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Abstract

An analytical model is used to determine dispersion relations and the ratio of potential to kinetic energy in linear
basin-scale internal waves in lakes affected by the earth’s rotation. It is shown that the wave frequency and energy
partitioning in elliptic lakes are dependent only on the direction of propagation relative to the earth’s rotation, the
aspect ratio, the horizontal mode (azimuthal and radial), and the Burger number (Si 5 ci/Lf, where ci is the non-
rotating phase speed, L is a length scale that characterizes the lake dimension, and f is the Coriolis parameter). For
the cyclonic (rotating in the same direction as the earth’s rotation), lowest radial mode (a Kelvin wave for small Si

and a Poincaré wave for large Si), the total potential to kinetic energy ratio was always greater than unity for all
azimuthal modes. For all other radial modes (Poincaré waves for all Si), both cyclonic and anticyclonic, the ratio
is substantially less than unity, especially as the Burger number decreases. The results demonstrate that basin-scale
Poincaré waves follow the same rotation-gravity balance as unbounded plane progressive Poincaré waves, in which
rotation plays an increasingly important role as the Burger number decreases. The solutions are applied to field
experiments conducted in Lake Kinneret (Israel) to determine the dissipation timescale of the basin-scale internal
waves. It is further shown that features of the spatial structure of isopycnal displacement and velocity scales may
be inferred from a single station that measures potential energy fluctuations.

The response of a stratified lake to wind forcing is a topic
that has received much attention. Some fraction of the en-
ergy input by the wind goes into generating internal waves,
with basin-scale waves containing the most energy and re-
sponsible for transporting mass and momentum over large
scales (Imberger 1998). The total energy in the internal wave
field is of particular interest, especially when determining
the efficiency of energy transfer from the wind to internal
waves or when trying to determine the decay timescale of
the internal wave field.

In nonrotating systems, internal wave energy is partitioned
equally between kinetic and potential forms (Gill 1982). We
refer to partitioning as the average potential energy in the
wave over one period, divided by the average kinetic energy
over one period. The introduction of rotation (Gill 1982)
alters the equi-partitioning of energy. For linear progressive
waves in a laterally unbounded, rotating system, the ratio of
potential to kinetic energy is

2 2PE v 2 f
5 , (1)

2 2KE v 1 f

where v is the angular frequency of the wave motion and f
is the inertial frequency. These waves are known as plane
progressive Poincaré waves (Gill 1982) or inertia-gravity
waves (Cushman-Roisin 1994). As the wave frequency ap-
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proaches the inertial frequency, the kinetic energy signal
dominates and particle orbits trace out inertial circles (Gill
1982). At high frequency, the waves behave as gravity
waves, with the ratio approaching unity.

The relationship (1) holds for waves in laterally unbound-
ed systems, being applicable when the wavelength of the
waves is much smaller than the basin scale. In lakes, internal
wave activity is generally dominated by basin-scale modes
(Mortimer 1952; Antenucci et al. 2000). In a nonrotating
system, the partitioning of energy between potential and ki-
netic forms in basin-scale waves is equal. The total energy
in an internal wave can therefore be calculated by simply
doubling the energy determined from potential energy mea-
surements, which are typically far simpler to make than the
velocity measurements required to determine the kinetic en-
ergy.

The earth’s rotation starts to affect the dynamics of inter-
nal gravity waves when the basin dimension approaches the
internal Rossby radius, defined as c/f, the ratio of the non-
rotating phase speed c to the inertial frequency f (twice the
rate of rotation of the earth at the latitude of the lake). In
midlatitude lakes, this length scale is approximately 5 km.
The effect of rotation is to change the character of basin-
scale internal waves, such that the crests begin to propagate
around the boundaries of a lake, instead of across the lake
center, as in the nonrotating case. These waves are generally
known as Kelvin and Poincaré waves. The partitioning of
energy between potential and kinetic forms in linear basin-
scale Kelvin and Poincaré waves has not previously been
investigated and is the objective of this paper.

The work was motivated by a need to determine the decay
timescale of basin-scale internal waves in large lakes, be-
cause they are responsible for much of the transport in lakes
with long residence times (Imberger 1994). The first step in
calculating a decay timescale was therefore to determine the
amount of energy in basin-scale Kelvin and Poincaré waves.
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This was done by use of potential energy fluctuations
(through temperature measurements) and the ratios of poten-
tial to kinetic energy derived from the analysis of linear in-
ternal waves in a lake of simplified geometry.

We present solutions for linear long waves in rotating cir-
cular and elliptic basins, stratified by three homogenous and
inviscid layers, and determine the dispersion relations. We
discuss the partitioning of energy integrated over the entire
basin, as well as the energy partitioning at a point. An ap-
plication is made to experiments conducted in Lake Kinner-
et, to demonstrate how the method may be applied to deter-
mine the total energy in a basin-scale wave and to
approximate displacement and velocity scales from a single
station that measures potential energy fluctuations.

Analytical solutions

Elliptical basin—To determine the energy partitioning for
linear basin-scale internal waves in a rotating system, we
investigated a rotating elliptical basin of uniform depth, with
a stratification of three inviscid homogeneous layers and no
mean circulation. This model is an extension of the circular
basin model used by Antenucci et al. (2000) to describe the
basin-scale internal wave field in Lake Kinneret (Israel). The
linear solutions for a single layer in an elliptical basin are
given in Jeffreys (1925) and Goldstein (1929). The method
of normal modes was used to determine the nonrotating
phase speed ci for particular vertical modes, which are then
substituted into the generic single layer problem as outlined
below. A major benefit of this approach was that the effect
of different vertical modes can be investigated separately.
The use of three layers allowed us to also investigate the
effect of vertical mode on energy partitioning.

