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Abstract: Firstly, the fatigue damages associated with the random loadings were always deemed as high-
cycle or very-high-cycle fatigue problems, and based on Chebyshev theorem, the number of rainflow cycles in a
given time interval could be recognized as a constant by neglecting its randomness. Secondly, the randomness
of fatigue damage induced by the distribution of rainflow cycles was analyzed. According to central limit theo-
rem, the fatigue damage could be assumed to follow Gaussian distribution, and the_statistical parameters:
mean and variance, were derived from Dirlik’s solution. Finally, the proposed méthod was used\to a simulate
Gaussian random loading and the measured random loading from an aireraft, Comparisons with/ observed re-
sults were carried out extensively. In the first example, the relative errors-of-the proposed method ate 2. 29% ,
3.52% and 1.16% for the mean, standard deviation and vafiation coefficient of fatigue damage, respectively.

In the second example, these relative errors are 11. 70% , 173. 32% and 18. 20% , and the larger errors are at-

tributable to non-stationary state of the.measured-loading to.some extent:
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Nomenclature
Dy Rainflow fatigue damadge accumulation
T Time duration
f Frequeney
w Expected.zero up-crossing rate
f(Dy) Distribution function of fatigue damage
U Expected peak rate
fm Mean frequency
X0 Gaussian random loading

fu () Distribution function of rainflow cycles

z Normalized rainflow cycle range

Mechanical components under in-service
conditions are often subjected to random load-
ings, such as the irregular stress processes in
some engine components!™, the fluctuating
pressure on aircraft skin panels”. The random
loadings are distinct from the regular loadings,
and then the fatigue analysis of random loadings is

quite complex.
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Document code: A

G(H One-sided spectral density

Ba Coefficient of variation of fatigue damage
m, A Constants of material

bs Irregular factor

m, nth central moment of a random process
o4 Standard deviation of fatigue damage

M, Total number of rainflow cycles

ox Standard deviation of Gaussian process
S Rainflow cycle range

s Mean value of fatigue damage

The final purpose of statistical analysis of
the random loading fatigue damage is to predict
or evaluate the fatigue lives and reliabilities of
the mechanical structures. The randomness of
the stochastic loadings is in terms of the peak

) and the magnitude of the rainflow cy-

[7-10

rate
cles They all will influence the computa-

tional accuracy of the fatigue damage accumula-
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tion. For the peak rate, namely the expected
number of rainflow cycles per unit time, Rice"'
and Bendat™* have carried out lots of research
systematically, and they proposed the expression
of peak rate. However, the distribution function
of peak rate is not presented in their works due
to theoretical complexity'®™. For the statistical
properties of rainflow cycles of Gaussian random
loadings, Dirlik'™ and Bishop™ have proposed
the empirical expression and theoretical expres-

Rychlik, et

alt’® have studied the rainflow cycle distribu-

sion respectively. Benasciutti,
tion of non-Gaussian random loadings.

There are lots of investigations and results
on the fatigue damage expectation of random
loadings. The statistical characteristics and dis-
tributions were studied seldom. If one wants to
study the statistical properties in time domain, a
great deal of sample time histories are nee-
ded". And sometimes the Gaussian random
loadings are always expressed in frequéncy do-
main, say, PSD(power spectral-density) ™

Based on this fact, we have studied the-sta-
tistical properties of fatigue damage in the-speci-
fied time durationfrom spectral data of Gaussian
random loadings. Lastly, the proposed method
is used to the simulated, loading and-the meas-
ured loading. Comparisons with the observed re-
sults in time domain have verified the correct-

ness and effectiveness of the presented method.
1 Randomness of number of
loading cycles
Rice" and Bendat''?! have figured out the
expression of expected peak rate vu,, namely
number of loading cycles and the expected zero
up-crossing rate w, from the PSDs of Gaussian

processes. Firstly, we shall introduce the con-

cept of spectral moment which is defined as
m, = wa”G( Hdf
0

where f indicates the frequency, G( f) is the one-si-

n=20,1, 29 b (1)

ded PSD, n is the order of the spectral moment.
Then, the expected zero up-crossing rates is

1/2
w = E(Ny. )= [%J (2)

where E(+) is the expected value operator, and
the expected peak rate is
my | V2

y = E(N,) = [n—lj (3)
where Nyt is the up-crossing number of zero lev-
el in the processes within unit time and N, is the
number of peaks in unit time. They are both
random.

