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1 NO
� A ��
� 1 � Banach ��. � A −1,A nil,A qnil � A • �	
������, 
�

�, �
���
�����.

� a ∈ A , � σ(a), Ind(a) �	
� a ��, ��.

�Æ����� b ∈ A ��
bab = b, ab = ba, a(1 − ab) ∈ A nil, (1.1)

����: 2011-12-15; � ��: 2013-03-22

��!�: ��"#�$��%&!� (11061005)
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�� b � a � Drazin �(��, �� b = aD. � (1.1) �
bab = b, ab = ba, a − a2b ∈ A qnil, (1.2)

�� b � a � ) Drazin �(��, �� b = ad (!* [10]).

� a ∈ A � p ∈ A • �
� (p2 = p), � a �+" (!* [8])

a = pap + pa(1 − p) + (1 − p)ap + (1 − p)a(1 − p).

�
a11 = pap, a12 = pa(1 − p), a21 = (1 − p)ap, a22 = (1 − p)a(1 − p),

�
a =

[
pap pa(1 − p)

(1 − p)ap (1 − p)a(1 − p)

]
p

=
[

a11 a12

a21 a22

]
p

.

� a ∈ A d � p = aad, �
a =

[
a1 0
0 a2

]
p

, ad =
[

a−1
1 0
0 0

]
p

, aπ =
[

0 0
0 1 − p

]
p

, (1.3)

,- aπ = 1 − p, a1 ∈ pA p ��, a2 ∈ (1 − p)A (1 − p) �
�.

#$%, �&'./(01�2)3,  )�Æ*�4�5+,-.67�/8 (!* [2, 4,

6, 8, 11–13, 17]). * [1] 01 AD
j 92: AD 3(43 ∃j0 (5: ∀j ≥ j0, ;, core-rank Aj =

core-rank A. * [3] 5+.6<=>?�Æ*�4, @7,-. ‖(A + U)D − AD‖ �Æ*8. *
[4]5+.Æ*>?��AB�C>? A�ABDEF6<=>? A� Drazin ��Æ*. * [5]

5+ Banach ��G ) Drazin ���
9H, (,-. 2× 2 �:;I�
9H. * [12] 01

. Banach ��G ) Drazin ��Æ*@7 Banach <=G�8<=>? ) Drazin ��Æ
*. * [6] ,-.>J?: ‖AD‖ ‖E‖ < 1 @Æ*A>? A + E �
9H�Æ*8 (!3*). K
* [6] �L/, MBC01N�OD3 (a + u)d �
9H�Æ*8.

� A ∈ B(X,Y ) 
�E X PQ- Y G��8<=>?, ,- X, Y F� Banach <= (�
X = Y , � A ∈ B(X)). RG A ∈ B(X) � ) Draizn �, � A � (!* [8])

A =
[

A1 0
0 A2

]
:
(

N(Aπ)
R(Aπ)

)
→

(
N(Aπ)
R(Aπ)

)
,

,- A1 � A2 �	����
�.

� A,U,B ∈ B(X), A� ) Drazin�( B = A+U ,�H:<=�I X = N(Aπ)⊕R(Aπ)

� (!* [6])

U =
[

U11 U12

0 U22

]
, B = A + U =

[
A1 + U11 U12

0 A2 + U22

]
.

JK* [6],�@3OD3�	5+.�8<=>?� ) Drazin��Æ*@7 ‖(A+U)d−Ad‖
�G8,

• A1 + U11 ��� [R(Aπ)] S���T�.

• A1 + U11 ��� U22A2 = 0.

• A1 + U11 ��� U22A2 = A2U22.
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A1 + U11 ��TOD ‖AD
1 ‖ ‖U11‖ < 1 (!* [3, 8, 14, 16]) Y, Z� ‖AD

1 ‖ ‖U11‖ < 1 [U
(A1 + U11) �� (!* [6]).

� a ∈ A d, � a � (1.3), V�WX, � u ∈ A � a �Æ*�, � u �
u =

[
u11 u12

u21 u22

]
p

,

,- p = aad. K* [6] �L/, MB�	Y@3OD\Z Banach ��G� ) Drazin ��Æ
*�01Æ*A�� ) Drazin � (a + u)d �[]
9H@7,-. ‖(a + u)d − ad‖ �G8:

• a1 + u11 ��� a2u
2
22 = 0, a2

2 = 0.

