VOLUME COMPARISON OF CONFORMALLY COMPACT
MANIFOLDS WITH SCALAR CURVATURE R > —n(n—1)
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ABSTRACT. In this paper, we present a global invariant, called renormal-
ized volume, which can be defined for a large class of conformally compact
manifolds. We use this definition to show a local volume comparison of
conformally compact manifolds with scalar curvature R > —n (n — 1) and
also the rigidity result when the renormalized volume is zero.

Dans cet article, nous introduisons un invariant global appelé vol-
ume renormalisé et qui peut étre défini pour une large classe de variétés
conformément compactes. Nous nous servons ensuite de cette définition
pour montrer un théoreme de comparaison locale pour les variétés con-
formément compactes dont la courbure scalaire satisfait R > —n(n — 1).
Nous donnons également un résultat de rigidité lorsque le volume renor-
malisé est nul.

1. INTRODUCTION

Volume is one of the natural geometric quantities which is often used to
explore geometrical and topological properties of a Riemannian manifold.
Classical examples in this direction are various volume comparison theorems
which turned out to be fruitful in Riemannian geometry. In order to use
those volume comparison theorems efficiently, we have to assume certain
lower bound on the Ricci curvature of the manifold. Obviously, we can not
expect the same results still to be true if we only assume lower bound on scalar
curvature. However, in [11], R.Schoen proposed the following conjecture on
the volume functional V'(-) on a closed hyperbolic manifold.

Conjecture 1.1. Let (M", ) be a closed hyperbolic manifold. Let g be an-
other metric on M with R(g) > R(§), then V(g) > V(g).
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Recently, inspired by Bray’s thesis [1], a notion of renormalized volume for
some asymptotically Anti-deSitter-Schwarzschild manifolds was introduced
in [2] and an interesting inequality was established when the dimension n = 3
and the mass m > 0.

With these facts in mind, it may be natural to ask whether or not a version
of Schoen’s Conjecture which is in terms of renormalized volume introduced
in [2] is true for conformally compact manifolds. In order to state our main
results, let us recall some basic definitions. Suppose that M" is a smooth
manifold with boundary OM. A defining function 7 of the boundary in M™
is a smooth function on M"™ such that 7 > 0 in M"™; 7 =0 on OM; dr # 0
on OM. A complete non-compact Riemannian metric g on M is said to be
conformally compact of regularity C** if 72g extends to be a C** Riemannian
metric on M. The metric 72g induces a metric § on the boundary dM, and
the metric g induces a conformal class of metric [¢] on the boundary oM
when defining functions vary. The conformal manifold (0M, [g]) is called the
conformal infinity of the conformally compact manifold (M, g).

Given a C** conformally compact manifold (M™, g) and a representative
g in [g] on the conformal infinity M, there is a uniquely determined defining
function 7 such that, in a neighborhood of the boundary [0,7y) x OM C M,
g has the form

g=7(dr" +g2),

where g, is a 1—parameter family of metrics on OM with g,|,—g = §. We call
this 7 the special defining function associated with g.

Let us see some properties of a C*“ conformally compact manifold (M™, g) .
In order to avoid the complexity of the end structure of conformally compact
manifold, we always need the concept of an essential set. Please see Definition
1.1 in [7] for the definition of an essential set. In [6]Lemma 2.5.11 and Corol-
lary 2.5.12 , Gicquaud proved that if a complete non-compact manifold is C?
conformally compact then it contains essential sets. Once a conformally com-
pact manifold (M", ) has an essential set I, the volume vol(Bj(x,1)) has a
lower bound A= A (g, n) for all x € M where B;(x, 1) is geodesic ball of radius
1 and center x. Hence if a metric g satisfies ||g— gl|co(nm g) < €, it follows that
there exists some v = v (A, €,n) = v (g,€,n) > 0 such that vol(B,(z,1)) > v
for all x € M. It follows immediately from the well-known result (see Lemma
3.1 in [10]) that there exists some i = i (k,v,n) = i (k,n,€,g) > 0 such that
the injectivity radius of (M, g) satisfies injrrq) > @ provided |secy| < k.

Now let g be a arbitrary Riemannian metric on M™. We can define the
renormalized volume functional with respect to g (see the same definition in



Vs M= (M) — R
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where M (M) denotes the space of smooth Riemannian metrics on M, |g]|
and |g| denote determinants of metrics g and ¢ under the local coordinates
(zt,--- ,2™). Obviously, V(g) is independent of the choice of (x!,--- z™).
The well-posedness of the renormalized volume functional will be proved in
Lemma 3.1.