We used plane elliptic coordinates, where j is the radial
and h the angular coordinate. The linear inviscid normal
mode equations of motion in a plane elliptic coordinate sys-
tem are

j]U 2gD ]pi i ih2 f U 5 2 , (1)i
2 2]t ]jÏf 2 c (cosh 2j 2 cos 2h)

h]U 2gD ]pi i ij1 f U 5 2 , (2)i
2 2]t ]hÏf 2 c (cosh 2j 2 cos 2h)

where pi is the modal pressure, Ui the modal transports, f
the major axis half-width, c the minor axis half-width, g the
gravitational constant, Di the equivalent depth (the depth of
a homogeneous fluid required such that the barotropic long
wave phase speed in the homogeneous fluid matches the
baroclinic long wave phase speed of the internal wave ver-
tical mode being studied), and the index i individual vertical
modes. The wave equation can be written as (Jeffreys 1925)

2 2] p ] pi i1 1 2q(cosh 2j 2 cos 2h)p 5 0, (3)i2 2]j ]h

where q is defined as

2 2 21 2 c /f s 2 1iq 5 , (4)i 21 24 Si

and si 5 vi/ f as the nondimensional frequency, where f is

the inertial frequency. The Burger number Si is defined as
in (Pedlosky 1987)

ÏgD ci iS 5 5 , (5)i L f f f

the ratio of the Rossby radius (ci/ f ) to a length scale that
characterizes the basin dimension, chosen to be the major
axis half-length, following the method of Goldstein (1929).
This was called a nondimensional channel width or nondi-
mensional rotational speed of the earth by Csanady (1975).

The modal pressure solution to the wave Eq. 3 is assumed
to be separable and of the form (Goldstein 1929)

p 5 a (q)ce (h, q )Ce (j, q )sin v ti n n i n i i

1 b (q)se (h, q )Se (j, q )cos v t, (6)n n i n i i

where n is the azimuthal mode. The first azimuthal mode is
equivalent to one sine wave wrapping around the basin (lines
of constant j). In the following discussion, we consider only
n 5 1. The solution contains ce and se, the cosine-elliptic
and sine-elliptic Mathieu functions. Ce and Se are the mod-
ified cosine-elliptic and modified sine-elliptic Mathieu func-
tions, respectively. The coefficients (an and bn) are deter-
mined by equating the Mathieu function expansions to 0
(Goldstein 1929).

Application of the boundary conditions of no motion nor-
mal to the boundary results in the frequency equation (Gold-
stein 1929)

2s Ce9(j , q )Se9(j , q ) 2 Ce (j , q )Se (j , q ) 5 0, (7)i 1 0 i 1 0 i 1 0 i 1 0 i

where j0 [5atanh(c/f)] is the bounding ellipse and the
prime refers to the derivative with respect to j. The fre-
quency Eq. 7 is an eigenvalue problem in which the solu-
tions fall into ‘‘pairs.’’ The two lowest frequencies represent
the fundamental radial modes (half a sine wave across the
basin along lines of constant angle), with the lower of these
two frequencies representing a cyclonic wave (in the same
sense as the rotation—counterclockwise in the northern
hemisphere), and the higher of the two frequencies repre-
senting an anticyclonic wave. The next ‘‘pair’’ forms the
second radial mode solutions (one sine wave across the basin
along lines of constant angle), again with the lower of the
two frequencies in the pair representing a cyclonic wave.

The modal transport fields for the elliptic case are

1/2
gD 2ijU 5i 2 2 2 2[ ]v 2 f (f 2 c )(cosh 2j 2 cos 2h)i

3 [v a ce (h, q )Ce9(j, q )cos v ti 1 1 i 1 i i

2 v b se (h, q )Se9(j, q )sin v ti 1 1 i 1 i i

1 fa ce9(h, q )Ce (j, q )sin v t1 1 i 1 i i

1 fb se9(h, q )Se (j, q )cos v t], (8)1 1 i 1 i i
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1/2
gD 2ihU 5i 2 2 2 2[ ]v 2 f (f 2 c )(cosh 2j 2 cos 2h)i

3 [v a ce9(h, q )Ce (j, q )cos v ti 1 1 i 1 i i

2 v b se9(h, q )Se (j, q )sin v ti 1 1 i 1 i i

2 fa ce (h, q )Ce9(j, q )sin v t1 1 i 1 i i

2 fb se (h, q )Se9(j, q )cos v t]. (9)1 1 i 1 i i

The transformation of these modal variables (subscript i)
into the layer variables (subscript j) is made by

Aij
j ju 5 U , (10)j idet(a )ij

Aij
h hu 5 U , (11)j idet(a )ij

Bij
z 5 p , (12)j idet(b )ij

where u is the radial component of velocity in layer j, uj h
j j

is the azimuthal component of velocity in layer j, zj is the
upper interface displacement of layer j, aij and bij are a func-
tion of the stratification, and Aij and Bij are the cofactors of
aij and bij. The upper surface is free, hence i 5 1 refers to
the barotropic solution, i 5 2 the first vertical mode baro-
clinic solution, and i 5 3 the second vertical mode baroclinic
solution. The ij are positions within the transformation ma-
trices, defined as in Csanady (1982)

 h h h h2 3 2 32h 2 h 1 « 1 D h 2 « h2 3 23 1 2 23 3D D1 1 h h h h2 3 2 3a 5 2h 2 h 1 « 1 D h 2 « h , (13) 2 3 23 2 2 23 3D D2 2

h h h h2 3 2 3 2h 2 h 1 « 1 D h 2 « h2 3 23 3 2 23 3D D3 3 

 a a a a a11 12 11 13 122 2
h h h h h1 2 1 3 2 a a a a a21 22 21 23 22b 5 2 2 , (14) 
h h h h h1 2 1 3 2

a a a a a31 32 31 33 32 2 2
h h h h h1 2 1 3 2 

where

r r r1 2 1« 5 1 2 , « 5 1 2 , « 5 1 2 , (15)12 23 13r r r2 3 3

and

 H

H
2 1/2 [g 1 (g 2 4d) ]

(16)D 5 2 , 

H
2 1/2 [g 2 (g 2 4d) ]

2 

where H is the total depth, hj the layer depths, Di are the
equivalent modal depths, and the following definitions are
made (Monismith 1985):

1
g 5 (« h h 1 « h h 1 « h h ) (17)12 1 2 23 2 3 13 1 32H

1
d 5 « « h h h . (18)12 23 1 2 33H

Circular basin—We can investigate the case in which the
aspect ratio goes to unity by looking at the limiting case of
a circular basin. The linear solutions for a circular basin of
uniform depth are given in Thomson (1879) and Lamb
(1932) and the two-layer case is given in Csanady (1967).
We present a short description of the solution here for com-
pleteness.