• a1 + u11 ��� a2
2u22 = 0, u2

22 = 0.

• a1 + u11 ��� u2
22 = u2.

3X01\]���^^.

ST 1.1 [2] � A � Banach ��, x, y ∈ A � p ∈ A •, �
x =

[
a c

0 b

]
p

, y =
[

b 0
c a

]
1−p

.

(i) � a ∈ (pA p)d, b ∈ ((1 − p)A (1 − p))d, � x, y ∈ A d (
xd =

[
ad U

0 bd

]
p

, yd =
[

bd 0
U ad

]
1−p

, (1.4)

,-
U =

∞∑
n=0

(ad)n+2cbnbπ +
∞∑

n=0

aπanc(bd)n+2 − adcbd.

(ii) � x ∈ A d, a ∈ (pA p)d, � b ∈ [(1 − p)A (1 − p)]d ( xd _`� (1.4).

ST 1.2 [2] � a, b ∈ A  ) Drazin ���� ab = 0, � a + b  ) Drazin ��(
(a + b)d = bπ

∞∑
n=0

bn(ad)n+1 +
∞∑

n=0

(bd)n+1anaπ.

ST 1.3 [7] � a, b ∈ A d, ;, ab = ba, � (a + b) ∈ A d 3(43 1 + adb ∈ A d, _F
(a + b)d = ad(1 + adb)dbbd + bπ

∞∑
n=0

(−b)n(ad)n+1 +
∞∑

n=0

(bd)n+1(−a)naπ.

ST 1.4 [9] � M = [
(
a b
0 c

)
]p, RG σ(a) ∩ σ(c) a'`a, � σ(M) = σ(a) ∪ σ(c).

5: μ ∈ C, K ⊂ C, � σ(a) �= ∅, b)
dist(λ, σ(a)) = inf{‖λi − λ‖ : λi ∈ σ(a)},

�MB,-3X^^.

ST 1.5 [6] � a, u ∈ A � b = a + u, ( σε(a) = {λ : dist(λ, σ(a)) < ε}, �5: ∀ ε > 0,

Æ� δ > 0, ;, σ(b) ⊂ σε(a), ,- ‖u‖ < δ.

2 UVbWXYZ[
cT 2.1 � a, b ∈ A � ) Drazin ��(�� ab2 = 0 � a2 = 0, � a + b  ) Drazin

��3(43 [bπ(a + b)]d Æ�. � bπab ∈ A d, ‖ab‖ ‖ad‖2 < 1 � ‖(ab)d‖ ‖a2‖ < 1, �
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(i) (a + b)d =
∑∞

k=0(b
d)2k+1

{
bd(ab)π(ba)ka + (ab)π(ab)k

}
;

(ii)
‖(a+b)d−ad‖

‖ad‖ ≤ ‖b(ab)πad‖ + ‖(ab)d(ab)‖ +
‖(ab)π‖ ‖ab‖

1 − ‖ab‖ ‖ad‖2

(‖b‖ ‖ad‖3 + ‖ad‖2
)

+
‖(ab)d‖ ‖a‖

‖ad‖(1 − ‖(ab)d‖ ‖a2‖)
(‖b‖ ‖aπ‖ + ‖aaπ‖). (2.1)

\] � p = {bbd, bπ}, � b = [
(
b1 0
0 b2

)
]p, ,- b1 ∈ bbdA bbd ��� b2 ∈ bπA bπ ��
�.

� a = [
(
a11 a12
a21 a22

)
]p, d ab2 = 0 � a2 = 0, �

a11 = 0, a21 = 0, a12b
2
2 = 0, a22b

2
2 = 0. (2.2)

a12a22 = 0, a2
22 = 0, a + b =

[
b1 a12

0 b2 + a22

]
p

. (2.3)

d^^ 1.1, � (a + b)d Æ�3(43 (a22 + b2)d Æ�, eY�f (a + b)d Æ�3(43
[bπ(a + b)]d Æ�.