Let us recall the non-degeneracy of a conformally compact Einstein metric
g, which is defined to be the first L2-eigenvalue of the linearization of the
curvature tensor Ric+ (n —1)g,

it fM<(AL +2(n—1))u, u)ydu,
u Jar ull2dpg

where the infimum is taken among all non zero symmetric 2-tensors u such
that

/M (ull? + [Vul?) dpy < o0

and Ay is the Lichnerowicz Laplacian with respect to the metric g on sym-
metric 2-tensor u, i.e.,

_ q q
ALuij = —Auij — 2Rim~qupq —+ Riquj —+ quui

where R;,;,, and R;; = g’ R;,;, are the components of the Riemann curvature
tensor and the Ricci curvature tensor of the metric g respectively.
Our first result is:

Theorem 1.2. Suppose that (M™, §) is a C** conformally compact Einstein
manifold with non-degeneracy X > 0. Forn > 4, and

(n=1)+/(n =1 +4(n—1)
2 )

o€ n—1,

there ezists some € = € (n,k, A, g) such that if g is a Riemannian metric on
M™ satisfying
lg = Gllcramg) < ee™,
[Bm () || <k,
|R(g) +n(n—1)] < Ce™,  for a constant C > 0

and
R(g) = -n(n-1)
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where p = dz(-, D) is the distance function to some essential set D C M with
respect to g. R(g) denotes the scalar curvature of g. Then

Vi(g) = 0.
When V;(g) = 0, we have:

Theorem 1.3. Under the assumptions of Theorem 1.2 suppose that V5(g) =
0. Then there exists a C* diffeomorphism ® : M — M, such that g = ®*g.

It is known that many conformally compact Einstein manifolds are non-
degenerate, for examples, any conformally compact Einstein manifolds with
nonpositive sectional curvature and nonnegative Yamabe invariant of its con-
formal infinity boundaries is non-degenerate (see Theorem A in [8]). In par-
ticular, the hyperbolic space H" is a non-degenerate conformally compact
Einstein manifold, hence as a corollary, we have

Theorem 1.4. Suppose that (M, g) is a C** conformally compact manifold
with topology H™ and satisfies

(1) lg — hllcr@anny < ee™
where h is the hyperbolic metric, p is a distance function to some essential set

2
D Cc M with respect to h, and § € (n -1, () (n 1) +4(n_1)> Afn >4,

P
and R > —n(n — 1), and |R(g)+n(n—1)| < Ce™%", for a constant C > 0 then
Vh(g) Z 07

provided that € is small enough. The equality holds iff (M, g) is a standard
hyperbolic space.

The above results can be regarded as a version of Schoen Conjecture in the
case of conformally compact manifolds. We suspect that such kind of results
might be true without assumption (1). We will use normalized Ricci-DeTurck
flow (see (2) below) as a tool to investigate the behavior of the renormalized
volume. Indeed, we are able to show that our renormalized volume is non-
increasing along the flow (See Proposition 3.3) and will converge to zero as
time goes to infinity. In order to get these properties, we need to estimate
on the gauge and the scalar curvature (see Lemma 2.7 and Lemma 2.8). We
cannot get the estimate like

lg =gl < Ce~fe™, §>n—1,

and we believe that such estimate is not true. One possible reason is that
the coefficient of the n — 1 term g(,—) in the expansion of an conformally
compact Einstein manifold at infinity is undetermined. Another renomilized
volume for conformally compact manifolds was also introduced in an interest-
ing paper [3], and monotonicity of this quantity along the normalized Ricci
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flow was also obtained in the paper. However, our renomilized volume is
different from that in [3]. We use a non-degenerate conformally compact
Einstein metric § as ground state in our definition of V;(g), and in the case
that R > —n(n — 1), we get a rigidity result when V;(g) = 0. Therefore, in
some sense, our renomilized volume V;(g) can be viewed as a kind of mea-
sure of deviation of a conformally compact manifold and the ground state
Einstein manifold. Actually, this observation is one of our main motivation
of this paper.

This paper is organized as follows. In Sect.2 we will show the long-time ex-
istence and convergence of NRDF and prove Theorem 2.1. In Sect.3 we show
that the renormalized volume is well-defined under some circumstances first
and then give some basic estimates, finally we prove our main results The-
orem 1.2 and Theorem 1.3. We fix the notation that the positive constants
e with subscripts are always sufficiently small and the positive constants C'
with subscripts are big and bounded, meanwhile, ¢;, : = 1,2... depend on-
ly on n, k, A, g, and sometimes may depend on the existence time. C}
7 =1,2... depend only on n, €, k, A g, and sometimes may depend on the
decay order with respect to space infinity. In the sequel, we will omit the
subscript g of the renormalized volume functional. || - |, (-,-), du and p are
all with respect to g unless otherwise stated.

Acknowledgements The authors are grateful to Professor Jie Qing and
Dr. Romain Gicquaud for their interests in this work and helpful conversa-
tions.

