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-On the Input-Output Stability of Time-Varying

Nonlinear Feedback Systems

Part I: Conditions Derived Using Concepts of

Loop Gain, Conicity, and Positivity
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Abstract—The object of this paper is to outline a stability theory
for input-output problems using functional methods. More particu~
larly, the aim is to derive open loop conditions for the boundedness
and continuity of feedback systems, without, at the beginning, placing
restrictions on linearity or time invariance.

1t will be recalled that, in the special case of a linear time invari~
ant feedback system, stability can be assessed using Nyquist’s cri-
terion; roughly speaking, stability depends on the amounts by which
signals are amplified and delayed in flowing around the loop. An
attempt is made here to show that similar considerations govern the
behavior of feedback systems in general—that stability of nonlinear
time-varying feedback systems can often be assessed from certain
gross features of input-output behavior, which are related to amplifi-
cation and delay.

This paper is divided into two parts: Part I contains general
theorems, free of restrictions on linearity or time invariance; Part
II, which will appear in a later issue, contains applications to a loop
with one nonlinear element. There are three main results in Part I,
which follow the introduction of concepts of gain, conicity, positivity,
and strong positivity:

THEOREM 1: If the open loop gain is less than one, then the closed
loop is bounded.

THEOREM 2: If the open loop can be factored into two, suitably
proportioned, conic relations, then the closed loop
is bounded.

THEOREM 3: If the open loop can be factored into two positive re-
lations, one of which is strongly positive and has
finite gain, then the closed loop is bounded.

Results analogous to Theorems 1-3, but with boundedness re-
placed by continuity, are also obtained.

I. INTRODUCTION

EEDBACK, broadly speaking, affects a system in
Fone of two opposing ways: depending on circum-
stances it is either degenerative or regenerative—
either stabilizing or destabilizing. In trying to gain some
perspective on the qualitative behavior of feedback svs-

Manuscript received December 29, 1964; revised October 1, 1963;
February 2, 1966. This work was carried out at the M.I.T. Electronic
Svstems Laboratory in part under support extended by NASA under
Contract NsG-496 with the Center for Space Research. Parts of this
paper were presented at the 1964 National Electronics Conference,
Chicago, Ill., and at the 1964 International Conference on Micro-
waves, Circuit Theory, and Information Theory, Tokyo, Japan.

The author is with the Department of Electrical Engineering,
Massachusetts Institute of Technology, Cambridge, Mass.

228

tems we might ask: What are the kinds of feedback that
are stabilizing? What kinds lead to a stable syvstem?
Can some of the effects of feedback on stability be de-
scribed without assuming a very specific system
representation?

Part I of this paper is devoted to the system of Fig. 1,
which consists of two elements in a feedback loop.! This
simple configuration is a model for many controllers,
amplifiers, and modulators; its range of application will
be extended to include multi-element and distributed
svstems, by allowing the system variables to be multi-
dimensional or infinite-dimensional.

Fig. 1, A feedback loop with two elements,

The traditional approach to stability involves Lya-
punov’s method; here it is proposed to take a different
course, and to stress the relation between input-output
behavior and stability. An input-ouiput system is one in
which a function of time, called the output, is required
to track another function of time, called the input; more
generally the output might be required to track some
function of the input. In order to behave properly an
input-output system must usually have two properties:

1) Bounded inputs must produce bounded outputs—
i.e., the system must be nonexplosive.

J) Qutputs must not be critically sensitive to small
changes in inputs—changes such as those caused
by noise.

! The system of Fig. 1 has a single input x, multiplied by constants
ap and a», and added in at fwo points. This arrangement has been
chosen because it is symmetrical and thus convenient for analysis;
it also remains invariant under some of the transformations that will
be needed. Of course, a single input loop can be obtained by setting
ay or as to zero. The terms @y and % are fixed bias functions, which
will be used to account for the effects of initial conditions. The vari-
ables ey, €3, ¥1, and y» are outputs,
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These two properties will form the basis of the definition
of stability presented in this paper. It is desired to find
conditions on the elements H; and H, (in Fig. 1) which
will ensure that the overall loop will remain stable after
H, and H, are interconnected. It is customary to refer
to H; and H, prior to interconnection as the “open-loop”
elements, and to the interconnected structure as the
“closed loop.” The problem to be considered here can
therefore be described as seeking open-loop conditions for
closed-loop stability.

Although the problem at hand is posed as a feedback
problem, it can equally well be interpreted as a problem
in networks; it will be found, for example, that the
equations of the system of Fig. 1 have the same form as
those of the circuit of Fig. 2, which consists of two ele-
ments in series with a voltage source, and in parallel
with a current source.?

\(I v
% = Zyly, i = v,

Fig. 2. A circuit equivalent to the loop of Fig. 1.

1.1 Historical Note

The problem of Lyapunov stability has a substantial
history with which the names of Lur’e, Malkin, Yaku-
bowitch, Kalman, and many others, are associated. On
the other hand, functional methods for stability re-
ceived less attention until relatively recently, although
some versions of the well-known Popov [1] theorem
might be considered as fitting into this category.

The present paper has its origin in studies [2a, b] of
nonlinear distortion in bandlimited feedback loops, in
which contraction methods were used to prove the
existence and stability of an inversion scheme. The
author’s application of contraction methods to more
general stability problems was inspired in part by con-
versations with Narendra during 1962-1963; using
Lvapunov’s method, Narendra and Goldwyn [3] later
obtained a result similar to the circle condition of Part
IT of this paper.

The key results of this paper, in a somewhat different
formulation, were first presented in 1964 [2d, ¢]. Many

? It is assumed that the source voltage v and the source current ¢
are inputs, with e =a;x 424 and i =a.x+w.; the currents and voltages
in the two elements are outputs.
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of these results are paralleled in the work of Brockett
and Willems [4], who use Lyapunov based methods.
Several others have obtained similar or related results
by functional methods: Sandberg [5a] extended the
nonlinear distortion theory mentioned above; later [5b]
he obtained a stability theorem similar to Theorem 1 of
this paper. Kudrewicz [6] has obtained circle conditions
by fixed point methods. Contraction methods for incre-
mentally positive operators have been developed by
Zarantonello [7], Kolodner [8], Minty [9], and
Browder [10]. A stability condition for linear time-
varying systems has been described by Bongiorno [11].