3X\Z ad Æ*A (a + b)d �
9H:

d (2.2), (2.3), � (b2a22)(a22b2) = (a22b2)(b2a22) = 0. Z� bπab  ) Drazin ��, �@
(a22b2)d Æ�( (b2a22)d = b2[(a22b2)d]2a22.

d^^ 1.3, �,
(a22b2 + b2a22)d = (a22b2)d + (b2a22)d. (2.4)

Z� b2 ��
�( (a22b2 + b2a22)b2
2 = 0, d^^ 1.2 � (2.4), �,

[(a22 + b2)2]d = (a22b2 + b2a22 + b2
2)

d =
∞∑

n=0

b2n
2 [(a22b2 + b2a22)d]n+1

=
∞∑

n=0

b2n
2

[
(a22b2)d + (b2a22)d

]n+1
. (2.5)

d: bπ(a+ b) ) Drazin ��, � (a22 + b2)d Æ�( (a22 + b2)d = [(a22 + b2)2]d(a22 + b2).

dcde, �g
[(a22b2)d + (b2a22)d]n+1 = [(a22b2)d]n+1 + [(b2a22)d]n+1.

d (b2a22)d = b2

[
(a22b2)d

]2
a22 @7 (2.5), �

(a22 + b2)d =
∞∑

n=0

b2n
2

{
[(a22b2)d]n+1 +

(
b2[(a22b2)d]2a22

)n+1}(a22 + b2)

=
∞∑

n=0

b2n
2

[
(a22b2)d

]n+1
a22 +

∞∑
n=0

b2n
2

[
b2((a22b2)d)2a22

]n+1
b2

=
∞∑

n=0

b2n
2

{ [
(a22b2)d

]n+1
a22 + b2

[
(a22b2)d

]n+1 }
,

(a22 + b2)π = (a22b2)π −
∞∑

n=0

b2n+1
2

{ [
(a22b2)d

]n+1
a22 + b2

[
(a22b2)d

]n+1 }
. (2.6)

d^^ 1.1, �,

a + b ∈ A d, (a + b)d =
[

b−1
1 u

0 (a22 + b2)d

]
p

, (2.7)
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,-
u =

∞∑
n=0

(b−1
1 )n+2a12(b2 + a22)n(a22 + b2)π − (a22 + b2)da12b

−1
1 .

hi-
[
b−1
1

]
p

= bd, bdba =
[

b−1
1 b1 0
0 0

]
p

[
0 a12

0 a22

]
p

=
[

0 a12

0 0

]
p

= a12.

dcde� (2.2), (2.3) jg: � n ≥ 1, �

a12(a22 + b2)n =

{
a12(b2a22)n/2, � n k�,
a12(b2a22)(n−1)/2b2, � n l�.

(2.8)

5:mi n ≥ 1, �
bπ(ba)n =

[
0 0
0 bπ

]
p

[
0 xn

0 (b2a22)n

]
p

=
[

0 0
0 (b2a22)n

]
p

= (b2a22)n,

,- (xn)∞n=0 � A -�m�nf.

d b2 = bπb = bbπ 7 abπ = a(1 − b2(bd)2) = a, �
� n ≥ 1 �k�, �

a12(a22 + b2)n = a12(b2a22)n/2 = bdbabπ(ba)n/2 = bdba(ba)n/2 = bd(ba)(n+2)/2;

� n ≥ 1 �l�, �
a12(a22 + b2)n = a12(b2a22)(n−1)/2b2 = bdbabπ(ba)(n−1)/2bπb = bd(ba)(n+1)/2b.

d (2.6) �
a12(a22 + b2)π = a12(1 − b2(a22b2)da22), a22(a22 + b2)π = (a22b2)πa22,

a12b2(a22 + b2)π = a12b2(a22b2)π, a22b2(a22 + b2)π = a22b2(a22b2)π.

d (ba)kb = b(ab)k � (2.7), �
(a + b)d = [b1]