In random loadings. the number of peaks is
equal to that of rainflow cycles. Then v, can also
represent the expected rainflow cycle rate. So
far, the expected number of cycles is known;
however, the distribution function of N, is not
solved™!,

According to the research of Bishop ™', the
numbers of cycles in differént time intervals can
be recognized to be independent identically dis-
tributed (HD). Fortunately, most/of fatigue
problems -associated ‘with randem loadings is
high-cycle fatigue-problem. And then, the time
duration of the loading, T (or ‘the total number
of Toading cycles M,) is always very long (or
large)+~For time duration T, the total number of

rainflow_cyeles is
.
M, = >, N (4)
i=1

and

E(M)=TX vy = TX

} 1/2
ﬂ] (5)

my
where Ny’ is the number of rainflow cycles in

the ith unity time interval. When T is long
1 T

enough, v, = ?2 NS will give an accurate
i=1

estimation of w©,. According to Chebyshev theo-

rem'"”), for any positive number e, there is

<=1 (6)

lim P(| g, — v,

T—wx

For high-cycle fatigue or very-high-cycle fatigue
problems, T—>co, then Eq. (6) will hold for a

.
very small e, then 2 NS = M, =~ 4, T. Hence,
i=1

the total number of rainflow cycles, M, can be
referred to as a constant for the specified time

duration T.

2 Randomness of rainflow fatigue

damage

The randomness of the rainflow fatigue
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damage is attributed to that the amplitudes of
the rainflow cycles are random. For the Gaussi-
an random loadings, there are several methods
to evaluate the rainflow distributions™*!'%, Al-
though, the Dirlik solution is an empirical meth-
od, lots of researches have verified its accura-
eyt Therefore, in this study, Dirlik’s for-
mulation will be used to express the Gaussian

rainflow cycle distribution.

2.1 Dirlik’s formulation

1 is derived based on

Dirlik’s formulation
extensive simulations and theoretical analysis.
For Gaussian random process X (t), there are
important relationships between the spectral mo-

ments and its statistics. The standard deviation is

ox = +/ my D)

The irregular factor is

2
W m
y=—"= |—= €))
Uy my my

The mean frequency is

my my

fm: (€D)]

m Ny
The rainflow distributionfunction f; () is always
in the form of nermalized variable, 2= S/(2ax) .,
where oy is the\standard dewiation of the Gaussi-
an random loading, and S is the range of the
The

rainflow cycle (two times of jamplitude).

normalized rainflow distfibution is

1 ) T 2/ 2 _2
()= —e Nt Se *° 2> L e /2
T

a
(10)
where
27D
a= """
1+
Y fu—d
a = 2
1—v—a+d
l—y—a+d
G =—"—
l1—«a
g =1—a—a,
t=1.25(y— ¢ —acs)/q
(1)

substituting = S/(206x) into Eq. (10), the rain-
flow cycle distribution of Gaussian random load-

ing with specified PSD can be derived.
2.2 Randomness of fatigue damage

The focus of this study is on the random-

ness of fatigue damage due to the random load-
ing itself. And the randomness of the fatigue
characteristics of the materials and structures is
not included. For those theories, one can refer
to Ref. [18-19]. So the mediam life S-N curve
will be used, namely, 50%-S-N, in this study.
The expression of S-N curve is normally as
NS" = A

A
S m

where S is the stress level; N is the number of

N =

12

cycles to failure at stress level S; mis the stress-
life exponent, and A is the fatigue strength coef-
ficient.

According to Palmgren-Miner*s-rule, the fa-

tigue damage with time duration T is

M Im
po= S 5
i\

i=1 A

where /S; is the range ‘of the ith rainflow cycle

(13

which isfandom; resultingly, D, will be random
toe. In additiony the/ critical"Tatigue damage to
fatlure is alway$ asstumed to be D, =1%, Ac-
cording to Bishop™, we can assume that the
ranges of different rainflow cycles are independ-
ent identically distributed. Therefore, Dy is the
sum of many random variables. A step further,
based on the central limit theorem. D, should
follow Gaussian distribution.

The expectation of S}"is
E(S!) = E(S") = jjsmfrmsms (14)
The variance is
Var(S")= JT[S — E(S) ] fa($)dS =

E(S")— E*(S™) (15)
Based on the hypothesis that different rainflow
cycles in the random loading are independent i-
dentically distributed, the mean value and vari-

ance of the cumulated fatigue damage are

ECS™)

= E(D=M =2

(16)

¢ = Var(Dy) = %[E(SZ”’)— E*(S™)]

an
The

coefficient of variation of the fatigue damage is

where the subscript “d” denotes “damage”.
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B(DH= % — 8D P
P \/M1/J~(Sm> A/M‘

Because D, follows Gaussian distribution, the

(18

mean value and variance can define its distribu-

1 [ (Drf_}/.d):'
exp | ——— | (19
V2o 24

Overall, the fatigue damage from the random

tion function totally

f(Dy)=

loading aspect can be characterized by a Gaussian
distribution. And the algorithm followed by the
proposed method is sketched in Fig. 1.