2. FORMULATION OF THE PROBLEM

There are several preliminaries to settle, namely, to
specily a system model, to define stability, and to write
feedback equations. What is a suitable mathematical
model of a feedback element? A “black box” point of
view towards defining a model will be taken. That is to
say, only input-output behavior, which is a purely ex-
ternal property, will be considered; details of internal
structure which underlie this behavior will be omitted.
Accordingly, throughout Part I, a feedback element will
be represented by an abstract relation, which can be
interpreted as a mapping from a space of input functions
into a space of output functions. More concrete repre-
sentations, involving convolution integrals, character-
istic graphs, etc., will be considered in Part II.

Some of the elementary notions of functional analysis
will be used, though limitations of space prevent an
introduction to this subject.® Among the concepts which
will be needed and used freely are those of an abstract
relation, a normed linear space, an inner product space,
and the L, spaces.

The practice of omitting the quantifier “for all” shall
be utilized. For example, the statement

“—a? < a¥x € X))
is to be read:
“orallx € X, —a? < 227

CONVENTION: Any expression containing a condition of
the type “x & X,” free of quantifiers, holds for all xE X.

2.1 The Extended Normed Linear Space X,

In order to specify what is meant by a system, a suit-
able space of input and output functions will first be
defined.* Since unstable systems will be involved, this
space must contain functions which “explode,” i.e.,
which grow without bound as time increases {for exam-
ple, the exponential exp () ]. Such functions are not con-
tained in the spaces commonly used in analysis, for ex-
ample, in the L, spaces. Therefore it is necessary to

3 A good reference is Kolmogorov and Fomin [12].
4 The space of input functions will equal the space of output
functions,
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construct a special space, which will be called X,. X., will
contain both “well-behaved” and “exploding” functions,
which will be distinguished from each other by assigning
finite norms to the former and infinite norms to the
latter. X, will be an extension, or enlargement, of an
associated normed linear space X in the following sense.
Each finite-time truncation of every function in X, will
lie in X; in other words, the restriction of x&EX, to a
finite time interval, say to [0, ¢], will have a finite
norm—but this norm may grow without limit as f— .

First a time interval 7" and a range of input or output
values V will be fixed.

DEFINITION: 1 is a given subinterval of the reals, of the
type [to, @) or (— o, ©). V is a given linear space.

[For example, in the analysis of multielement (or
distributed) networks, V is multidimensional {or
infinite-dimensional).] Second, the notion of a truncated
function is introduced.

NOTATION: Let x be any function mapping T into V,
that 1s, x: T—V; let t be any point in T; then the symbol
% denotes the truncated function, x.:T—YV, which as-
sumes the values x,(1) =x(r) for 1<t and x«(7) =0 else-
where.

(A truncated function is shown in Fig. 3.) Next, the
space X is defined.

v

\
\—xeX o (x€X)

Fig. 3. A truncated function.

DEFINITION: X 15 a Space consisting of funciions of the
type x:T—V; the following assumptions are made con-
cerning X:

(1) X is a normed linear space; the norm of x&X is
denoted by |lx|l.
2) If x€X then x.€X for all tET.
(3) If x:T—>V, and if x,EX for all t& T, then:
(a) “x,” is a nondecreasing function of t&T.
(8) Iflim,., ||x| exists, then x © X and the limit
equals ||x]|.

(For example, it can be verified that assumptions (1)-
(3) are satisfied by the L, spaces.} Next, X, is defined.

DEFINITION: The extension of X, denoted by X., is the
space consisting of those functions whose truncalions lie
wn X, that is, X, = {x| x:T—V, and x,EX for all tET}.
(noTE: X, is a linear space.) An extended norm, denoted
l=lle, s assigned to each xEX. as follows: Nallo=]l%|| 4

xEX, and ||x||,= « if xEX.
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The point of assumptions (2)—(3) on X can now be ap-
preciated; these assumptions make it possible to deter-
mine whether or not an element x & X, has a finite norm,
by observing whether or not lim,.., x| exists. For ex-
ample:

EXAMPLE 1: Let L;[0, =) be the normed linear space
consisting of those real-valued functions x on [0, «<) for
which the integral [x?(f)d¢ exists, and let this inte-
gral equal l|x]|2. Let X =L,[0, =), and let Ly, = X,; that
is, Ls. is the extension of L;[0, =). Let x be the function
on [0, =) given by x(f) =exp (¥). Is 'lx\,, finite, that is,
is ¥ in X? No, because ||| grows without limit as
t— =, or in other words, |lx!|,= .

2.2 Input-Output Relations

The mathematical model of an input-output system
will be a relation on X,:

DEFINITION: A relation H on X, s any subset of the
product space X, X X,. If (x, v) is any pair belonging to H
then y will be said to be H-related to x; v will also be
said to be an image of x under H.J?

In other words, a relation is a set of pairs of functions in
X.. It will be convenient to refer to the first element
in any pair as an input, and to the second element as an
output, even though the reverse interpretation is some-
times more appropriate. A relation can also be thought
of as a mapping, which maps some (not necessarily all)
inputs into outputs. In general, a relation is multi-
valued; i.e., a single input can be mapped into many
outputs.

The concept of state, which is essential to Lyapunov’s
method, will not be used here. This does not mean that
initial conditions cannot be considered. One way of
accounting for various initial conditions is to represent
a system by a multi-valued relation, in which each input
is paired with many outputs, one output per initial con-
dition. Another possibility is to introduce a separate
relation for each initial condition.

Note that the restrictions placed on X, tend to limit, a
priori, the class of allowable systems. In particular, the
requirement that truncated outputs have finite norms
means, roughly speaking, that only systems having infi-
nite “escape times,” i.e., systems which do not blow up
in finite time, shall be considered.