−1
p +

∞∑
n=0

(
[
b−1
1

]
p
)n+2a12(b2 + a22)n(a22 + b2)π

−(a22 + b2)da12b
−1
1 + (a22 + b2)d

=
∞∑

k=0

(bd)2k+2(ab)π(ab)ka +
∞∑

k=0

(bd)2k+1(ab)π(ab)k

−
∞∑

n=0

bπb2n
{
[(ab)d]n+1a + b[(ab)d]n+1

}

=
∞∑

k=0

(bd)2k+1
[
bd(ab)π(ab)ka + (ab)π(ab)k

]

−
∞∑

n=0

bπb2n
{
[(ab)d]n+1a + b[(ab)d]n+1

}
. (2.9)

3X\ZÆ*8 ‖(a + b)d − ad‖.
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d (2.9), �
(a + b)d − ad =

∞∑
j=0

(
b(ab)π(ab)jad + (ab)π(ab)j

)
(ad)2j+1

+
∞∑

j=0

(
b((ab)d)j+1 + ((ab)d)j+1a

)
a2jaπ − ad

= b(ab)π(ad)2 − (ab)d(ab)ad

+
∞∑

j=1

(
b(ab)π(ab)jad + (ab)π(ab)j

)
(ad)2j+1

+
∞∑

j=0

(
b((ab)d)j+1 + ((ab)d)j+1a

)
a2jaπ. (2.10)

d (2.10), � ‖(a + b)d − ad‖ ≤ ‖b(ab)π(ad)2‖ + ‖(ab)d(ab)ad‖

+
∞∑

j=1

‖(ab)π‖ (‖(ab)‖ ‖ad‖2
)j (‖b‖ ‖ad‖2 + ‖ad‖)

+
∞∑

j=0

‖b‖ ‖(ab)d‖ (‖(ab)d‖ ‖a2‖)j ‖aπ‖

+
∞∑

j=0

‖(ab)d‖ (‖(ab)d‖ ‖a2‖)j ‖aaπ‖.

� ‖(ab)‖ ‖ad‖2 < 1 � ‖(ab)d‖ ‖a2‖ < 1, �
‖(a + b)d − ad‖

‖ad‖ ≤ ‖b(ab)πad‖ + ‖(ab)d(ab)‖ +
‖(ab)π‖ ‖(ab)‖

1 − ‖(ab)‖ ‖ad‖2

(‖b‖ ‖ad‖3 + ‖ad‖2
)

+
‖(ab)d‖

‖ad‖(1 − ‖(ab)d‖ ‖a2‖)
(‖b‖ ‖aπ‖ + ‖aaπ‖), (2.11)

d (2.11), � (ii) ,g.

cT 2.2 � a, u ∈ A d �� aπu(1 − aπ) = 0, aaπu2 = 0, aπa2 = 0 ( aπu  ) Drazin

��, �Æ� δ > 0, (5: ∀‖u‖ < δ, ;, b = a + u  ) Drazin ��3(43 [aπ(a + u)]d Æ

�. g�h, � (aπau)d Æ�, �
(i) bd = v + w − vuw +

{∑∞
n=0 vn+2uaπ [aπ(a + u)]n

} × [1 − (a + u)w];

(ii) � ||uad|| < 1 � ‖(aaπu)d‖ < 1, � ‖bd − ad‖ ≤ δ2(1 + δ1‖u‖) + δ1
‖adu‖ + δ3, ,-

v = (1 + adu)−1ad, δ1 =
‖ad‖ ‖adu‖
1 − ‖adu‖ ,

w =
∞∑

n=0

(aπu)πu2n
[
aπu((auπu)d)n+1 + ((auπu)d)n+1uπa

]
,

δ2 =
(‖aπu‖ ‖(aaπu)d‖

1 − ‖(aaπu)d‖ +
‖aπa‖ ‖(aaπu)d‖
1 − ‖(aaπu)d‖

) ∞∑
n=0

‖(aπu)πu2n‖,

δ3 =
‖ad‖ ‖adu‖2(1 + ‖aπ(a + u)‖δ2)

1 − ‖adu‖
∞∑

n=0

‖aπu[aπ(a + u)]n‖ +
δ1δ2‖u‖
‖adu‖ . (2.12)
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\] i p = aad, � aπ = 1 − p, a, ad � (1.3), � u �
u =