2. LoNG-TIME EXISTENCE AND CONVERGENCE OF NRDF

In this section, we will frequently use the normalized Ricci-DeTurck flow
(NRDF for short in the sequel) with background metric g as well as the nor-
malized Ricci flow (NRF for short in the sequel). We first consider the exis-
tence and convergence of NRDF with a non-degenerate conformally compact
Einstein metric g as a background metric, and then we show the behavior of
the normalized scalar curvature R+n (n — 1) and the gauge V under NRDF.
The NRDF with background metric g is

2) { 591 = —2(Rij + (n — 1)gij) + ViV; + V,;V; on M"™ x (0,7),
g ('7 O) =g
where V; = g,,97? <F§q — f’;q> and T are the Christoffel symbols of the metric

g.
Assume that &, : M™ — M™ solves

{ %q)t ('7t) =-V (CI)t ('7t) ,t),
®; (-, 0) = 1d,
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where the components of V' are given by V* := ¢g"/V;, then we obtain a family
of smooth diffeomorphisms ®; for ¢ > 0 such that if g(t), ¢t € [0,T) is a
solution to NRDF (2), g(t) := ®;g(t), t € [0,T) is a solution to the following
NREF:

9.9ij = —2(Rij + (n — 1)gs;) on M™ x (0,T).
) { 9(,0)=g.

In [12], Schniirer, Schulze and Simon use the NRDF to get the stability
of hyperbolic space under this flow. To be precise, under the assumptions
that ||g — hllcony < € and [, |g — hl|*dun < K, the NRDF starting from g
with background metric being hyperbolic metric h exists globally. Moreover,
there exists a constant C' = C' (n, K) > 0 such that

lg(t) — h|| < C - & T

for all t € [0,00), together with some interior estimates and interpolation,
which implies that NRDF converges to h exponentially in C* as ¢t — oo for all
k € N. However, in this paper we need to consider a certain non-degenerate
conformally compact Einstein manifold as a background manifold.

It is well known that the curvature tensor of a n > 4 dimensional Rie-
mannian manifold decomposes into orthogonal parts as follows

1
Rm:WerA@ng 904,

2n(n — 1)
where W, A := Ric — %g and R are the Weyl tensor, the traceless Ricci
tensor and the scalar curvature respectively; and © represents the Kulkarni-

Nomizu product, which takes two symmetric (0,2)—tensors h, k and gives
a (0,4)—tensor with the same algebraic symmetries of the curvature tensor,

defined by

h @ k(vla V2, U3, /U4) :h(vla U3) . k(”?; U4> + h(U27 U4) : k/‘('Ul, U?))
—h(vy,vy) - k(va, v3) — h(va, v3) - k(v1,vy).

For an Einstein metric g, the components of a Riemann curvature tensor is

R,-jkl = Wijti — (Gix Gt — Gagjr)

satisfying gquiqu = 0. Hence, the only thing that will cause trouble in
generalizing the work of [12] is the Weyl curvature tensor. On the other
hand, if we let u (t) = g (t) — g where g (¢) is the NRDF with background



metric §, as Ry; 4+ (n — 1)§; = 0 and V; = 0, then u (¢) fulfills

ot
= —2(Rij + (n — Dgij) + ViV; + V,;Vi — <—2(sz + (n = 1)gi;) + ViV + ij/i)

:—(AL—i—Q(n—l)) uij + F (9,9, u)

where F is the remainder of the linearization of the normalized Ricci-DeTurck
operator, see (7) below for the specific expression.

Therefore, if we deal with the Weyl curvature tensor carefully and use the
non-degenerate condition instead of the spectrum of the hyperbolic metric to
promise the exponential decay with respect to time, we can obtain the fol-
lowing stability of a non-degenerate conformally compact Einstein manifold:

Theorem 2.1. Let n > 4. Suppose that (M™, g) is a C** conformally com-
pact Einstein manifold with non-degeneracy A > 0. If

lg — Glloramg) < e and ||[Rm(g) || < k,

where 0 > ”T_l, then there exists some € = € (A, k,n,g) > 0, such that the
normalized Ricci-DeTurck flow (2) with background metric g starting from g
exists globally and converges exponentially to g.

Since ||g — gllci(mng < ee™?, due to Theorem 1.1 in [13], there exists
some T'= T (n, g) and a family of metrics g (¢) for ¢ € [0, T) which solves the
NRDF (2) starting from g = go. In addition,

(4) lg (t) =gl <2¢, t€[0,T).

Since g is Lipschitz, the estimates on the derivatives were improved in [13]
Lemma 2.1, hence there exist some constants €; and e; which only depend
on €, n g and 7" such that

(5) IVg(t)] < e,
and
(6) IV2g(t)]| < =

Vit

for allt € (0,7). If we assume that T < 2, then €; and €, can be independent
of T.

In the following we compute some evolution equations under the NRDF
which will be used later.
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Lemma 2.2. Let g(t), t € [0,T) be a solution to NRDF (2). Assume that
W] <. Then for allt € [0,T), there exists €3 and €, such that

oL ) ) )
Sillo - 9l1* <g"ViVillg = alI> — 2 — e3) | Vall> + (4 + 41+ e1) ||g — 312
o o e o
E”VQHQ ZQ”VN]'HVQHQ - 29ab9 g kg]lvavngij -V Vi Gri
+@g*@g*@2g+@g*@g*@g*@g—l—@g*@g
IV2g|1? =g ViV, || V2| — 29 5™ 5" 5 371V oV iV pGis - VoV Vogu
+ Vg V2« V3g+ V2% V2« Vig+ Vg« VigxVgx Vg
+V2gxV2g+ V29« VgxVgxVg*Vg+ V2gxVgx* Vg

where x denotes linear combinations with g(t), g and their inverse.