Some additional nomenclature follows:

DEFINITION: If H 15 a relation on X ,, then the domain of
H denoted Do(H), and the range of H denoted Ra(H), are
the sels,

Do(H)= {x] xEX., and there exists yE X, such that
(x, ) EH}

Ra(H) = {yl yEX,, and there exists x X, such that
(x, Y EH|

5 In general x can have many images.
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NOTATION: If H is a relation on X,, and if x is a given
element of X, then the symbol Hx denotes an image of x
under H.5

The idea here is to use a special symbol for an element
instead of indicating that the element belongs to a cer-
tain set. For example, the statement, “there exists Hx
having property P” is shorthand for “there exists
y&ERa(H), such that y is an image of x, and y has prop-
erty P78

Observing that Hx is, according to the definitions used
here, a function on 7', the following symbol for the value
of Hx at time ¢ is adopted:

NOTATION: The symbol Hx(f) denotes the value assumed
by the function Hx at time t & T.

Occasionally a special type of relation, called an
operator, will be used:

DEFINITION: An operator H is a relation on X, which
satisfies two conditions: 1) Do(H)=X,. 2) H is single-
valued; that is, if x, v, and z are elements of X,, and if y
and z are images of x under H, then y =2z,

2.3 The Class &

DEFINITION: ® is the class of those relations H on X,
having the property that the zero element, denoted o, lies in
Do(H), and Ho=o.

The assumption that H maps zero into zero simplifies
many derivations; if this condition is not met at the out-
set, it can be obtained by adding a compensating bias to
the feedback equations.

If H and K are relationsin ®, and c is a real constant,
then the sum (H+K), the product cH, and the composi-
tion product KH of K following H, are defined in the
usual way,” and are relations in ®. The snverse of H in
®, denoted by H™!, always exists. The identity operator
on X, is denoted by I.

2.4 Input-Output Stability

The term “stable” has been used in a variety of ways,
to indicate that a system is somehow well behaved. A
system shall be called stable if it is well behaved in two
respects: (1) It is bounded, i.e., not explosive. (2) it is
continuous, i.e., not critically sensitive to noise.

DEFINITION: 4 subset YV of X, is bounded #f there exists
A >0 such that, for all yE Y, ||y|!,<A. 4 relation H on
X. is bounded?® if the image under H of every bounded sub-
set of X, is a bounded subset of X..

5 In keeping with the usual convention used here, any statement
containing Hx free of quantifiers holds for all x in Ra(H). For example,
“Hx>1 (x&X,)” means that “for all x in X,, and for all Hx in
Ra(H), Hx>1.”

7 In particular, Do(H+K)=Do(H){\Do(K). Note that R isnota
linear space; for example, if Do(H)Do(K) then Do[(H+K)—K]
#=Do(H).

8 This definition implies that inputs of finite norm produce out-
puts of finite norm. More than that, it implies that the sort of
situation is avoided in which a bounded sequence of inputs, say
ll#sll<1 where n=1, 2, « - -, produces a sequence of outputs having
norms that are finite but increasing without limit, say | Hzx,||=x.
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DEFINITION: 4 relation H on X, is continuous #f H
has the following property: Given any xEX (that 1is,
llxlle< ®), and any A>0, there exists >0 such that, for
all yEX, if ||x—y|| <8 then || Hx — Hy|l <A.

DEFINITION: 4 relation H on X, is input-output stable
if H is bounded and continuous.

2.5 Feedback Equations

Although negative feedback loops will be of interest,
the positive feedback configuration of Fig. 1 has been
chosen because it is symmetrical.! The equations de-
scribing this system, to be known as the FEEDBACK
EQUATIONS, are;

e1 = w1+ a1x + va (1a)
ey = Wy + asx + Y1 (lb)
yg = Hje, (2a)
1 = Hiey (2b)

in which it is assumed that:

H, and H, are relations in ®

a1 and a, are real constants

w1 and w, are fixed biases in X

x in X, is an input

ey and e; in X, are (error) outputs
y1 and v, in X, are outputs.

(The biases are used to compensate for nonzero zero-
input responses and, in particular, for the effects of
initial conditions.) The closed-loop relations Ei, Es, Fh,
and F3, are now defined as follows.

DEFINITION: Ep is the relation that relates ey to x or,
more precisely, E\= {(x, e1) I (x, e1) EX. X X,, and there
exist es, V1, ¥, Hiey, and Hsey, all in X, such that (1) and
(2) are satisﬁed.} Similarly E, relates eq to x; Fy relates
y1i0 x; Fyrelates v, to x.

All the prerequisites are now assembled for defining the
problem of interest which is: Find conditions on H, and
H, which ensure that E1, E., Fy, and Fy are bounded or
stable. In general it will be enough to be concerned with
E; and E, only, and to neglect F; and Fs, since every
Fyx is related to some Ewx by the equation Fex= Ex
—a1x — w1, so that Fy is bounded (or stable) whenever
E, is, and similarly for Fy vs. E.

It should be noted that by posing the feedback prob-
lem in terms of relations (rather than in terms of
operators) all questions of existence and uniqueness of
solutions are avoided. For the results to be practically
significant, it must usually be known from some other
source® that solutions exist and are unique (and have
infinite “escape times”).

9 Existence and stability can frequently be deduced from entirely
separate assumptions, For example, existence can often be deduced,
by iteration methods, solely from the fact that (loosely speaking) the
open loop delays signals; stability can not. (The connection between
existence and generalized delay is discussed in G. Zames, “Realiz-
ability conditions for nonlinear feedback systems,” IEEE Trans. on
Circust Theory, vol. CF-11, pp. 186-194, June 1964.)



3. SuMALL LooP GAIN CONDITIONS

To secure a foothold on this problem a simple situa-
tion is sought in which it seems likely, on intuitive
grounds, that the feedback system will be stable. Such a
situation occurs when the open loop attenuates all sig-
nals. This intuitive idea will be formalized in Theorem 1;
in later sections, a more comprehensive theory will be
derived from Theorem 1.