[
u1 u12

u21 u2

]
p

, (2.13)

,- a1 ∈ pA p ��� a2 ∈ (1 − p)A (1 − p) �
�.

d aπu(1 − aπ) = 0, �
u21 = 0, u =

[
u1 u12

0 u2

]
p

, b =
[

a1 + u1 u12

0 a2 + u2

]
p

. (2.14)

� a ��, � Ind(a) = 0 � aπ = 0. d^^ 1.4, �Æ� δ > 0 ;, b ��, ojg
bd = b−1 = (1 + a−1u)a−1, Ind(b) = 0. j (2.12) -� w = 0, j (i) ,g. � a ��
�(
aπ = 1, � a2aπu = a2u = 0, aπu2 = u2 = 0. d^^ 2.1, � (i) "k.

3Xlm a ∈ A d ( Ind(a) > 0, j a n>���e>��
�.

d^^ 1.4, �Æ�>D`�?� M1, M2, ;, σε(a1) ⊂ M1 � σε(a2) ⊂ M2, ,- ε > 0.

d^^ 1.5, ,

σ(a1 + u1) ⊂ σε(a1), σ(a2 + u2) ⊂ σε(a2),

,- δ > 0 � ‖u‖ < δ, j, ‖u1‖ < δ, ‖u2‖ < δ.

hi- σ(a1 +u1)∩σ(a2 +u2) = ∅. d^^ 1.5, �ob σ(b) = σ(a1 +u1)∪σ((a2 +u2)(p
Æ�� δ > 0, ;, a1 + u1 ��, ,- ‖u1‖ < δ. d (2.14) pq]�H�^^ 1.1, �q (a + u)d

Æ�3(43 (a2 + u2)d Æ�, j [aπ(a + u)]d eÆ�.

3X01 (i) �gr:

d
aaπu2 =

[
a1 0
0 a2

]
p

[
0 0
0 1

]
p

[
u1 u12

0 u2

]2

p

=
[

0 0
0 a2u

2
2

]
p

= 0,

� a2u
2
2 = 0.

Z� aπa2 = 0, �
aπa2 =

[
0 0
0 1

]
p

[
a2
1 0
0 a2

2

]
p

=
[

0 0
0 a2

2

]
p

= 0,

d_, a2
2 = 0 ( ad

2 = 0. d: (aπau)d Æ�, � (a2u2)d Æ�, d_�@r1 (u2a2)d Æ�Z�
(u2a2)d = u2[(a2u2)d]2a2.

d aπu  ) Drazin ���b^ 2.1, �
(a2 + u2)d = −

∞∑
n=0

uπ
2u2n

2

[
(a2u2)d]n+1a2 + u2[(a2u2)d]n+1

]
. (2.15)

d^^ 1.1, � b = a + u  ) Drazin ��, (
bd =

[
(a1 + u1)−1 x

0 (a2 + u2)d

]
p

, (2.16)

,- x =
∑∞

n=0(a1 + u1)−(n+2)u12(a2 + u2)n(a2 + u2)π − (a1 + u1)−1u12(a2 + u2)d.

�.gr (i), s013X�s>
(a1 + u1)−1 ⊕ 0 = (1 + a−1

1 u1)a−1
1 ⊕ 0 = (1 + adu)−1ad = v, (2.17)
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[aπ(a + u)]d = 0 ⊕ (a2 + u2)d = 0 ⊕
∞∑

n=0

uπ
2u2n

2 [u2((a2u2)d)n+1 + ((a2u2)d)n+1a2]

=
∞∑

n=0

(aπu)πu2n[aπu((aaπu)d)n+1 + ((aaπu)d)n+1a] = w. (2.18)

d (2.16), �[
0 x

0 0

]
p

=
{ ∞∑

n=0

vn+2aπu[aπ(a + u)]n
}
× [1 − aπ(a + u)w] − vuw, (2.19)

j (i) "k.