9,
ot

Proof. Since the background metric is Einstein, we can see that

Rijie = Wijia — (GirGn — Gadse)
satisfying gpqmqu = 0. Then a metric g solving the NRDF (2) fulfills

0 b & 5 B 1,
agi]’ =g bvavbgij - 29ijgkl (gm - gkl) +2 (gij - gij) + 59 bgpq

: <@i9pa@qub + 26agjp€qgib - 26agjp@bgiq - 2@jgpa@bgiq - 2ﬁz‘gpaﬁbgjq)

— (" = 7" (9 — Gin) T Wikq — (6" = 3) (950 — Gjp) P Wikat

—2(g" = 3") Wik

Comparing with the evolution equations whose background metric is the
standard hyperbolic metric h in [12] Lemma 2.1 and Lemma 2.2, the evolution
equations with CCE metric g as background metric have some extra terms

involving the Weyl tensor, together with the assumption and Lemma 2.2 in
[12], we have that

0 . PRSI . ~ .
il = lI" < g7ViVillg = 3l° = (2= &) [IVgl* + (4 + 4l + &) lg — 311",
By direct computation, we can get the other two evolution equations. 0

Lemma 2.3. Let g(t), t € [0,T) be a solution to the NRDF (2). Then there
exists some constants L (t) depends only on t such that

lg =gl < Lt) e and |[Vg| < L(t)e
for allt € [0,T) and 6 > 25+
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Proof. Let 1) = e*P <||g — gl + ||@g||2> . It follows from Lemma 2.2 and the
estimates (4) and (5) that for t € [0,T),

9 TAvAY i = VA
a?ﬂ < g'ViV + (Cl —wg"Vip-Vip — wgJViVjp> (G

= 20egVip-V; (Ilg = 37 + [Val?) = (2= es) e (I Vgll® + 1 V2g]2)
In order to get the decay order of the metric, we modify the essential set to

be sufficiently large, together with that § is C? conformally compact, by
Lemma 2.1 in [7], we have that

Ap:n—lJrO(e_“”)
for some a > 0. In the light of the estimates
gIVipVip > (1= 2¢) | Vpl|* = 1 — 2,
9IViVip > (1=26)Ap=(1—)(n—1),
and
97 VipVilIVE T (g = 9) |
< (1+20) [V(VED (g =), VED (g — )]

<29 (PIF 0= 1P+ 19 0= )1

where b > 0 is arbitrary, we can choose appropriate b and see that there
exists a constant Cy > 0, depending only on €, w and n, such that

0 e~
a@b < g"ViVh + Cyp

Let w = 20, by using maximum principle outside a sufficiently large essential
set (for the proof of this maximum principle, please see the proof of Lemma
4.2 in [10]), we get for t € [0,T),

V(- 1) < P(-,0)e%?t = 2e%e2,
O

Now we move to the long-time existence and convergence of NRDF. In
[12] Theorem 3.1, the authors use the first eigenvalue on hyperbolic domains
to get a Lyapunov function and finally obtain the convergence. However, as
the Weyl curvature will exert a strong influence, the main point to establish
the exponential decay of the L? norm of g () — g with respect to time here
is to take advantage of the non-degenerate condition of the background con-
formally compact Einstein metric g, which leads to a linearized stability of
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g. We now rewrite the evolution equations of u (t) = ¢ (t) — g to which the
non-degenerate condition can be related.

Lemma 2.4. Let g(t), t € [0,T) be a solution to the NRDF (2). Then
B _ _
Slull? < =2((AL +2 (= 1)) ww) + (9 = 5) VaVJul

+ e (IIVul2 + ull?)

Proof. The 2-tensor u (t) fulfills

8 ~ ~
Euij = — <AL +2(n— 1)) ui; + F (9,4, )
where
m
F(9,9,u)
= — 2R — g™ 9ipG" Rikgt — 9™ 9jp3" Ringt + Raxtl§ + Rypulf + 59 g™

2

: (ﬁz’gpaﬁqub + 2ﬁagjpﬁqgib - 2ﬁagjpﬁbgiq - 26jgpaﬁbgiq - 2ﬁigpaﬁbgjq>

+ (Qab - gab) ?a@bgij —2(n—1) gij-

Hence o 3 .