| Observed random loading, X(¢) |

|

\ Calculate PSD \

}

‘ Rainflow distribution based on Dirlik ‘

solution

‘ Mean value and variance of " ‘

Probability distribution funeiton.of
D f(D)

Fig. 1 Algorithm flowchart ‘of probability
density, functions of rainflow fatigue

damage for Gaussian, loadings

3 Validation examples

For validating\the eorrectness, the proposed
method is used to the simulated Gaussian
process with flat PSD and the observed Gaussian
process on an aircraft. One should note that the
true distribution function of fatigue damage is
unknown. So the results of Monte-Carlo method
in time domain are used to derive the empirical
distribution of fatigue damage. Then the empiri-
cal distribution is compared with the result based
on the presented method to verify its accuracy
and capability.

3.1 Simulated signals

The simulated Gaussian loading is shown in
Fig. 2. The statistical properties of fatigue dam-
age has be calculated in time domain and fre-
quency domain respectively. The time duration

T=28s.

3.1.1 Empirical results from time domain

200 random loadings are simulated with the
identical PSD shown in Fig. 2(b). Then rainflow
counting method is used to the 200 samples, and
the rainflow fatigue damages are calculated for
each sample. In this example, assumed the S-N
curve 1is

NS"* = 1.23 X 10" (20)
Then, the rainflow fatigue damage for each sample
time history is

M.
j

\/I
1 S1 38
2 1.23 X 10" 2

~ N
where M; is the number of cycles in the ith sim-
ulated sample time history and N, is the number
of cycles to failure at stréss lever S;.\ Then the
fatigue damage sequence {D;}, i=1, 2, *+, 200
can be obtained.\ The values of { D,} are shown

in Fig. 2 (c).

zoj

Based'\ on Kolmogorov-Smirnov
test" {P:} follows Gaussian distribution in

the confidence-of 90%. The mean of {D;} is
200

“‘1*20021)*0 0218 (22)

The standard deviation is
6 = 1.3143X10°° (23)

The coefficient of variation is

(ot
B = — = 0.0603 (24)
Hd

3.1.2 Results of proposed method

By substituting the PSD data shown in Fig.
2(b) into Eq. (10), the normalized rainflow dis-
tribution can be obtained. Through a simple var-
iable change, we can get the rainflow distribu-
tion. Then by substituting the distribution func-
tion into Eq. (14) —Eq. (18), the mean of the

fatigue damage is

pa = 0.0213 (25)
The standard deviation is
g = 1.2680 X 107° (26)
The coefficient of variation is
B =2 =0.0596 27)
U

By comparing the results in Eq. (25) —Eq. (27)
with that in Eq. (22) —Eq. (23), the relative er-
rors of the proposed method are e( ) =2.29%,
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eCoy) =3.52%, e(By) =1.16% can be seen,
where e(+) indicates the relative error.

Lastly, the empirical (EM) distribution de-
rived from { D;} and the theoretical (TH) ex-
pression based on the proposed method are
shown in Fig. 2(d), where the proposed method
can give a perfect accuracy to estimate the distri-
bution of the Gaussian fatigue damage in given

time duration.

200
£ 100
=
F 0
]
o —100
=200 ) ) | )
0 2 4 6 8
Time/s

(a) Time-history

PSD of stress/(MPa?/Hz)
.

0 200 400 600 800 1000
Frequency/Hz

(byPower spectral density\of stress

0.026
L]
2 0.024
£
S 0.022
L
£ 0.020
T 0018

0 50 100 150 200
N

(¢) Fatigue damage sequence {D,} computing
from time history

2 300f 7
5 1 EM
".‘; 200 /
= i
_;: 100 F E
=, . N

0.016 0.020 0.024 0.028

Fatigue damage
(d) Empirical distribution and theoretical
result of the proposed method
Fig. 2 Statistical properties of simulated

Gaussian loading

3.2 Observed signals

For validating the proposed method a step
further, the measured signal on an aircraft have
be analyzed in Fig. 3. The originally measured
signal is acceleration sequence, shown in Fig. 3
(a). Through the frequency domain two-fold in-

21 the displacement signal can be ob-

tegral
tained from the acceleration one. The displace-

Then, ac-

the stress

ment signal is shown in Fig. 3 (¢).
cording to deflection formulation,
time history can be derived. For the given struc-
ture, the stress response signal is proportional

to the displacement signal, namely, s(1)oCx(0).