To express this idea, a measure of attenuation, i.e., a
notion of gain, is needed.

3.1 Gains

Gain will be measured in terms of the ratio of the
norm of a truncated output to the norm of the related,
truncated input.

DEFINITION: The gain of a relation H in ®, denoted by
g(H), is

©)

where the supremum 1is taken over all x in Do(H), all Hx
tn Ra(H), and all t in T for which x,50.

In other words, the supremum is taken over all possible
input-output pairs, and over all possible truncations. The
reason for using truncated (rather than whole) functions
is that the norms of truncated functions are known to
be finite a priori.

It can be verified that gains have all the properties of
norms, In addition, if H and K belong to & then g(KH)
<g(K)g(H). Gains also satisfy the following inequal-
1ties:

|(Hod < e@)-|l=] s € DolH); i €T] (3
VHE|. < g(H)-||+]l. [+ € Do(aD)] ()

where (4) is implied by (3), and (5) is derived from (4)
by taking the limit as t— <.

If g(H) < « then (5) implies that H is bounded. In
fact, conditions for boundedness will be derived using
the notion of gain and inequalities such as (5). In a sim-
ilar way, conditions for continuity will be derived using
the notion of incremental gain, which is defined as fol-
lows:

DEFINITION: The incremental gain of any H in &, de-
noted by g(H), is
‘I(Hl)t - (H}')tl

e —

§(H) = sup (6)

where the supremum s taken over all x and vy in Do(H), all
Hx and Hy in Ra(H), and all t in T for which x,=y:.

Incremental gains have all the properties of norms, and
satisfy the inequalities

g(KH) < g(K)-3(H) (7)
|| (FLx)e — (Hy).|
< §H) '”-’fz - }’t” [*; y&EDo(H); tET] (8
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|1 Hx — Hyit. < g(#H) v — 3. [, yEDo(H)]. )

In the Feedback Equations (1)-(2), the product
g(H,) -g(H) will be called the open-loop gain-product,
and similarly, g(H,) - g(Hs) will be called the incremental
open-loop gain-product.

3.2 A Stability Theorem
Consider the Feedback Equations (1)-(2).

THEOREM 1:9a) If g(Hy) - g(H,) <1, then the closed loop
relations Ey and E, are bounded. b) If §(Hy)-g(H,) <1,
then Eyand E; are inpul-output stable.

Theorem 1 is inspired by the well known Contraction
Principle.!

PROOF OF THEOREM 1: (a) Since eqgs. (1)-(2) are sym-
metrical in the subscripts ; and », it is enough to con-
sider Ei. This proof will consist of showing that there
are positive constants g, b, and ¢, with the property that
any pair (x, e1) belonging to E; [and so being a solution
of egs. (1)—(2)], satisfies the inequality

led < allwd] + ollwai] + elldl.

(10)

It will follow that if x is confined to a bounded region,
say |'x'l <4, then e; will also be confined to a bounded
region, in this case !lei| <a' wi|| +8]|wyl +-c4. Thus B,
will be bounded.

PROOF OF INEQUALITY (10): If (x, ey) belongs to E;
then, after truncating egs. (1a) and (1b), and using the
triangle inequality to bound their norms, the following
inequalities are obtained:

ped| < tond] + Tan] Jlad] + 3]
liead] < llwedl + [as] -[l2l] + 3]

¢teT) (10a)
(teT) (10b)

Furthermore, applying Inequality (4) to egs. (2), the
following is obtained, for each ¢t in 7":

lly2d < g(H:) ez
yie) < g(HY) e

(11a)
(11b)

Letting g(H1) 2« and g(H,) 23, and applying (11a) to
(10a) and (11b) to (10b), the following inequalities are
obtained:

lew] <Nl + Tarl flwd] + gllezd,
lead| < llwea] + Y ae] -ilxe + alend]

teT)y (12a)
¢ET). (12b)
Applying (12b) to |ey| in (12a), and rearranging,
wul| +8
+ (Jar| +8' e

I
||

(1 — aB)en| <

Ned e ). (3)

1 A yariation of Theorem 1 was originally presented in [2d].
A related continuity theorem was used in [2¢]. An independent, re-
lated result is Sandberg’s [5b].

1 If X is a complete space, if all relations are in fact operators,
and if the hypothesis of Theorem 1b holds, then the Contraction
Principle implies existence and uniqueness of solutions—a matter
that has been disregarded here.
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Since (1 —af) >0 (as B <1, by hypothesis), Inequality
(13) can be divided by (1 —af); after dividing and tak-
ing the limit of both sides as t— o, the Inequality (10)
remains. Q.E.D.

(b) Let (x', e1’) and (x’', &’’) be any two pairs be-
longing to Ej. Proceeding as in Part (a) an inequality
of the form [le,’’ —eill <¢|jx’’~x'|| is obtained, which
implies that E; is continuous. Moreover, since the hy-
pothesis of Part (b) implies the hypothesis of Part (a),
E; is bounded too. Therefore E; is input-output stable.

EXAMPLE 2: In egs. (1)-(2) (and in Fig. 1) let one of
the two relations, say Hi, be the identity on L. (Ls, is
defined in Example 1.) Let the other relation, H, on Ls,,
be given by the equation Hayx(f) =N [x(t) ], where £>0
is a constant, and N is a function whose graph is shown
in Fig. 4. For what values of k are the closed loop relations
(a) bounded? (b) stable?

(a) First the gain is calculated.

oty s { [ wlotola /[0 al”
- N(x) l _,
= :.5151 vl

where the first sup is over [xEDo(H); Hx&Ra(H);
tET, x,#0]. That is, g(H) is k times the supremum of
the absolute slopes of lines drawn from the origin to
points on the graph of N. Here g(H) =%, so Theorem 1
implies boundedness for k<I. This example is trivial in
at least one respect, namely, in that H has no memory;
examples with memory will be given in Part II.