(ii) d (i), �

bd − ad = v + w − vuw +
∞∑

n=0

vn+2uaπ[aπ(a + u)]n × [1 − aπ(a + u)w] − ad

=
∞∑

n=0

(adu)nad + w − vuw +
∞∑

n=0

vn+2uaπ[aπ(a + u)]n × [1 − aπ(a + u)w] − ad

=
∞∑

n=0

vn+2uaπ[aπ(a + u)]n × [1 − aπ(a + u)w] +
∞∑

n=1

(adu)nad + w − vuw. (2.20)

hi- σ(uad) ∪ {0} = σ(adu) ∪ {0}, t[U ‖uad‖ < 1 �t: ‖adu‖ < 1, j∥∥∥∥
∞∑

n=1

(adu)nad

∥∥∥∥ ≤ ‖ad‖ ‖adu‖
1 − ‖adu‖ = δ1. (2.21)

d (2.17), (2.18), (2.19) � ‖(aaπu)d‖ < 1, �,

‖w‖=
∥∥∥∥

∞∑
n=0

(aπu)πu2n
[
aπu((aaπu)d)n+1 + ((aaπu)d)n+1aπa

] ∥∥∥∥
≤

∞∑
n=0

‖[aπu((aaπu)d)n+1 + ((aaπu)d)n+1(aπa)]‖
∞∑

n=0

‖(aπu)πu2n‖

≤
[ ∞∑

n=0

‖aπu‖ ‖(aaπu)d‖n+1 +
∞∑

n=0

‖(aaπu)d‖n+1(aπa)‖
] ∞∑

n=0

‖(aπu)πu2n‖

≤
(‖aπu‖ ‖(aaπu)d‖

1 − ‖(aaπu)d‖ +
‖aπa‖ ‖(aaπu)d‖
1 − ‖(aaπu)d‖

) ∞∑
n=0

‖(aπu)πu2n‖

= δ2, (2.22)

‖x‖ =
∥∥∥∥
{ ∞∑

n=0

vn+2aπu[aπ(a + u)]n
}
× [1 − aπ(a + u)w] − vuw

∥∥∥∥
≤ ‖ad‖ ‖adu‖2(1 + ‖aπ(a + u)‖δ2)

1 − ‖adu‖
∞∑

n=0

‖aπu[aπ(a + u)]n‖ +
δ1δ2‖u‖
‖adu‖

= δ3. (2.23)

5 (2.20) _u�(d (2.21)–(2.23), � (ii) ,g.

vub^ 2.2, �,@3wZ:
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cT 2.3 � a, u ∈ A d �� aπu(1 − aπ) = 0, a2aπu = 0, aπu2 = 0 ( aπu  ) Drazin

��, �Æ� δ > 0 (5: ∀ ‖u‖ < δ, ;, b = a + u  ) Drazin ��3(43 [aπ(a + u)]d Æ

�, g�h, � aπau ∈ A d, �
(i) bd = v + w − vuw +

{∑∞
n=0 vn+2u(1 − p)[(1 − p)(a + u)]n

} × [1 − (a + u)w],

(ii) � ||uad|| < 1 � ‖(aaπu)d‖ < 1, � ‖bd − ad‖ ≤ δ2(1 + δ1‖u‖) + δ1
‖adu‖ + δ3, ,-

v = (1 + adu)−1ad, δ1 =
‖ad‖ ‖adu‖
1 − ‖adu‖ ,

w =
∞∑

n=0

{[
aπu((aaπu)d)n+1 + ((aaπu)d)n+1aπa

]
(aπa)πa2n

}
,

δ2 =
(‖aπa‖ ‖(aaπu)d‖

1 − ‖(aaπu)d‖ +
‖aπu‖ ‖(aaπu)d‖
1 − ‖(aaπu)d‖

) ∞∑
n=0

‖(aπa)πu2n‖,

δ3 =
‖ad‖ ‖adu‖2(1 + ‖aπ(a + u)‖δ2)

1 − ‖adu‖
∞∑

n=0

‖aπa [aπ(a + u)]n ‖ +
δ1δ2‖u‖
‖adu‖ .

cT 2.4 � a, u ∈ A d �� aπu(1 − aπ) = 0 ( aπu2 = aπu, �Æ� δ > 0 (5:
∀ ‖u‖ < δ,;, b = a+u ) Drazin��3(43 [aπ(a+u)]d Æ�.g�h,� gaπa(1−g) = 0,