F(gmga u) - (gab - gab) vavbgij + v.g * Vg +6

where
(8) !
Vg Vg :§gabgpq (VigpaVigab + 2V agipVais — 2V abjpViqa — 2V 9pa ViGiq

—2Vi0aV3jq)

0 =— 2Rikjlukl - gklgip.&pqéjkql - gklgjpgpqéikql + Rzkuf + Rjkuf —2(n—1)g;
= — 4Ry uM + (7" — ¢ UipG R gt + (5" — ") WGP Rigegr + 2 (963" 5" — ™) Ripji
= — AW + 4 (G590 — Gudry) v + (3" — g Uip™ Rjkq + (3" — ") WjpG Rig
+2 (9ubg™ 3" — g") Wikji — 2 (9263 3" — ") (G100 — Gudns)
= — AWy uf 42 (9265 5" — g*") Wi + 2 (9269 3" + " — 23™) (Gi39m — Gaudry)
+ (7" = 6") upd R + (7™ — 9™) 15" Rikg-
We decompose © into three parts
O=P+Q+S
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where

P = _4I/T/ikjlukl +2 (ga gt — gkl) Wikji = —2 (gabgakgbl + g" 2&7“) Wikjl

Q=2 (gabgakgbl + g" 2§kl) (GijGr — Gadr;)
=2 (963" Gij — 9ij + 9" Gradi; — 9" Gagr; — 2(n — 1))
and
S = (gkl - ng) uipgpqéjkql + (gkl - ng) Ujpflpqﬁiiqu-

Choose a coordinate system {x'} such that at one point, we have g;; = d;;
and g;; = \;0;; with |\; — 1| < 2e. From the assumption,

0 0
EHUHQ :2;%&%
=— 2<(AL +2(n— 1)) u,uy +2((g* — §*) VoV, u)
+ Z <@9 * @9> U+ 2 Z Ot

We have
> (@9 * @9> uy < 6|Vl

i
and

2<(gab ~ab) v vbu U>
= (9" = 3*) VaVsllul® = 2 (9" = §) (Vau, Viu)
< (9™ = ) VaVillull* + 4¢[| V|

Next we only need to examine the term ) |, (P 4+ Q + S),, u;;. It is obvious
that

ZPn’Uz‘z‘ =—2 Z Z(%k + A — 2) (N — 1) Wi
:—QZZ A—l)mm’k

<es|lull?,
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ZQnun —QZ<Z)\]§_)\ +Z————2 n—l)) ()\1_1)

and
ZSMU@'@' < eslull’.
Hence we finish the proof.

An immediate consequence is

Theorem 2.5. Let n > 4. Suppose that (M™, g) is a C** conformally com-

pact Einstein manifold with non-degeneracy A > 0 and g is a Riemannian
metric on M such that

lg = glleran,g) < ee”0P

where § > "1 Let g(t), t € [0,T) be a solution to the NRDF (2). Then

[ )= gl < e [ g, gl
M M

for allt € [0,T) and some €9 > 0.

Proof. By the assumption § > 21 and Lemma 2.3, we have that [} |lu () ||*dp
and [, |Vu (t) [|*dp are finite for all t € [0,T). Moreover, ||u(z,t)|| = 0 and
|V (z,t) || = 0 for (z,t) € OM x [0,T). It immediately follows from Lemma

2.4 that
0 :
5 [ @) P

< [ A(Br+200- D) ) + (¢ - ) DTl

e (IVul? + lul?) di
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Using Divergence Theorem and Kato’s inequality we have
/ (gab . gab) @a@bHUszlL
M
= / Vg™V Jul|*dp
M
< [ 2a]ull - 19l
M

<ai [ (lulP + 19ul”) d
M

In light of the non-degenerate condition, we have

/ —2(<AL +2(n— 1)) u, u)dp
M
=— (2—a)/ <<AL—|—2(n—1)> u,u)d,u—a/ ((AL+2(n— 1)) w, uydp
M M
< — (2—@))\/ |]uH2du+a/ <Au,u>du+2a/ RipjquPu dp
M M M
< (- @~ a)r+ 20F) / ulldp — a/ Vul2dp
M M
here and in the sequel k denotes the upper bound of Rm Therefore
0 .
—/ Hu||2d,u < (— (2—a) A+ 2ak + ¢ + €7> / ||u||2du

+ (—a+e +67)/ H@UHQd,u
M

which implies

/ g (6) — 12 < e~ / g0 — 3l12d
M M

if we choose a = ¢ + 7. OJ
Now we prove the long-time existence and convergence.

Proof of Theorem 2.1. Now that we have the exponential convergence of the
L*-norm of ||g—g||, by the same idea as that in Theorem 3.3 in [12], we get ex-
ponential convergence in the sup-norm of ||g— g||. For the long-time existence
and convergence, we have to check that the injective radius is bounded along
NRDF in order that the interior estimates and gradient estimates in Theo-
rem 3.3, Theorem 3.4 and Theorem 3.5 in [12] make sense. Since ||g (t) — §|
and ||V2g (t)|| decay exponentially by the same arguments in Theorem 3.4
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and Theorem 3.5, together with the analysis in the introduction, the injective
radius is always bounded along NRDF. O

Now Let g and g be as stated in Theorem 1.2, and

(n=1)+1/(n— 1% +4(n—1)
2

oe | n—1,

For t € [1,00), it follows immediately that there exist some constants o; =
oi (n, A\, €,g) >0 and C3 > 0 such that

(9) IVig ()] < Cse", i=1,2,3.