We use plane polar coordinates, where r is the radial and
u the angular coordinate. The linear inviscid normal mode
equations of motion in a plane polar coordinate system are

r]U ]pi iu2 f U 5 2gD , (19)i i]t ]r
u]U ]pi ir1 f U 5 2gD . (20)i i]t r]u

The modal pressure is assumed to be of the form

p 5 G (r) cos nu cos v t , (21)i i i

with n the azimuthal mode and G(r) the radial structure of
the modal pressure. The wave equation becomes

2 2 2 2] G 1 ]G v 2 f ni i i1 1 2 G 5 0, (22)i2 2 21 2]r r ]r c ri

which for zviz . z f z represents Bessel’s equation and for zviz
, z f z represents the modified Bessel equation. The solution
for Gi(r) is


r

J zv z . z f zn i 1 2R*iG (r) 5 (23)i
r

I zv z , z f z, n i1 2R*i

where

2 2R* 5 c Ï|v 2 f | . (24)@i i i

Two classes of solution are possible: for superinertial fre-
quencies the solutions are Poincaré waves, because the Bes-
sel function Jn has a periodic form; for subinertial frequen-
cies the solutions are Kelvin waves, because the modified
Bessel function In has an exponential form. In the discussion
to follow, we use the Bessel function Jn everywhere, which
is simply replaced by In where the Kelvin wave is meant.

The frequency equation for superinertial (Poincaré) waves
(Csanady 1967), in which nondimensional variables are
used, is
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Fig. 1. Nondimensionalized frequency as a function of Burger number Si 5 ci/L f and wave
type: r1, radial mode one; 2 : 3, ellipse of aspect ratio 2 : 3. All waves are azimuthal mode one,
which is equivalent to one sine wave wrapping around lines of constant radius. The length scale L
is defined as the wavelength for the unbounded solutions, the basin radius for the circular basin
solutions, and the major axis half-length for the elliptic basin solutions. The horizontal dotted line
represents the inertial frequency. This figure is valid for all vertical mode waves, because this
dependence is captured by ci in the Burger number.

1 1 1 1
2 2 2Ïs 2 1J Ïs 2 1 1 n 2 1 J Ïs 2 1i n21 i n i1 2 1 2 1 2S S s Si i i i

5 0, (25)

where the radius R replaces f in the Burger number (Eq. 5).
To determine the frequency equation for subinertial (Kelvin)
waves, we replace the Bessel function J by the modified
Bessel function I, as in Eq. 23. Solutions can be found to
Eq. 25 for all f, R, ci, and n, whereas subinertial wave so-
lutions are available for a limited subset of n because of the
exponential structure of G(r). Lamb (1932, §210) showed
that for a subinertial wave solution of azimuthal mode n to
exist,

1/2
1

S , . (26)i [ ]n(n 1 1)

Note that the frequency Eq. 25 is an eigenvalue problem, as
with the elliptic case (Eq. 7), for which solutions of increas-
ing si correspond to increasing radial mode. The solutions
also form pairs, although the frequencies are opposite in
sign. The consideration of positive and negative frequencies
has allowed us to extend the solutions of Lamb (1932) and
Csanady (1967) to superinertial frequencies for cyclonic
modes in circular basins. The importance of cyclonic and
anticyclonic waves will be made clear in a subsequent sec-
tion.

The modal transport fields for the circular basin case are

2gD dG fni irU 5 v 1 G sin(nu 1 v t), (27)i i i i2 21 2v 2 f dr ri

2gD dG nvi i iuU 5 f 1 G cos(nu 1 v t), (28)i i i2 21 2v 2 f dr ri

where the transformations are the same as for the elliptic
basin. The Bessel functions can be shown to be the limiting
case of the Mathieu functions as the aspect ratio becomes
unity (McLachlan 1947).

Dispersion relations—The dispersion relation for plane-
progressive Poincaré waves in an unbounded system is (Gill
1982)

2 2 2 2v 5 f 1 c k , (29)i i i

where ki is the horizontal wavenumber (2p/l, where l is the
wavelength). A simple expression for the dispersion relation
does not exist for circular and elliptic basins of uniform
depth, and so we derived the dispersion relations numerically
by solving Eqs. 7 and 25 for a range of Burger numbers (Eq.
5). We include only waves of the first azimuthal mode (n 5
1), the lowest frequency solutions. The length scale L in the
Burger number (Eq. 5) was taken as the wavelength l 5
2p/Ïk 1 l for the unbounded case, the radius R for the2 2

i i

circular basin, and the major axis half-width f for the elliptic
basin. The results are presented in Fig. 1. The coefficients
of polynomials fitted to the dispersion relations are presented
in Table 1.
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Table 1. Polynomial coefficients for curves fitted to the dis-
persion relations in Fig. 1. The fitted polynomial takes the form
v/f 5 a0 1 a1S 1 a2S2 1 a3S3. For the unbounded case, v/f 5
Ï1 1 4p 2S2. For radial mode 2, the curves are shown for an-
ticyclonic waves only. The nondimensional frequencies for cy-
clonic waves are ,2% lower for radial mode 2 and ,1% lower
for radial mode 3.