(b) #(H) can be worked out to be % times the supre-
mum of the absolute Lipschitzian slopes of N, that is,
Z(H) =k SUpx, y reat| N(¥) =N () /x—3| =2k. The closed
loop is therefore stable for k<1/2.

N(x)

X
s
)

7
S

7
denctes siope

Fig. 4. Graph of the relation in Example 2.

4. ConpitioNs InvoLviNg CoNIc RELATIONS

The usefulness of Theorem 1 is limited by the condi-
tion that the open-loop gain-product be less than one—
a condition seldom met in practice. However, a reduced
gain product can often be obtained by transforming the
feedback equations. For example, if ¢I is added to and
subtracted from Ho, as shown in Fig. 5, then e; remains
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unaffected; however, H; is changed into a new relation
H,', as in effect —cI appears in feedback around Hi.
Under what conditions does this transformation give a
gain product less than one? It will appear that a suffi-
cient condition is that the input-output relations of the
open loop elements be confined to certain “conic” regions
in the product space X. X X..

A transformation.

Fig. 5.

RESTRICTION: In the remainder of this paper, assume
that X 1s an inner-product space, that (x, v) denotes the
inner product on X, and that (x, x) =l,x1|2.

This restriction is made with the intention of working
mainly in the extended L,[0, «) norm,2 with (x, ¥)
= [ox(®)y(r)dt.

4.1 Definitions of Conic and Positive Relations

DEFINITION: 4 relation H in ® is interior conic if
there are real constants r >0 and ¢ for which the inequality

| (Hx)e — exd] <olixf| [z € Do(E); 1€ T] (14)

is satisfied. H 1is exterior conic if the inequalily sign in
(14) is reversed. H is conic if it is exterior conic or inierior
conic. The constant ¢ will be called the center parameter
of H, and » will be called the radius parameter.

The truncated output (Hx): of a conic relation lies
either inside or outside a sphere in X, with center pro-
portional to the truncated input x, and radius propor-
tional to ||x/|. The region thus determined in X,XX.
will be called a “cone,” a term suggested by the follow-
ing special case:

EXAMPLE 3: Let H be a relation on L, (see Example
1); let Hx(f) be a function of x(¢), say Hx() = N[x()],
where N has a graph in the plane; then, as shown in
Fig. 6, the graph lies inside or outside a conic sector of
the plane, with a center line of slope ¢ and boundaries of
slopes ¢ —7 and ¢+v. More generally, for H to be conic
[without Hx(#) necessarily being a function of x(f), that
is, if H has memory], it is enough for the point [x(f),
Hx(f)] to be confined to a sector of the plane. In this
case, it will be said that H is instantaneously confined
to a sector of the plane.

Inequality (14) can be expressed in the form
| (Hx),—cx|*~7|lx|2<0. If norms are expressed in

12 However, in engineering applications it is often more interesting
to prove stability in the L. norm. The present theory has been ex-
tended in that direction in the author’s [2f]. The idea is [2f] is to trans-
form L, functions into L. functions by means of exponential weight-
ing factors.



234

Hx(t)

b=cs+r

a=¢c-r
= x(1)

Interior of sector
is shaded.

Fig. 6. A conic sector in the plane.

terms of inner products then, after factoring, there is
obtained the equivalent inequality

((Hzx), — axy, (Hx), — bx;) < 0 [ € Do(H);: € T] (13)

where e =c¢—r and b=c+7r. It will often be desirable to
manipulate inequalities such as (15), and a notation
inspired by Fig. 6 is introduced:

NOTATION: A conic relation H is said to be inside the
sector {a, b}, if a<b and if Inequality (15) holds. H is
outside the sector {a, b} if a<b and if (15) holds with
the inequuality sign reversed.

The following relationship will frequently be used: If H
is interior (exterior) conic with center ¢ and radius 7
then H is inside (outside) the sector {c—r, ¢+r}. Con-
versely, if H is inside (outside) the sector {a, b}, then
H is interior (exterior) conic, with center (b+4a)/2 and
radius (b—ea)/2.

DEFINITION: 4 relation H in ® is positive!® if

(xe, (H)) 20 [+ S Do(H);t & T]. (16)

A positive relation can be regarded as degenerately
conic, with a sector from 0 to «. [Compare (15) and
(16).] For example, the relation H on L, is positive if it
is instantaneously confined (see Example 3) to the first
and third quadrants of the plane.

4.2 Some Properties of Conic Relations

Some simple properties will be listed. It will be as-
sumed, in these properties, that H and H; are conic
relations; that H is inside the sector {a, b}, with
b>0; that Hi is inside {a1, b1} with 5:>0; and that
k>0 is a constant.

(i) I s inside {J, 1}.

(ii) kH is inside {ka, kb}; — H is inside { —b, —a}.

(iii) suM RULE: (H+H)) is inside {a+ay, b+b;}.

(iv) INVERSE RULE

18 Short for “positive semidefinite,” The terms “passive” and
“nondissipative” have also been used.
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casE la: If a>0 then H-' is inside {1/b,

1/a}.
cASE 1b: If a <0 then H- is outside {1/a,
1/b}.
CASE 2: If a=0 then (H1—(1/6)I) 1is
positive.

(v) Properties (i2), (442), and (i) remain valid with
the terms “inside { }” and “outside { }” inter-
changed throughout.

(vi) g(H)<max (|a|, |b]). Hence if Hisin {—r, r}
then g(H) <r.

The proofs are in Appendix A. One consequence of these
properties is that it is relatively easy to estimate conic
bounds for simple interconnections, where it might be
more difficult, say, to find Lyapunov functions.

4.3 A Theorem on Boundedness

Consider the feedback system of Fig. 1, and suppose
that H, is confined to a sector {a, b}. It is desirable to
find a condition on H; which will ensure the bounded-
ness of the closed loop. A condition will be found, which
places H, inside or outside a sector depending on ¢ and b,
and which requires either H; or H; to be bounded away
from the edge of its sector by an arbitrarily small
amount, A or 8.