In the mean time, there exists some € > 0 which depends only on €, A, n,
k and g such that

(10) lg (1) —gll <€
for all t € [0, 00).
As a consequence of Lemma 2.2, we can prove the following:

Lemma 2.6. Let g(t), t € [0,00) be a solution to the NRDF (2). Then there
exist constants €,€ > 0, depending only on €, A\, n, k and g such that

(1) for all t € 0,1, [lg (£) — ]| < ée~, [ Vg (¢)|| < ée~%, where

(=1 +n-1+4m-1)\
5 ,

oe | n—1,

(2) for all t € [1,00), |lg (t) — || < €te™, [|[VEg(t) || < @ ste P,
k=1,2, where o4 > 0 is small and

n—1 (n—1)° n—1 (n—1)°
. 9 Ch AN
R R o T\

Proof. For t € [0,1], let ¢ = e <||g —3l? + IVgl? +t|\@2g||2). It follows
from Lemma 2.2 and the estimates (4), (5) and (6) that

0 o~ o~ o~ - o~
§¢ < g"ViV;p + <C4 — W2g"Vip-Vip — Mngivjp> ¢
230 -9, (llg = 317 + [Tl +H19)

@) (V9> + 9%l + L17%]12) + (1 -+ cwv) V]
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Using the same way in Lemma 2.3 we see that there exists a constant C5 > 0,
depending only on €, A\, n, £ and g, such that

0 .~
a¢ < g"V;V;¢p + Cs¢
Let p = 24, by maximum principle, we get for ¢t € [0, 1],
< & :=p(-,0)e% = 8%

Hence

~ €
IVl < —=e™,

Vit

for all t € (0,1].
In particular, at t = 1,

(11) lg =gl ¢, 1), IVgll (1) V2l (1) < ée?”.

For t € [1,00), let o = eotter (||g—g||2 + al|Vglf? +b||®zg||2). Due to
(9) and (10), we can choose a and b such that

%gp < gV, + <4 + 4l +E+ o, —1V2gINip-Vip— Vgij@zvjﬂ) ¥
— 2= en) e ([ Vgl +al V|2 + b Vg)?)
= 2wemteg Vi 5 (llg = 3l + all Vgl + bl Vgl
Let ¢+ d = —2v, then
— 2we"g IV p - V|V (g — 3) |
=(c+d) gV - V[V (g - 9) |
=ee”"g"Vip - V;|V* (g = ) | + deg"Vip - V[ V* (9 = §) |
<lel (1+9) (mze”pu@'f“ (9= D)+~ eIV (g = ) IP
+ (<bvg"Vip- V0 (71V¥ (9 = 5) ) +dg"Vip -, (e IVF (9= ) I )
el (1+ & m2e [V (g = §) | + dg"Vip - V; (7 V" (g = §) |12

AV
cl(1+¢€ P ~ 5
+<‘|<m—2)—dvgjvip'vjp>< pHng 3) )
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Let |c| (1 + €) m? = 2 — ¢y, then we have
(12)

%w < gV + (=20 =) gVip - Vjp

(14é)?*c

<4+4l+€+a4+
2—e€n

+ (V2 + cu) gij@i,o . @jp - l/gij@i@jp> ©
< §IViVip + (=20 =) g'Vip - Vip + Cop
where

(148

Co=4+4l+é+ o4+
2—611

+ (P +e)(14+e—vn-1)(1-¢<0

¢ and o4 are sufficiently small, [ is also sufficiently small as the the essential
set can be chosen sufficiently large, ¢ = —r and v = 2 for a given

v € \/n_l +\/@—2

Since we have estimates 11 att =1,

o, 1) = e (llg = 3lI° + all VIl + b V2g||?) < e,
it follows from the evolution equation (12) and maximum principle that

e74¢2

<@ = - -
plit)se min{a, b, 1}

for t € [1,00). Note that for our purpose here we need a variant of the
maximum principle in Theorem 4.2 in [10], where Qing, Shi and Wu proved
a variant of the maximum principle in Theorem 4.3 in [5], originally from [9].
The proof goes the same as that in [5] Theorem 4.3 and [10] Theorem 4.2 if
we change the time-dependent laplacian A, there to be gV, V; in our case.

O

Lemma 2.7. Under the NRDF, for allt € [0,00), the 1-form V satisfies
IV (1) || < Cete,

n— v (n— 2 n— ~
where 0 € (n— 1, (n= D)ty (1) (n 1) , C depends only on e, A\, n, k and

2

g, and arbitrary o > 0.
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Proof. Let E = Ric+ (n—1)g, we consider the evolution equation of V'
under NRDF,

5V = gy lomg™ (qu - qu>]
8 k a k rk
= gjkgpqarpq + a (gjkgpq) (qu - qu)
.

where

1
I :§9klgjkgpq (vp (_2Elq + vlvq + qul) + Vq (_2Elp + vlvp + vp%))

— S0k (V1 (2B + Y,y + V)

