%, HS=T-{a}. HEATHWESKMCENTEN
C(n+1,k) 1. ARMTHIE KN ICHE K TN O afSH
Pk-1170%, BEAEFallaw s STkt izs. HTS
Mk-170 & FHEAC(N,k-1)1, MTHarfE N knE 14
HC(n, k- XHTFSHKITE FEACN, KA, WTH
“Fafkit FEACN, K. M1
C(n+1,k) = C(n,k-1) + C(n,k)
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2. Pascal’s Identity and Triangle

O Remark

= Pascal’s Identity, together with the initial
conditions C(n,0)=C(n,n)=1 for all integers n,
can be used to recursively define the binomial
cofficients
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2. Pascal’s Identity and Triangle

a Pascal’s Triangle

1
1 1
1 2 1
1 3 3 1
1 4 6 4
1 ) 10 10 O
1 6 15 20 15 6
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3. Some Other Identities of the Binomial
Coefficients

o Theorem 3 (Vandermondes’s ldentity)

= Letm, n, and r be nonnegative integers with r
not exceeding either m or n. Then

Cim+n, r) = X, _," C(m, r-k) C(n,k)
= Proof

BEfES —Ea T EmPNI, B oEGSTPaEn . NXWNMES
ISR B e R 7 A2 C(m+n,r) . WIFEFEr- IR
T MR NE RSPk TR, A NE A RS
Wr-k Moo, HHPKEHEOSKrit 3. HRyEN, Xn L
FHC(m,k) C(n,r-K)F 5058 . FTbl, MXANFHEFIEE r 4o
EIN SR E R

Cm+n, r) = X, C(m, r-k) C(n,k)

Xk ] T Ve S e 55 5
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3. Some Other Identities of the Binomial
Coefficients

a Corollary 4

= If nIs a nonnegative integer. Then
C(2n,n) = X,_,"C(n,k) 2

s Proof
PATE H Yot S 8 E S5 20 Hm=r=n:
C(2n, n)

2 —o" C(n, n-k) C(n,k)
> =" C(n, k)?
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3. Some Other Identities of the Binomial
Coefficients

O Theorem 4
= Let n and r be nonnegative integers with r<n.
Then
C(n+1, r+1) = Zj:rn Cc(.r)
= Proof:
o See Next Slide
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3. Some Other Identities of the Binomial
Coefficients

a Theorem 4

m Proof:

H 8 5.3 e 10050, WAL, C(n+1, r+1)iIHHE TK
& 10 B4 B S+ AN A7 AR AN

WM e ATL, e R B P e — N LA E, TR
W, B — LN EE AN E+L, r+2, ..., 5kn+1, FiE—
Lib, EEGLIMEEK, IBAa i T k- 1M B LA
AME Bl b, §4.3THER 10, AN bR d A
C(k-1,n1. HTKIBUEERZ: r+1<k<n+1, FTLLRATH

et C(k-1, 1) = ;" C(j, 1)

MEA I K ni Z2EHI47
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Homework

a Page 369—370
= 8, 10, 20, 22, 24, 28
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