THEOREM 2a: [I7n egs. (1)—(2)] Let H, and H, be conic
relations. Let A and 6 be constants, of which one is stricily
positive and one is zero. Suppose that

(I) —H; is inside the secior {a—l—A, b—A} where
b>0, and,

(I1) Hi satisfies one of the following conditions.

CASE la: If a>0 then H, is ouiside

1 1
Y
a b

CASE 1b: If a <0 then Hy is inside

{1-{-5 ! 6}
U b ’ a '

CASE 2: If a=0 then

1
H; + <— — 5)[
b

is positive; in addition, if A=0 then g(H,)
< o,

Then E, and E; are bounded.

The proof of Theorem 2a is in Appendix B. Note that
the minus sign in front of Hs reflects an interest in nega-
tive feedback.

EXAMPLE 4: If H; and H, are relations on Ls, instan-
taneously confined to sectors of the plane (as in Ex-
ample 3), then the closed loop will be bounded if the
sectors are related as in Fig. 7. (More realistic examples
will be discussed in Part II.)
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CASE 1b: a<O
H,x(t)[—‘l/a

\

X(t)
N “=:/b

NOTE: IN ALL CASES, A>0,6=0, AND b>O0.
ADMISSIBLE REGIONS ARE SHADED.

Fig. 7. Mutually admissible sectors for He and H,

4.4 Incrementally Conic and Positive Relations

Next, it is desired to find a stability result similar to
the preceding theorem on boundedness. Te this end the
recent steps are repeated with all definitions replaced
by their “incremental” counterparts.

DEFINITION: A relation H in ® is incrementally inte-
rior (exterior) conic if there are real consiants r >0 and ¢
for which the inequality

[(Hz — Hy)e — clx — )| <ol = )|

[v,y E Do(H);t € T] (17)

s satisfied (with inequality sign reversed). An incremen-
tally conic relation H 1s incrementally inside (outside)
the sector {a, b } , if a <b and if the inequality

((Hx — Hy), — a(x — y):, (Hx — Hy): — b(x — )20 < 0
[,y € Do(H);t € T] (18)

is satisfied (with inequality sign reversed). A relation H
in ® 4s incrementally positive!* if

{( — 3)o (Hx — Hy):) 2 0 [x,5 € Do(H);t € T]. (19)

EXAMPLE 5: Consider the relation H on L,, with
Hx() = N{x(¢)], where N is a function having a graph
in the plane. If N is incrementally inside {a, b} then N
satisfies the Lipschitz conditions, a(x—1) < N{(x) — N(y)
<b(x—2y). Thus NN lies in a sector of the plane, as in the
nonincremental case (see Fig. 6), and in addition has
upper and lower bounds to its slope.

Incrementally conic relations have properties similar
to those of conic relations (see Section 4.2).

14 The terms “monotone” and “incrementally passive” have also
been used.
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THEOREM 2b: Let H, and H; be incrementally conic
relations. Let A and 8 be constants, of which one is strictly
positive and one s zero. Suppose that,

(I) —H, is incrementally inside the sector {a—+A,
b—A } , where b6>0, and,
(I1) H, satisfies one of the following conditions:

cASE la: If a>0 then H,is incrementally outside

1 1
{———a, ——+a}.
a b

CASE 1b: If a <0 then H; is incrementally inside

1 1
{——+a, ———5}.
b a

CASE 2: If a=0 then

1
HI-I—{——(S}I
b

1is incrementally positive; in addition, if A=0
then g(Hy) < .

Then E, and E, are input-output stable.
The proof is similar to that of Theorem 1la, and is
omitted.

5. CONDITIONS INVOLVING PosITIVE RELATIONS

A special case of Theorem 2, of interest in the theory
of passive networks, is obtained by, in effect, letting
a=0 and b— =, Both relations then become positive;
also, one of the two relations becomes strongly positive,
ie.:

DEFINITION: 4 relation H in & is strongly (incremen-
tally) positive if, for some o> 0, the relation (H—olI) s
(incrementally) positive.

The theorem, whose proof is in Appendix C, is:

THEOREM 3:% (a) [In eqs. (1)~(2)] If H, and — H, are
positive, and if — H, is strongly positive and has finite
gain, then E; and E, are bounded. (b) If H; and —H,
are incrementally positive, and if — H, is strongly incre-
mentally positive and has finite incremental gain, then
E; and E; are input-output stable.

For example, if H; on L, is instantaneously confined
to a sector of the plane, then, under the provisions of
Theorem 3, the sector of H, lies in the first and third
quadrants, and is bounded away from both axes.

5.1 Positivity and Passivity in Nefworks

A passive element is one that always absorbs energy.
Is a metwork consisting of passive elements necessarily
stable? An attempt will be made to answer this question
for the special case of the circuit of Fig. 2.

First, an elaboration is given on what is meant by a

15 A variation of this result was originally presented in [2d].
Kolodner [8] has obtained related results, with a restriction of
linearity on one of the elements.
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passive element. Consider an element having a current
7 and a voltage v; the absorbed energy is the integral
Jei®v(f)dt, and the condition for passivity is that this
integral be non-negative. Now, let Z be a relation map-
ping 7 into z; by analogy with the linear theory, it is
natural to think of Z as an impedance relation; suppose
Z is defined on L.,, where the energy integral equals the
inner product (¢, v); then passivity of the element is
equivalent to positivity of Z. Similarly, if ¥ on L, is an
admittance relation, which maps # into 7, then passivity
is equivalent to positivity of ¥.