Wave, radial
mode

As-
pect S range a0 a1 a2 a3

Cyclonic
1
1

1:1
1:1

0–0.5
0.5–2.5

0.00
20.279

1.01
1.79

0.615
—

—
—

Anticyclonic
1
1

1:1
1:1

0–0.5
0.5–2.5

1.00
0.565

0.015
1.79

2.97
—

21.95
—

2
2

1:1
1:1

0–0.5
0.5–2.5

1.00
0.189

0.377
5.28

11.9
—

210.4
—

Cyclonic
1
1

2:3
2:3

0–0.5
0.5–25

0.00
20.147

1.22
1.90

0.761
—

—
—

Anticyclonic
1
1

2:3
2:3

0–0.5
0.5–2.5

1.00
0.359

0.009
2.60

4.67
—

20.346
—

Cyclonic
1
1

1:3
1:3

0–0.5
0.5–2.5

0.00
0.002

1.57
1.88

0.587
—

—
—

Anticyclonic
1
1

1:3
1:3

0–0.5
0.5–2.5

1.00
0.171

0.303
5.09

11.1
—

29.34
—

For the anticyclonic Poincaré waves, the frequency re-
mains superinertial in all cases, with frequency decreasing
to the inertial frequency as the Burger number decreases to
0. This is equivalent to the basin dimension becoming infi-
nite, such as in the ocean, which results in the observation
of inertial motion. For the cyclonic Poincaré waves, a similar
pattern is observed, except for the radial mode one wave,
which becomes subinertial at low Burger number. This wave
changes its spatial character (see subsequent section below)
as the Burger number decreases to 0, becoming what is
known as a Kelvin wave. It is clear that the radial mode one
waves exhibit substantially different characteristics to the
higher radial mode waves. For higher radial modes, the fre-
quencies of the cyclonic and anticyclonic waves differ only
slightly. The small (,2%) difference in the frequencies
means that higher radial modes are most likely to be ob-
served as standing waves in a rotating system, with the cy-
clonic and anticyclonic waves traveling in opposite direc-
tions with almost the exact frequency. The large difference
in frequency between the cyclonic and anticyclonic waves
of radial mode one results in the observation of waves of
increasingly diverging frequency for decreasing Burger
number.

For zero rotation in the case of an elliptic basin, two so-
lutions are possible. Both solutions are standing waves; one
oriented longitudinally, and the other oriented transversely.
The longitudinal standing mode is described by the terms

containing an in Eq. 6 and the transverse standing modes by
the terms containing bn. As the effect of rotation increases
(the Burger number decreases), the an and bn become of
increasingly similar magnitude, and the modes rotate. The
longitudinal mode becomes the cyclonic mode, and the
transverse mode becomes the anticyclonic mode.

For zero rotation in a circular basin and n $ 1, the cy-
clonic and anticyclonic modes combine to form the funda-
mental standing wave. As the rotation increases (the Burger
number decreases), the frequencies begin to increasingly di-
verge for the lowest radial mode, and standing waves are no
longer possible. As the Burger number decreases below
1/Ï2 (see Eq. 26) for azimuthal mode one, the cyclonic
mode becomes increasingly like a Kelvin wave. The radial
properties of the lowest radial modes are explained further
in a subsequent section.

Note that the vertical mode has no effect on the dispersion
relation, because its dynamical effect is incorporated entirely
into the nonrotating phase speed ci in the Burger number
(Eq. 5).

Energy partitioning

Basin total—The energy ratio for unbounded waves in a
rotating system is given by Eq. 1. For the circular and elliptic
basins, the energy was integrated over the whole basin vol-
ume and averaged over one period. The total potential en-
ergy equation for a wave disturbance in a circular basin is

2p Rg
2PE 5 [(r 2 r )(z 1 z h )wave(total) E E 3 2 3 3 32 0 0

21 (r 2 r )(z 1 2z h 1 2z h )2 1 2 2 2 2 3

21 r (z 1 2z H)]r dr du1 1 1 (30)

and the total kinetic energy equation is
2p R1

2 2KE 5 [r (h 1 z )(u 1 u )wave(total) E E 3 3 3 r u3 32 0 0

2 21 r (h 1 z 2 z )(u 1 u )2 2 2 3 r u2 2

2 21 r (h 1 z 2 z )(u 1 u )]r dr du1 1 1 2 r u1 1

(31)

where the subscripts refer to the layer index (numbered from
the surface). For elliptic basins, the integral bound R is re-
placed by j0, and rdrdu is replaced by 0.5(f2 2 c2)(cosh 2j
2 cos 2h)djdh. The ratio of potential to kinetic energy for
linear, long internal gravity waves in rotating, circular, and
elliptic lakes are presented in Fig. 2. The coefficients of poly-
nomials fitted to the energy ratios are presented in Table 2.

The solutions are linear and so are independent of the
amplitude of the waves. The ratio of total potential to total
kinetic energy is dependent only on the density structure r(z)
through ci—that is, two different density structures that re-
sult in the same value of ci will have the same ratio of total
potential to kinetic energy. The nature of the stratification is
entirely contained within the nonrotating phase speed ci, as
with the dispersion relation (Fig. 1). That is,
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Fig. 2. Ratio of total potential to kinetic energy, integrated over the volume and averaged over
one period, as a function of Burger number Si 5 ci/L f. The length scale L is defined as in Fig. 1.
This figure is valid for all vertical mode waves, because this dependence is captured by ci in the
Burger number.

PE ctotal 5 f S , , m, n , (32)i1 2KE ftotal

where m is the radial mode. Note that the ratio is indepen-
dent of the vertical mode, because this is accounted for
through the nonrotating phase speed ci in the Burger number.

For the cyclonic, lowest radial mode, the ratio is at all
times greater than unity. The ratio for a rectilinear Kelvin
wave propagating in a channel is unity (Gill 1982), which
the solution approaches as the Burger number approaches 0.
The transition at the inertial frequency (Si 5 1/Ï2 for a
circular basin) sees no appreciable change in the energy par-
titioning. As the Burger number increases, the ratios for the
lowest radial mode waves slowly converge to unity.