500 b
E 0 1
=
=500 E
0 100 200 300 400
Time/s

(a) Acceleration time history

400 . . . . .
300 ;
200} ;

100 f -

A . . - .
0 200 400 600 800 1000 1200

Frequency/Hz

PSDof acceleration/
((m/s*)*/Hz)

(b) PSD of acceleration signal

1 T T

Displacement/10~m

0 100 200 300 400
Time/s
(¢) Displacement time history

PSD of displacement/
10-"" (m*/Hz)
(3]

0 200 400 600
Frequency/Hz
(d) PSD of displacement signal
Fig. 3 Observed Gaussian vibration signal

on an aircraft
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Then we can obtain the loading sequence.

For the observed acceleration signal, the
mean p, =0 m/s’, where the subscript “a” de-
note “acceleration”, the standard deviation ¢, =
141.537 9 m/s*, and the process is Gaussian in
the confidence of 90%. The mean of the dis-
placement signal, p, =0 m; the standard devia-
tion 0,=1.9980X 10 ° m, and it is Gaussian in
the confidence of 90%. Assumed that the linear
relationship between the stress process and the
displacement process shown in Fig. 3 (¢) is

S()y= L[ x(0) ]=5X10°x(0) (28)
Where L(+) indicates the linear function rela-
tionship. Then the statistics of the stress process
is: the mean p,=0MPa, the standard deviation
6,=99.902 0 MPa. And it is normal distributed
in the confidence of 90%.

For validating the capability of the proposed
method, the measured signal, whose time dura-
tion T=1360. 0939 s, is divided to 40 segments
averagely. Fig. 4 shows the statisticalproperties
of the measured random loading on an_aircraft.
The time duration of each segmentis 9s, which
is shown in Figi4(a).

The mediam S-N\of the supporting material
is supposed to be

NS' = 1.5 x 10" @29
The fatigue damage will be” calculated in both

time domain and frequency domain.

3.2.1 Empirical results from time domain

The computational procedure is the same
with that in subsection 3. 1. The fatigue damage
sequence { D;} of the 40 segments have be got-
ten, shown in Fig. 4(c). It is obviously, { D;} is

random. The mean value of {D;} is

40
fu=L3"D, = 0.0171 (30)
40 i=1
The standard deviation is
o = 3.4841x 10" (3D
The coefficient of variation is
R C}d
Bi=—=20.0610 (32)
Hd

3.2.2 Results of proposed method

By substituting the PSD data shown in Fig.

4(b) into Eq. (10), and through a simple varia-
ble change, the rainflow distribution function
can be got. Then substituting the PDF of rain-
flow cycles into Eq. (14) —Eq. (18), one can get
the statistics of the fatigue damage. The mean of

the fatigue damage is

g = 0.0191 (33)
The standard deviation is
g = 9.5227 X 10" (34)
The coefficient of variation is
Ba= 0.0499 (35)

Stress/MPa

Time/s
(a) Stress time history

= 1000 T T T
&
S
7 500F 1
g
=
=]
z} " " W ¥
a 0 200 400 600
Frequency/Hz
(b) PSD
0.020 1 L] T l
* * -)h*
o +a
?:jl {)_0I8-“'*"'
5
5
z 0016}
20
£ 0014} *1
] 10 20 30 40
N

(c) Fatigue damage sequence {D } computing
from time history

600

a0t /N

/'I'II

200}

Probability density

0.014 0.016 0.018 0.020 0.022
Fatigue damage

(d) Empirical distribution and theoretical
result of the proposed method

Fig. 4 Statistical properties of measured

random loading on an aircraft
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The results in Eq. (33) —Eq. (35) are compared
with that in Eq. (30) —Eq. (32). Compared with
the empirical results the relative errors of the
proposed method are e(py) =11.70%, e(o) =
173.32%, e(B)=18.20%.

In contrast to the simulated signal in sub-
section 3. 1, the relative errors for the real data
are larger, but in the rational range, for this
measured signal, the reasons of larger errors are
summarized as following:

1) The sample size for estimating the empir-
ical distribution is 40, which is a bit smaller for
getting a stable result.

2) It’s obvious that the measured signal is
not stationary seriously, and this is the main

reason of computational errors.

4 Conclusions

In this paper, the randomness of the fatigue
damage has be studied induced by Gaussian ran-
dom loadings in a given time duration_and the
following conclusions are obtained:

1) The fatigue damage associated with the
random loadings is-high-cycle\ fatigue or very
high-cycle fatigue problem where\ the time duras
tion of the loading process is very long. Heénce,
during the computation of the fatigue damage,
the randomness of the number of rainflow cycles
is negligible.

2) The fatigue damage induced by Gaussian
random loading is normal distributed based on the
central limit theorem. And the distribution parame-
ters are obtained based on Dirlik’s formulation.

3) The proposed method has been used to
simulated signals and the measured signal on an
aircraft. And the results have verified its cor-
rectness and applicability.

4) This study is very meaningful for the
analysis and estimation of the fatigue lives and
reliabilities of structures subjected to random vi-

bration loadings.
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