Now consider the circuit of Fig. 2. This circuit con-
sists of an element characterized by an impedance rela-
tion Zs, an element characterized by an admittance rela-
tion ¥1, a voltage source z, and a current source 7. The
equations of this circuit are,

71 = ¢ + 7o (20a)
ip =1 — 1 (20b)
19 = Zsio (21a)
i1 = ¥Yo1. (21b)

It is observed that these equations have the same form
as the Feedback Equations, provided that the sources
7 and # are constrained by the equations v=ax+w;,
and 2 =asx+w,. (By letting a1=0 the familiar “parallel
circuit” is obtained. Similarly, by letting a,=0 the
“series circuit” is obtained.) Thus there is a correspon-
dence between the feedback system and the network con-
sidered here. Corresponding to the closed loop relation
E, there is a voltage transfer relation mapping v into
v1. Similarly, corresponding to E. there is a current
transfer relation mapping 7 into 7e. If Theorem 3 is now
applied to eqgs. (20)—(21) it may be concluded that: If
both elements are passive, and if, in addition, the relation
of one of the elements is strongly positive and has finite
gain, then the network transfer relations are bounded.

6. CONCLUSIONS

The main result here is Theorem 2. This theorem pro-
vides sufficient conditions for continuity and bounded-
ness of the closed loop, without restricting the open loop
to be linear or time invariant. Theorem 2 includes
Theorems 1 and 3 as special cases. However, all three
theorems are equivalent, in the sense that each can be
derived from any of the others by a suitable transforma-
tion.

There are resemblances between Theorem 2 and
Nvquist's Criterion. For example, consider the follow-
ing, easily derived, limiting form of Theorem 2: “If
H,=FI then a sufficient condition for boundedness of
the closed loop is that H, be bounded away from the
critical value — (1/k)1, in the sense that

(=)

for all x in X, and ¢ in T, where § is an arbitrarily small
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positive constant.” In fact, the conic sectors defined
here resemble the disk-shaped regions on a Nyquist
chart. However, Theorem 2 differs from Nyquist’s Cri-
terion in two important respects: (1) Unlike Nyquist’s
Criterion, Theorem 2 is not necessary, which is hardly
surprising, since bounds on H; and H, are assumed in
place of a more detailed characterization. (2) Nyquist's
criterion assesses stability from observation of only the
eigenfunctions exp (jw!), where Theorem 2 involves all
inputs in X,.

There is also a resemblance between the use of the
notions of gain and inner product as discussed here, and
the use of attenuation and phaseshift in the linear the-
ory. A further discussion of this topic is postponed to
Part II, where linear systems will be examined in some
detail.

One of the broader implications of the theory de-
veloped here concerns the use of functional analysis for
the study of poorly defined systems. It seems possible,
from only coarse information about a system, and per-
haps even without knowing details of internal structure,
to make useful assessments of qualitative behavior.

APPENDIX
A. Proofs of Properties (i—vi)

Properties (i, ii). These two properties are immedi-
ately implied by the inequalities

((Ix)z — 1':\'1, (I.\?)t —_ 1.1'g> =0
((cHx): — cax:, (cHx), — cbxy)
= ¢X{(Hx); — axy, (Hx); — bx,) <0
in which ¢ is a (positive or negative) real constant.
Property (iii). It is enough to show that (H- H,)
has center 3(b+b1+a+a,) and radius 1(b+b1—a—ay);
the following inequalities establish this:
| [(H + Hixle — 3 + b1+ @ + an)z/|
< [(Hr) = 3 + o)«

+ |(Hix): — by + a1)' (Triangle Ineq.) (Ala)
<36 — o)llad| + 361 — an)ijxy
=30+ by — a — @)z (A1b)

where eq. (Alb) follows from eq. (Ala) since H has
center 3(b+a) and radius %(b—a), and since H; has
center 1(bi+ay1) and radius 3(b1—ay).

Property (iv).
CASES la AND 1b: Here a0 and >0, and

1 1\
<(H—1x), — ? x:, (H '), — ;x,/"

/ \

1 1
= \}’t s (Hy)t, ye — . (HJ’)t/

1
= ;I; ((Hy): — ay:, (Hy): — by:)
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where H-1x=1v and x= Hy. Since, by hypothesis, H is
inside {a, b} and 5>0, the sign of the last expression is
opposite to that of a. Thus the Inverse Rule is obtained.

cASE 2: Here a=0. The property is implied by the
inequality,

1 1
<xt3 (H‘lx)t - 7'x‘i> = —b— <(Hy)l’7 b}': - (I{y)t> _>.. 0

Property (v). Simply reverse all the inequality signs.
Property (vi).
[(Ex | <[[(#x)e — 3G + @)

+ [i3(% + a)x]; (Triangle Ineq.) (A2a)
<30~ o=l + 3o+ al = (A2D)
= max (| |, | o])[l=]

where eq (A2b) follows from eq (A2a) since, from the

hypothesis, H has center ;(b-+a) and radius (6 —a). It
follows that g(H) <max (|a|, |8]). Q.E.D.

B. Proof of Theorem 2a

The proof is divided into three parts: (1) The trans-
formation of Fig. 5 is carried out, giving a new relation
E,'; Ey is shown to contain E,. (2) The new gain prod-
uct is shown to be less than one. (3) E;’ is shown to be
bounded, by Theorem 1; the boundedness of E; and E;
follows.

Let ¢=%(b+a) and r=%(b—a).

B.1 Transformation of Egs. (1)-(2)

The proof will be worked backwards from the end;
the equations of the transformed system of Fig. 5 are,

e =w' +a's+y (A3a)
€2 = wWo + @¥ + y1 (A3b)
vy = Hy'es (Ada)
v = Hye/ (A4b)
where
H, = (H; + ¢I) (A3a)
H/ = (H '+ )L (A5Db)

(It may be observed that these equations have the same
form as egs. (1)—(2), but H; is replaced by H;' and H,
is replaced by H,'.) Let Ey’ be the closed-loop relation
that consists of all pairs (x, e;) satisfying egs. (A3)—
(A4). It shall now be shown that E,’ contains E,, that
is, that any solution of egs. (1)—(2) is also a solution of
eqs. (A3)-(A4); thus boundedness of E;" will imply
boundedness of E,.

In greater detail

(I) let (x, e;) be any given element of E,.