�
(i) bd = (1 − aπ)

∑∞
n=0(au)nad + z + aπ(q

∑∞
n=0 an + y),

(ii) � ||aaduad|| < 1, ‖aaπau2‖ < 1 � ‖aπu(aπu)daπa‖ < 1, �
‖bd − ad‖ ≤ δ1‖1 − aπ‖ + δ4 + δ5 + δ6,

,- δ1 _`�b^ 2.2 �v@7 g � A -�
��,

v = (1 + adu)−1ad, t =
∞∑

n=0

[
aπu(aπu)daπa

]n
,

m =
∞∑

n=0

(p + q) t−(n+2)((1 − p − q)(a + u)q) [(1 − p − q)aq]n ,

z =
∞∑

n=0

vn+2uaπ(a + u)n[1 − (aπ(a + u))(aπ(a + u))d] − vuaπ(aπ(a + u))d,

δ4 =
1

1 − ‖aπu(aπu)daπa‖ ,

δ5 = ‖p + q‖
∞∑

n=0

δn+2
4 ‖((1 − p − q)(a + u)q)‖ ‖[(1 − p − q)aq]n‖,

δ6 =
‖uaπ‖ ‖ad‖2‖(aπ(a + u))π‖

(1 − ‖adu‖)2
∞∑

n=0

(‖ad‖ ‖a + u‖
1 − ‖adu‖

)n

+
δ1‖uaπ(aπ(a + u))d‖

‖adu‖ .

\] � p = aad � aπ = 1 − p, � a, ad, u �+" (2.13). d aπu(1 − aπ) = 0, �
u =

[
u1 u12

0 u2

]
p

, b =
[

a1 + u1 u12

0 a2 + u2

]
p

. (2.24)

� a ��, vub^ 2.2 �g (i).
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3Xlm a ∈ A d � Ind(a) > 0 @7 σ(a) �= {0}, j a n>��e>��
�. vub^
2.2 �gr, � a1 + u1 ∈ pA p ��(

(a1 + u1)−1 ⊕ 0 = (1 + adu)−1ad = v. (2.25)

d (2.24), (2.25), MBob (a + u)d Æ�3(43 (a2 + u2)d Æ� (j [aπ(a + u)]d Æ�).

3Xlm a2 @xÆ*A a2 + u2  ) Drazin ��
9H:

d aπu2 = aπu, � u2
2 = u2, u2 ∈ (pA p)•, j σ(u2) ⊆ {1, 0}. � q = u2u

d
2 = u2u2, � u2 �

R3�wH
u2 =

[
q 0
x1 0

]
q

(
y u′

2 =
[

q x2

0 0

]
q′

)
, q = u2u

d
2 (y q′ = u′

2(u
′
2)

d). (2.26)

5: a2 ∈ (1 − p)A (1 − p), �
a2 =

[
a11 a12

a21 a22

]
q

(
y a2 =

[
a11

′ a12
′

a21
′ a22

′

]
q′

)
. (2.27)

>z{� g � 1 − g R3
g =

[
q 0
0 0

]
q(| q′)

, 1 − g =
[

1 − q 0
0 0

]
q(| q′)

. (2.28)

d gaπa(1 − g) = 0, MB�,
a2 =

[
a11 0
a21 a22

]
q

(
y a2 =

[
a11

′ a12
′

0 a22
′

]
q′

)
. (2.29)

d (2.26)–(2.29), �
a2 + u2 =

[
a11 + q 0
a21 + x1 a22

]
q

, y a2 + u2
′ =

[
a11

′ + q a12
′ + x2

0 a22
′

]
q′

. (2.30)

Z� (2.30)-}xy~�5��,�3Xzlm (2.30){�xy~. Z� q ∈ (1−p)A (1−p)

��
@7 a2 �
�,�@ a11, a22 ∈ (1−p)A (1−p)�	��
�@7 a11+q ∈ (1−p)A (1−p)

��.