The energy partitioning in anticyclonic basin-scale waves
favors kinetic energy. This is also the case for cyclonic
waves other than radial mode one. The trend becomes stron-
ger for low Burger numbers, which equate to large, weakly
stratified, strongly rotating systems. This is equivalent to the
unbounded case of plane progressive Poincaré waves. For
nonrotating systems, as Si becomes infinite, the ratio ap-
proaches unity. As the Burger number increases, gravity
plays a more important role in wave dynamics, and as the
Burger number decreases rotation becomes more important.
Burger numbers for several lakes are presented in Table 3.
An important feature to note is that, for a particular lake, the
Burger number will change with season as the stratification
increases and decreases through the nonrotating phase speed
ci. The energy partitioning within the same mode, in the
same lake, will thus change depending on when the system
is sampled.

The effect of decreasing the aspect ratio on energy parti-
tioning is to move toward the nonrotating case, especially
for the cyclonic waves. This is due to the ‘‘effective’’ Burger

number (averaged around the basin perimeter) decreasing
with decreasing aspect ratio. The circular basin case can
therefore be considered to represent the maximum and min-
imum possible ratios of potential to kinetic energy.

Radial structure—Potential and kinetic energy at a point,
integrated over depth, has the following functional depen-
dence

PE, KE 5 f [S, m, n, vm, A, r(z), r, u], (33)

where r is the local radial coordinate, u the local azimuthal
coordinate, vm the vertical mode, and A the amplitude. Both
the PE and KE values oscillate with time, but we are inter-
ested in only the mean values in this case. We consider only
the circular basin case to simplify the discussion and present
the radial structure of these values, nondimensionalized by
their maximum, as a function of the nondimensional radius
r/R in Fig. 3 for the vertical mode 1, azimuthal mode 1,
radial mode 1 (v1, a1, and r1), and cyclonic and (v1, a1, and
r1) anticyclonic waves. The structure for higher vertical
modes is the same as the first vertical mode. The extension
of the radial structure to the elliptic basin is made by defin-
ing the length scale in the Burger number (Eq. 5) as half the
basin width along the line of constant h that is of interest.
For example, a lake where c 5 0.33 m s21, f 5 7.81 3 1025

rad s21, f 5 7,500 m, and c 5 5,000 m gives a Burger
number of 0.56 if considering the radial structure along ma-
jor axis and a Burger number of 0.85 if considering the radial
structure along the minor axis.

For the anticyclonic (Poincaré) waves (Fig. 3b,d), the KE
is largest at the lake center. The PE is largest approaching
the boundary, as shown by Csanady (1967). As the Burger
number increases (the effect of rotation decreases), the PE
becomes largest at the shore, as in a nonrotating seiche. The
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Table 2. Polynomial coefficients for curves fitted to the energy ratios in Fig. 2. The fitted polynomial takes the form PE/KE 5 a0 1
a1S 1 a2S2 1 a3S3 1 a4S4. For the unbounded case, PE/KE 5 2p2S2/(2p2S2 1 1). For radial mode 2, the curves are shown for anticyclonic
waves only. The energy ratios for cyclonic waves are ,2% lower for radial mode 2 and ,1% lower for radial mode 3.

Wave, radial
mode Aspect S range a0 a1 a2 a3 a4

Cyclonic
1
1

1:1
1:1

0–0.5
0.5–2.5

1.0
1.73

0.954
20.407

3.42
0.075

26.34
—

—
—

Anticyclonic
1
1
2
2

1:1
1:1
1:1
1:1

0–0.5
0.5–2.5

0–0.5
0.5–2.5

0.0
20.043

0.0
0.537

0.059
1.00
0.211
0.665

2.68
20.431
14.8

20.347

22.83
0.068

241.0
0.061

—
—

33.4
—

Cyclonic
1
1

2:3
2:3

0–0.5
0.5–2.5

1.0
1.57

0.459
20.430

1.78
0.092

22.40
—

—
—

Anticyclonic
1
1

2:3
2:3

0–0.5
0.5–2.5

0.0
20.024

0.092
1.28

4.03
20.596

24.66
0.099

—
—

Cyclonic
1
1

1:3
1:3

0–0.5
0.5–2.5

1.0
1.08

0.082
20.054

0.076
0.013

—
—

—
—

Anticyclonic
1
1

1:3
1:3

0–0.5
0.5–2.5

0.0
0.458

1.27
0.854

3.32
20.457

25.62
0.081

—
—

Table 3. Burger numbers (ci/Lf) for several lakes. Mono Lake, Lake Maracaibo, and Lake Taupo can be considered circular; Lake
Kinneret, Biwa, Michigan, and Ontario ellipses of aspect ratio 2/3, 1/2, 1/3, and 1/4, respectively. L represents the basin radius for a circular
basin and the major axis half-length for an ellipse. vm 5 vertical mode.

Lake vm c (ms21) L (m) f (rad s21) S Source

Mono (USA) 1
2

0.74
0.22

4,000
4,000

8.95e25
8.95e25

2.07
0.61

MacIntyre et al. (1999)

Kinneret (Israel) 1
2

0.33
0.16

7,500
7,500

7.81e25
7.81e25

0.56
0.27

Antenucci et al. (2000)

Biwa (Japan) 1 0.45 15,000 8.17e25 0.37 Saggio and Imberger (1998)
Maracaibo (Venezuela) 1 0.44 55,000 2.53e25 0.32 de Bautista (1997)
Taupo (New Zealand) 1 0.11 10,000 9.14e25 0.12 Gilmour and Heath (1989)
Ontario (Canada) 1 0.5 120,000 1e24 0.04 Csanady (1973)
Michigan (USA) 1 0.48 160,000 1e24 0.03 Csanady (1973)

shapes are independent of the vertical mode. For low Burger
number, the radial mode one cyclonic wave field (Fig. 3a,c)
shows the exponential structure of linear Kelvin waves prop-
agating along a single infinite vertical boundary (Gill 1982).
As the Burger number increases, the potential energy struc-
ture becomes less exponential, being almost linear at S ø
0.8 and approaching the anticyclonic radial structure as the
Burger number continues to increase. The transition between
the Kelvin wave feature of kinetic energy concentration at
the shoreline and Poincaré wave feature of kinetic energy
concentration in the lake interior occurs around S 5 1.0 (Fig.
3c). At S 5 4.0—that is, when the internal Rossby radius is
twice the basin diameter—the radial structures of the solu-
tions have almost converged. At this Burger number, the PE/
KE ratio is 1.11 and 0.89 for the cyclonic and anticyclonic

waves, respectively. The nondimensional frequencies for
these waves are 6.97 and 7.8, respectively. The difference in
ratios does not decrease to ,5% until S ø 8, when the in-
ternal Rossby radius is four times the basin diameter.