== 9" (VpRjg + VyRjp, — VRyg) + AV
LA A R A A A

= — (2(div,Ric); - V,R) + AV + RLV;

—AV; + RV,

and

9 3
J :a (gjkgpq) <F];q - 1—‘];q>

= (9" (—2Ejk + V,;Vi + ViiV}) = gjug™ 9" (=2Ea, + VaVo + Vi Vi) <Flz§q - f§q>

<C7llg —3llc= - lg — gllcr
From the above discussion, it follows that for ¢ € [1, c0),

IR + (n —1) 6| < Csllg — gllc2
and
VIl < Collg = glicn

then we have

) . )
TS AVy—(n—=1)V; + Ciollg — glle2 - llg — dller,

where A and V are with respect to g, which implies that

0 - .
allVll <AV = (n =) V] + Cwllg — glle> - [|lg — gllen
<A|V|=(n-1)||V|+ Clpéle 20te=21p
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At t =1, due to Lemma 2.6, we have
IV (1)) < ege™.

Let 2y = § and v = °||V||, we can see that v satisfies

(13) %u <AV —26Vp- Vv — (6Ap +n — 1= 6%|Vp|?) v + Crpete 2t

<Av —26Vp - Vv — Bv + Cipéle 24!

(n—1)+ (n—1)2+4(n—1)> and

where B is a positive constant when § € (n -1, 5

we choose B # 20, and the essential set to be sufficiently large.
Consider ODE

dt

du —Bu + 010526720415 t e [1 OO)
14 ) ) )
(14) { 0 (1) = ers.

the solution

u(t) =ezele Bt 4 01—062 (724t — 6B_204e_Bt)
’ B —_ 20'4 .

Since u is a subsolution to the equation (13) with v(-,1) < u(1), due to
Theorem 4.2 in [10], we have v (-,t) < wu (t) for all ¢ € [1, 00). Hence

IV (1) || < Crye e

for all t € [1,00), where 6 = min{204, B} and C}; depends only on €, A\, n, k
and g. Together with Lemma 2.6, we conclude that

IV (1) || < Cete?”
for all t € [0, 00). O
Lemma 2.8. Under the NRDF, the scalar curvature R satisfies
R(,t)> —n(n—1)
for allt € [0,00), and
|R(-,t) +n(n—1)] < Ce e

n—1 n—1)24+4(n—1 =
for all t € [1,00) where § € (n— 1,( SV 5 )+ )>, C' depends only

on €, \, n, k and g, and arbitrary o > 0.

Proof. By a direct computation, we see that under the NRF of g, the scalar
curvature R = R(g(t)) satisfies the following evolution equation

o - _ _ _
aR = AR+ 2| Ric+ (n — 1)g|2 — 2(n — 1)(R + n(n — 1)),
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where A and || - ||; are with respect to the solution of NRF g (). Let S =
R+ n(n —1), under NRF, it satisfies

%S = AS 4 2||Ric+ (n — 1)g||2 — 2(n — 1)5,

with S(0) > 0. Then by maximum principle due to Karp and Li (See Theo-
rem 7.39 in [4]), we see that

S(t) >0,
which means
R(g(t)) > —n(n—1).

Because of the diffeomorphism invariance, we have

R(g(t)) =R(P;g(t) =R(g(t)) = —n(n—1).
Moreover, as
[Ric + (n —1)gllg
=||Ric(®;g) + (n — 1)®;gllsyg

=[|Ric(g(t)) + (n—1)g (t) |40
<Cullg (t) — gllc2,

by the same arguments as those in the proof of Lemma 2.7 and note that the
constant —2 (n — 1) before the zero order term S will make B in ODE more
positive hence will bring no trouble to the order, we have

(15) |§| S C’lge_““e_ép

where ('3 depends only on €, A\, n, k and g.
For any x € M and s € (0,t), let v(s) = ®,(x,s) be an integral curve of
V', together with Lemma 2.7, we see that

d3(®, (1.1) ,2) < / I (s) lds

(16) < Cu / IV (z,s) |lds

< O
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where dg(,) denotes the distance function in M with respect to metric g.
Hence, we get

[R (g (1) (z) +n(n — 1] <|S(2)[+|R (g (1) (x) = R(3 (1)) (2)]
<|S(@)|+ 1R (g () (x) — R(g (1) (s (2,1))]
< |S(x)| + Cr6l VR|dg (D¢ (2, 1), x)
< Cyre 7e %

where we used (15), (16) and |[VR|| < Cis||Vgllcs < Cioe™7 for t € [1, 00)
in above inequality. 0

3. SOME BASIC ESTIMATES AND PROOF OF MAIN RESULTS

In this section, we first show that the renormalized volume is well-defined
under some conditions and then give some basic estimates, and finally we
prove our main results Theorem 1.2 and Theorem 1.3.