�.,wG, �|}~3Xs>
[aπu(aπu)daπ(a + u)]d = 0 ⊕ [aπ(a + u)]d = 0 ⊕ (q + a11)−1 ⊕ 0

= 0 ⊕
∞∑

n=0

an
11 ⊕ 0 =

∞∑
n=0

[q(1 − p)a]n = t, (2.31)

⎡
⎣ 0 0 0

0 0 0
0 y 0

⎤
⎦

p

=
[

0 0
0 m

]
p

, (2.32)

,-
y =

∞∑
n=0

[
(a11 + q)−1

]n+2
(a21 + x1)(a22)n,

m =
∞∑

n=0

(p + q) t−(n+2)((1 − p − q)(a + u)q)[(1 − p − q)aq]n.



1� LUMN: Banach O'VPW Drazin QRXS 45

d (2.31), (2.32), �
0 ⊕ (a2 + u2)d = 0 ⊕

[
(a11 + q)−1 0

y 0

]
q

= t + m. (2.33)

Z� a1 + u1 ��, d^^ 1.1 � (2.24), (2.25), (2.33), MB�,
(a + u)d =

[
(a1 + u1)−1 z

0 (a2 + u2)d

]
p

= (1 − aπ)
∞∑

n=0

(adu)nad + z + t + m, (2.34)

,- z 
9H� (2.24).

vu�, 5: (2.30) �pqH?e�Ev�wG.

� a ∈ A qnil ( aπ = 1, �
aaπu2 = au2 = 0, aπa2 = a2 = 0,

j a + u �gr�GX a2 + u2 �y~. j (i) ,g.

(ii) dwZ (i), �
bd − ad = (1 − aπ)

∞∑
n=0

(adu)nad + z + t + m − ad

= −aπad + (1 − aπ)
∞∑

n=1

(au)nad + z + t + m. (2.35)

Z� aad(a + u)aad = u1 + a1 ��( ||aaduad|| < 1, �@
‖(1 − aπ)

∞∑
n=1

(adu)nad‖ ≤ ‖1 − aπ‖‖a
du‖ ‖ad‖

1 − ‖adu‖ = δ1‖1 − aπ‖. (2.36)

d (2.31), ‖aπu(aπu)daπa‖ < 1, �
‖t‖ =

∥∥∥∥
∞∑

n=0

[aπu(aπu)daπa]n
∥∥∥∥ ≤ 1

1 − ‖aπu(aπu)daπa‖ = δ4. (2.37)

�.g (ii) "k, |~@3s>
‖m‖=

∥∥∥∥
∞∑

n=0

(p + q) t−(n+2)((1 − p − q)(a + u)q)[(1 − p − q)aq]n
∥∥∥∥

≤
∞∑

n=0

‖ (p + q) t−(n+2)‖ ‖((1 − p − q)(a + u)q)‖ ‖[(1 − p − q)aq]n‖

≤ ‖ (p + q) ‖
∞∑

n=0

δn+2
4 ‖((1 − p − q)(a + u)q)‖ ‖[(1 − p − q)aq]n‖ = δ5, (2.38)

‖z‖=
∥∥∥∥

∞∑
n=0

vn+2uaπ(a + u)n(aπ(a + u))π − vuaπ(aπ(a + u))d

∥∥∥∥
≤ ‖uaπ‖ ‖ad‖2

(1 − ‖adu‖)2
∞∑

n=0

(‖ad‖ ‖a + u‖
1 − ‖adu‖

)n

‖(aπ(a + u))π‖

+
δ1

‖adu‖‖uaπ(aπ(a + u))d‖ = δ6. (2.39)
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d (2.35)–(2.39), MB�,
‖(a + u)d − ad‖ = ‖(1 − aπ)

∞∑
n=1

(adu)nad + z + t + m‖

≤ ‖1 − aπ‖ ‖adu‖ ‖ad‖
1 − ‖adu‖ + ‖z‖ + ‖t‖ + ‖m‖

≤ δ1‖1 − aπ‖ + δ4 + δ5 + δ6. (2.40)

d (2.40), (ii) ,g.
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[4] Castro González N., Koliha J., Wei Y., Error bounds for perturbation of the Drazin inverse of closed operators

with equal spectral projections, Appl. Anal., 2002, 81: 915–928.
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