The extension of the circular basin solution of Lamb
(1932) and Csanady (1967) to superinertial frequencies for
cyclonic waves allows us to describe the formation of Kelvin
and Poincaré waves from a simple standing wave in a non-
rotating system. A standing wave is well-known to be made
up of two progressive waves traveling in opposite directions
(Turner 1973). A standing wave in a circular basin for zero
rotation (i.e. infinite Burger number) will thus be made up
of two progressive waves with identical potential and kinetic
energy signatures (as in Fig. 3 for high S). As the rotation
increases (the Burger number decreases), the lowest radial
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Fig. 3. Radial structure of cyclonic and anticyclonic radial mode one wave energy distribution
as a function of Burger number. The cyclonic wave structure is shown in panels (a) and (c). The
anticyclonic wave structure is shown in panels (b) and (d). The radial structure for each Burger
number has been normalized by its maximum value. Note that not all Burger numbers are shown
in panels (b) and (d).

Table 4. Basin-scale internal waves found in Lake Kinneret by
Antenucci et al. (2000).

Period (h)

Field

Three-
layer

model
Vertical
mode

Hori-
zon-
tal

mode Wave type

24
12
20 6 2
20 6 2

22.5
12.2
17.5
—

One
One
Two
Three

One
One
One
One

Cyclonic (Kelvin)
Anticyclonic (Poincaré)
Anticyclonic (Poincaré)
Anticyclonic (Poincaré)

cyclonic mode changes character, becoming increasingly ex-
ponential (a ‘‘Kelvin’’ wave), whereas the anticyclonic mode
undergoes only minor changes.

Experimental application

The motivation for this work was to determine the dissi-
pation timescale for basin-scale waves in a rotating system.
The first problem was to determine the total amount of en-
ergy in a basin-scale wave in a rotating system, which the
above analysis aims to do. Once this is determined, a dis-
sipation timescale may be found by estimating an appropri-

ate rate of dissipation. Another application of the model is
in estimating isopycnal displacements and velocity scales in
regions not sampled by use of a single measurement of po-
tential energy fluctuations.

The field site that motivated this work is Lake Kinneret,
Israel. Field measurements of temperature and velocity fluc-
tuations by Antenucci et al. (2000) were characteristic of a
basin-scale internal wave field that could be described by a
three-layer, circular basin model. The basin-scale internal
waves found in Lake Kinneret are summarized in Table 4.

The objective of the experimental application was to use
both the circular and elliptic basin models to determine the
total amount of energy in basin-scale internal waves in Lake
Kinneret by use of a single point measurement of potential
energy fluctuations (in this case, a thermistor chain). This
has not previously been possible for waves in enclosed, ro-
tating systems. We then show how a dissipation timescale
of the basin-scale internal waves may be derived. We also
demonstrate how approximate values for isopycnal displace-
ments and velocity scales may be determined from the point
measurement of potential energy fluctuations. Limitations of
the experimental application are then discussed.

We chose to use a two-layer approximation to the strati-
fication, because we were interested in this case in only the
vertical mode one waves. A surface layer of 11 m thickness
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Fig. 4. Lake Kinneret bathymetry with location of thermistor
chains. Sta. T2 and T3 are aligned along the primary wind axis. An
ellipse of aspect ratio 2 : 3 (10,000 : 15,000 m) is superimposed for
use in the discussion. The origin of the map grid is situated at
35.518N and 32.708E.

and 288C and a lower layer of 13 m thickness and 208C was
used, as in Antenucci et al. (2000). To determine the ampli-
tude of the displacement of the two-layer interface required
to match the potential energy fluctuations measured at each
frequency, Antenucci et al. (2000) used continuous wavelet
transforms of the potential energy signal, derived from
thermistor chain measurements. Typical amplitudes at the
measurement station (Fig. 4; for an elliptic basin, j 5 0.2067
and h 5 1.212; for a circular basin, r/R 5 0.25) were found
to be 1.5 m for the Kelvin wave and 0.7 m for the Poincaré
wave. Alternatively, an estimate of the interface deflection
could be made via inspection of the thermistor chain records.

We scaled both the elliptic and circular basin solution on
the basis of this observation. For a two-layer system, the
transformation matrices (13–16) are

   h h a a a1 2 11 12 11h 2 « h 21 12 2 D   h h h 1 1 2 1
a 5 , b 5 ,   

h h a a a1 2 21 22 21h 2 « h 2   1 12 2D h h h2 1 2 1   

 h 1 h1 2 r1 D 5 , « 5 1 2 . (34)12h h 1 2 r2« 12h 1 h1 2 

When these relations are used, the equation for the maximum
displacement of the internal interface due to the vertical
mode one wave is

h (H 2 « h )1 12 2max maxz (r, u) 5 Ap , (35)2 i2H 2 « h h12 1 2

where p is the maximum value of the modal pressuremax
i

during a period, the appropriate form for pi is substituted
for either the circular or elliptic basin, and (r, u) is replaced
by (j, h) in the elliptic basin. The length scale chosen for
the circular approximation was 6,200 m and was 7,500 m
for the elliptic approximation, giving Burger numbers of
0.68 and 0.56, respectively. For our station location, the val-
ue for z2 was determined earlier from observation, leaving
the scaling parameter A as the only unknown. This was com-
puted to be 123.6 and 5.97 for the Kelvin and Poincaré wave,
respectively, for the circular basin and 82.1 and 99.8 for the
elliptic basin. We are now in a position to compute the total
potential energy in the vertical mode one Kelvin and Poin-
caré waves.