(I1) Let ey, v1, ¥2, Hie1, and Hye, be fixed elements
of X, that satisfy eqgs. (1)-(2) simultaneously
with x and e,.
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(I111) (Using Fig. 5 as a guide,) define two new ele-
ments of X,

14

Yo = ya + ces (Aba)

(A6b)

61, = ¢&; + cYy1.
1t shall now be shown that there are elements Hi'e;” and
H,'e,’ in X, that satisfy eqs. (A3)~(A4) simultaneously
with the elements defined in (I)-(I11). Taking egs.
(A3)—(A4) one at a time:

Equation (A3a). Substituting eq. (la) for e in eq.
(A6b), and eq. (1b) for ¥4,

el = (w1 — cwy) + (a1 —~ caz)x + (yo + cea).

If wi’'=wi—cw, and a1’ =a1—caq, then, with the aid of
eq. (Aba), eq. (A7) reduces to eq. (A3a).

Equation (A3b): This is merely eq. (1b), repeated.

Equation (A4a): Recalling that Hy =H,+cI, it
follows, from eqgs. (A6a) and (2a), that there is an Hy'e,
in X, for which eq. (A4a) holds.

Equation (A4b): If eq. (A6b) is substituted for e
in eq. (Zb), it is found that there exists Hi{e1’ —cy1) in
X, such that y;= H;(e:’ —cy1). Therefore,

(A7)

(aiter inversion) Hi 'y, = e —cy

(after rearrangement) (Hi !+ cl)y: = e/

yp = (Hi '+ cI) et
That is, there exists Hi'e;’ in X, for which eq. (A4b)
holds. Since eqs. (A3)-(A4) are all satisfied, (x, ;) is

in E,’. Since (x, ) is an arbitrary element of E,;, E,’
contains E,.

(after inversion)

B.2 Boundedness of E.’

It will be shown that g(H:") g(H,') <1.

The Case A>0, 6=0: g(H,") will be bounded first.
Since H:isin { —b+A, —a—A} by hypothesis, (H;+cI)
is in {—b—l—A-l—c, —a——A—!—c} by the Sum Rule of Sec-
tion 4.2. Observing that (H;+cI)=H,’, that (~b+c)
= —r, and that (—a+¢) =7, it is concluded that H;' is
in { —r+A, r—A}. Therefore g(H,") <r—A.

Next, g(H,") will be bounded. In Case 1a, where ¢ >0
and H; is outside

o)
VS

the Inverse Rule of Section 4.2 implies that H;™! is out-
side { —b, —a} ; the same result is obtained in Cases 1b
and 2. In all cases, therefore, the Sum Rule implies that
(Hi*+cI) is outside {—7, #}. By the Inverse Rule
again, (Hy'-+c)7lisin

Therefore g(H,) <1/7.
Finally,

r — A
< 1.

g(HY) g(HY) <
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The Case A=0, §>0: It shall be shown that this
is a special case of the case A>0, 6=0. In other words,
it will be shown that there are real constants ¢*, b*, and
A* for which the conditions of the case A>0, §=0 are
fulfilled, but with a replaced by ¢*, b by b*, and A by A*.

Consider Case 1a, in which ¢ > 0. (Cases 1b and 2 have
similar proofs, which will be omitted.) It must be shown
that: (1) —H; is in {a*+A4, b*—A}. (2) H, is outside

o
= = .
a* b*

Without loss of generality it can be assumed that & is
smaller than either 1/a or 1/b. Choose ¢* and &* in the
ranges

<ag*<a and b <b* <

1+ b 1 — b5

Since — H,; is in {a, b} by hypothesis, and since a* <a
and &*>b by construction, there must be a A*>0 such
that H, satisfies condition (1). Since H, is outside

-
a b
by hypothesis, and since by construction
—i>——1'—6 and ———<-—i+6,
a* a * b

condition (2) is satisfied. Hence this is, indeed, a special
case of the previous one.

B.3 Conclusion of the Proof

Since g(H,")-g(H,") <1, E;' is bounded by Theorem 1,
and so is E,, which is contained in E,’. Moreover, the
boundedness of E; implies the boundedness of E;; for,
if (x, ey) isin E; and (x, €) is in E,, then

llexil < et + [ ax| ol + eCH)

Thus, if || %], <const. and ||eg] <const., then | eyf| < const.
(Inequality (A8) was obtained by applving the Tri-
angle Inequality and Inequality (4) to eq. (la), and
taking the limit as {— . It may be noted that g(H.)
< @, since —H, is in {a, b} by hypothesis.) Q.E.D.

. (A8)

€a

C. Proof of Theorem 2

This shall be reduced to a special case of Theorem 2
[Case 2 with §=0]. In particular, it shall be shown that
there are constants >0 and A>0 for which (I) —Hs s
inside {A, b—A}, and, (II) the relation [H,+(1/b)I] is
positive.

[H:1+(1/0)1] is clearly positive for any #>0, since
by hypothesis H, is positive; the second condition is
therefore satisfied. To prove the first condition it is
enough to show that H; is conic with center —7 and
radius »—A, where r=5/2. This is shown as follows:
The hypothesis implies that, for some constant ¢>0
and for any constant A>g(H,), the following inequali-
ties are true
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— (&1, (Hax)e) > ol|x!2
@ < N2

(A9)
(A10)
for any x in X, and for any ¢ in 7. Hence, for any »>>0,

| (Hex)e + |2 < (02 — 270 + )| (ALD)

Equation (Al11) was obtained by expanding the square
on its Lh.s., and applying eqgs. (A9) and (A10). Con-
stants A, 7, and A, are selected so that A>a, r=2%/7,
and A=7[1—+/1T—(¢/A)?]. Now it can be verified that,
for this choice of constants, the term (AN—2r6+47?) in
eq. (All) equals (r—A)?2; also, 0 <A <7 since (g/N\) <1);
therefore eq. (All) implies that H; is conic with center
—r and radius r—A. Q.E.D.
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