The total potential energy equation for a two-layer system,
as distinct from the three-layer case (Eq. 30), is

2p Rg
2PE 5 [(r 2 r )(z 1 2z h )wave(total) E E 2 1 2 2 22 0 0

21 r (z 1 2z h 1 2z h )]r dr du,1 1 1 1 1 2

(36)

where z2 for the internal mode is as above and z1, the surface
deflection due to the internal wave, is

« h h « h12 1 2 12 2z (r) 5 2 Ap 5 2 z (r)1 i 22H 2 « h h H 2 « h12 1 2 12 2

« h12 2ø 2 z (r). (37)2H

For the circular basin case, the total PE in the waves was
computed to be 1.13 3 1010 and 1.15 3 109 J for the Kelvin
and Poincaré wave, respectively. When the total ratios de-
termined from Fig. 2 and Table 2 are used on the basis of
the Burger number, this gives a total energy of the Kelvin
wave as 1.89 3 1010 J and the total energy of the Poincaré
wave as 3.65 3 109 J during the summer (June/July) of 1998.
For the elliptic basin, the average total PE was computed to
be 2.22 3 1010 and 6.58 3 108 J, giving the total energy of
the Kelvin wave as 3.85 3 1010 J and the total energy of the
Poincaré wave as 1.92 3 109 J.

Previous investigators have postulated that basin-scale
waves are dissipated primarily in the benthic boundary layer
(Imberger 1998; Saggio and Imberger 1998). To estimate a
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Fig. 5. Benthic boundary layer thickness (accurate to 60.1 m) and rate of dissipation of tur-
bulent kinetic energy as a function of the phase of the basin-scale Kelvin wave at Sta. T2 (22 m).
Phase was determined via a continuous wavelet transform of the vertically integrated potential
energy signal derived from a thermistor chain. Boundary layer properties were determined via
analysis of temperature microstructure profiles. The dotted sine curve is shown to demonstrate the
phase of the wave.

timescale for the dissipation of these waves, we used results
from extensive temperature microstructure profiles to deter-
mine the rate of dissipation of turbulent kinetic energy in
the benthic boundary layer using Batchelor fitting (Luketina
and Imberger 2001). From thermistor chain data, we deter-
mined the phase of the Kelvin wave using continuous wave-
let transforms of the integrated potential energy signal (An-
tenucci et al. 2000). The depth of the benthic boundary layer,
along with the dissipation, is plotted against the phase of the
Kelvin wave in Fig. 5 for the 99 profiles available at Sta.
T2 (Fig. 4). The benthic boundary layer was defined as the
region near the bottom where the density was constant and
the turbulence was statistically stationary. Data were seg-
mented into statistically stationary components by use of the
method of Imberger and Ivey (1991). The ensemble average
energy dissipation over one cycle of the Kelvin wave may
be calculated from

99

D 5 r« h Dt , (38)O i i i
i51

where «i is the dissipation in the benthic boundary layer for
profile i (m2 s23), hi the boundary layer thickness (m), r the
density (kg m23), and Dti the time between profiles (s). Eval-
uation of Eq. 38 gives 132 J m22 cycle21. To determine the
dissipation of the Kelvin wave (the most energetic wave),

we first defined the total energy as E 5 0.5rU2V, where U
is a velocity scale and V the lake volume. Defining « 5 kU3/
h and dI/dt 5 2AD/T, where T is the Kelvin wave period
and A is the area intersected by the metalimnion (3.4 3 107

m2), it can be shown that

E 1
5 , (39)

2E (1 1 t/t )0 D

where tD 5 2E0T/AD. Substituting the above values gives tD

5 8.5 d for the circular basin, which results in 3.5 d for the
Kelvin wave to decay to one half of its initial energy. This
increases to 7 d for the elliptic basin, because of the in-
creased estimate of the Kelvin wave energy. Note that this
assumes that the benthic boundary layer dissipation mea-
sured at one station, averaged over a wave period, is rep-
resentative of a basin-wide average. Future efforts will focus
on obtaining measurements to get an improved basinwide
average, particularly in the radial direction, from which a
more accurate decay timescale can be determined.

The scales of isopycnal displacement and velocity are pre-
sented in Fig. 6 for an elliptic approximation to Lake Kin-
neret, as discussed above. The cyclonic mode (a Kelvin
wave) has the largest velocities near the boundaries, whereas
the anticyclonic mode (a Poincaré wave) has largest veloc-
ities in the interior. The fields have been scaled by the mea-
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Fig. 6. Dynamical fields for a uniform-depth elliptical basin (major axis 15,000 m, minor axis
10,000 m) situated at 32.58N for a two-layer approximation. The vertical mode one, azimuthal and
radial mode one Kelvin wave solution is shown in (a) and (b), for two times separated by T/4; the
vertical mode one, azimuthal, and radial mode one Poincaré wave solution in (c) and (d). Column
(1) shows the displacement of the internal interface in m; (2) velocity vectors in the upper layer;
and (3) velocity vectors in the lower layer. Velocity vectors are normalized by the maximum velocity
for each wave, shown in Table 5. The crosses in (a and 1) show the approximate location of Sta.
T3 and T7b from Fig. 4.
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Table 5. Basin-wide maximum amplitude of the internal inter-
face and maximum layer speeds in a two-layer elliptic approxima-
tion to Lake Kinneret, as a function of phase.

Wave T z2
max (m) U1

max (m s21) U2
max (m s21)

Cyclonic
Cyclonic
Anticyclonic
Anticyclonic

0
T/4
0

T/4

3.4
5.0
1.7
0.68

0.14
0.07
0.04
0.06

0.12
0.06
0.03
0.05

Table 6. Maximum amplitude of the internal interface and max-
imum layer speeds in a two-layer elliptic approximation to Lake
Kinneret at two measurement locations. Amplitudes in boldface
type were observations used to scale the solutions.

Wave Station z2
max (m) U1

max (m s21) U2
max (m s21)

Cyclonic
Cyclonic
Anticyclonic
Anticyclonic

T3
T7
T3
T7

1.5
4.6
0.7
0.69

0.08
0.08
0.06
0.02

0.07
0.07
0.05
0.01

Fig. 7. Field data collected at Lake Kinneret. The wind speed at Sta. T3 (corrected to 10 m
elevation) is shown in (a), and isotherm displacements at Sta. T3 and T7b are shown in (b) and
(c). Only the metalimnion is shown, with the contour interval 28C and the top isotherm 248C.
Downward-pointing arrows in (b) show the crests of the 24-h Kelvin wave, and upward-pointing
arrows the crests of the 12-h Poincaré wave (where every second Poincaré crest has been omitted),
determined from observation at Sta. T3. Downward-pointing arrows in (c) show the computed
arrival time of the Kelvin wave at Sta. T7b and upward-pointing arrows the computed arrival time
of the Poincaré wave, based on the arrows in (b).

sured values at Sta. T3, the approximate position of which
is shown in the figure. The maximum amplitude and veloc-
ities for the waves corresponding to the figure are presented
in Table 5. Note that the maximum Kelvin wave amplitudes
occur when the crest and trough are in the ellipse cusp,
whereas for the Poincaré wave the maximum amplitudes oc-
cur when the crest and trough are along the long ellipse side.
For maximum velocities, the pattern is reversed.

Field measurements of isotherm displacement were also
available during this time from Sta. T7b (Fig. 4), the ap-
proximate position of which is shown in Fig. 6. From the
two-layer ellipse model, scaled by our observations at Sta.

T3, we calculated the maximum amplitudes and velocities
of both the Kelvin and Poincaré waves at this station. These
are presented in Table 6. Note that, for the cyclonic wave,
the velocity scales are similar at both stations, although the
amplitude at Sta. T7 is three times that at Sta. T3. For the
anticyclonic wave, the amplitudes at both stations are simi-
lar, although the velocities at Sta. T3 are several times great-
er than those at Sta. T7.

The isotherm displacement record at Sta. T3 and T7b is
shown in Fig. 7. The crests of the 24-h Kelvin wave and the
12-h Poincaré wave are shown in Fig. 7b, and the predicted
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arrival times of both waves at Sta. T7b are shown in Fig.
7c. The field measurements show the increased amplitude of
the Kelvin wave, predicted by the linear elliptic basin model
as shown in Fig. 6 and Table 5. The difference in amplitude
of the Kelvin wave can not be entirely attributed to the char-
acteristics of the waves in the elliptic basin model, because
of the absence of a sloping bottom or nonlinear effects in
the model. The Poincaré wave signal is not apparent in the
record at Sta. T7b, although the model predicts the amplitude
should be similar to that at Sta. T3. Clearly, the ellipse mod-
el, although it gives a general picture of the effect of the
lateral boundary on wave amplitudes, does not capture the
localized features of the waves, particularly effects induced
by the bottom boundary.

Discussion

The analytical model presented above makes both the lin-
ear and long-wave approximations, and so some care is re-
quired in its application. The theory does not take into ac-
count the nonlinear steepening of basin-scale modes into
packets of solitary waves (Thorpe et al. 1972; Farmer 1978;
Grimshaw 1998), nor the resonant generation of linear Poin-
caré waves by nonlinear Kelvin waves (Melville et al. 1989).
The model is thus only strictly valid for small amplitude
waves, for times less than the steepening timescale TS (Horn
et al. 2001) after the generation of the wave. The steepening
timescale TS for Lake Kinneret is .40 h, greater than the
return period of the daily wind forcing, so steepening of the
basin-scale waves into solitary waves can be neglected in
the experimental application presented above. The only ef-
fects of topography included in the model are simple vari-
ations in the lateral boundary, and so the model must only
be considered a first approximation to systems in which the
effect of the bottom boundary or complex lateral boundaries
is expected to be strong.

An important aspect of the model presented is the ap-
pearance of the nonrotating phase speed ci in the Burger
number. This implies that the characteristics of the basin-
scale waves can change dramatically with season. During the
unstratified period, ci will be effectively 0. The Burger num-
ber will also be effectively 0, and therefore inertial waves
will dominate the system. As the lake heats, the Burger num-
ber increases (as ci increases), and Kelvin and Poincaré
waves are possible. During late summer, the lake will reach
a maximum stratification—that is, a seasonal peak in the
Burger number—at which time the basin-scale waves will
be the closest to gravity waves. As the lake cools, the Burger
number will decrease, and any basin-scale internal waves
present will become increasingly dominated by the earth’s
rotation.

Dispersion relations and ratios of total potential to kinetic
energy have been derived for a rotating, enclosed basin,
equivalent to a lake affected by the earth’s rotation. The
dispersion relation and total energy ratio are dependent only
on the direction of relative rotation, azimuthal mode n, radial
mode m, the aspect ratio c/f, and the Burger number ci/Lf.
Information regarding the structure of the stratification and
the vertical mode were found to be entirely captured by the
nonrotating phase speed ci.

Total potential to kinetic energy ratios are substantially
less than unity for the anticyclonic (Poincaré waves as v .
f ) waves. For the cyclonic, radial mode one waves (a Kelvin
wave if v , f, otherwise a Poincaré wave), the ratio is
greater than unity. The anticyclonic waves (and all cyclonic
waves other than radial mode one) may be described by a
simple rotation/gravity balance captured by the Burger num-
ber. For high Burger numbers, gravity dominates, and the
waves have an equal partitioning between potential and ki-
netic energy. For low Burger numbers, rotation dominates
and the majority of energy is kinetic. This is the same bal-
ance as for unbounded waves in the ocean.
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