Lemma 3.1. Suppose that (M, g) is C** conformally compact manifold. If
g is a metric on M satisfying ||g — Gllcogrg < Ke P, where § > n — 1
and p s the distance function to some essential set in M with respect to g.
Then V;(g) is well-defined, i.e. for any ezhausting domains {€;} of M with
Q C Qg

(Il = Vil ) da,

Proof. Tt suffices to show that lim;_ . fﬂ (w/ lg| — \/\§|> dx exists and is fi-

nite for any exhausting domains {€;} of M with Q; C ;1. Since (M",§) is
C?“ conformally compact, ¢ has the form

Vi(9) = lim I, £ lim
12— 00 1—> 00 QZ

Gg=72dr*+g.),

where 7 is the special defining function for some representative in the con-
formal infinity of (M, g). Without loss of generality, we may assume

{reM:r(z)>n}c G Cc{reM:1(x) > 1},

where {7;} is a decreasing sequence approaching to 0.
By a direct computation together with the fact that %e‘p <7 < Ae~* for
some constant A > 0, we see that for any ¢ > j we have
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I EY) Vol — VTl
{reM:ri1<7(x)<7;}

g -
</ 11—/ L}/l
{ZGM:Ti+1§T(x)§Tj} ’g’

<C(K,g,n) / ’ " dr
0
< C(K,§,m,6) 75",

which implies that {I;} is a convergence sequence and thus we finish to prove
the lemma.
[

Now let g and g be as in Theorem 1.2.

Remark 3.2. Due to Lemma 3.1 and Lemma 2.3, we see that for each t,
V(g(t)) is well-defined.

Now, we can show that

Proposition 3.3. Let g (t) be a solution to the NRDF (2), then we have

V(g (t) = / / )+n(n—1))dugds,

where dy, is volume element with respect to metric g(s). Moreover, V (g (t))
s mon-increasing in t and

(17) lim V(g (t)) = 0.

t—o00

Proof. Let € be any compact domain in M with smooth boundary, then by
a direct computation, under NRDF (2), we have

il Q(\/m \/E)dﬂc——/ R+n(n—1))d,ug+/ (V,v)4do,

o0

where v is the outward unit normal vector of 0f2, hence, we obtain

[ (V- m)m—/wm_m)dx

// +nn—1))dugds+// (V,v)ydods
o0
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Combine (18) with Lemma 2.7 and Lemma 2.8, and let Q exhaust the
whole manifold M we get

19)  V(g®) =V (g(t) // )+ 1 (n— 1)) dyyds.

Subtract (18) from (19), we get
/M\Q (V1g® —\/E)dx:/M (\/M—\/@)dx

(20) / /M\Q )+n(n—1))du,ds

— / (V,v)ydods
to J O

Let to=1and Q, = {z € M : 7(z) > 7}, we have

. (V@I =Vl arl < [ 1Ia - Vil

(21) / /M\Q )1 (n— 1) |dugds

+/ / V| dods
1 o0

S 0207_6+17n7

where Cyy depends only on €, n, k, A and g, and we have already used Lemma
2.3, Lemma 2.8, Lemma 2.7 in the last inequality. On the other hand, due
to (2) in Lemma 2.6, for any fixed 7 > 0, and any small > 0, there is a
large Ty > 1 which depends only on 7 and 7 so that for any ¢ > T, we have

|| /01 = Vil < 3

Combine this with (21) we see that for any small n > 0 there is a large Tj
which depends only on 7 so that for any ¢ > T

V(g(®)] <n,
which implies that
tlim V(g(t)) = 0.
—00

Thus we finish to prove the proposition. 0

Now, we can prove our main results.
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Proof of Theorem 1.2. Consider NRDF (2) and NRF (3) starting from g =

go, and let g (t) and g (¢) be the solution to (2) and (3) respectively.

Proposition 3.3, we obtain

V(g) = V(go) > V(g(t)) >0,
that is,
V(g) > 0.

Proof of Theorem 1.3. If equality holds, we have
V(g) =V(y(t)) =0, for t € [0,00),
which implies

| (Rlg®) +nln - D), =0,

By

together with the fact that R(g(t)) > —n(n — 1), we get that on M and for

all t € [0, 00)
R(g(t)) = —n(n —1),
which means
R(g(t)) = —n(n—1).
By the evolution equation of R under NRF (3), we see that

Ric(g(t)) = (1 =n)g(t)

for all t € [0,00). Thus the initial metric g is an Einstein metric, which
means that the NRDF (2) is just acting by diffeomorphisms. According to

the NRDF
591 = ViV; + V,V,
g(-,0)=g=go,
Vi = gjkg™ (F];q - F];q>
and the NRF
9 =
{ 95 = 0,
9(-,0)=g=go.
Hence

9=290=9(t) = ®;g(t).

By the same arguments in [12] Theorem 4.1 we get that if g(¢), ¢t € [0, c0)
is a solution to NRDF (2), then g(t) := ®}g(t), t € [0,00) is a solution to the

NRF which satisfies
g(t) = @5 g in M*> (M) ast — o0



24

for some smooth diffeomorphism @, of M™ satisfying &, — ®, in C> (M™, M™)
as t — o0o. Therefore

9=9
and thus we finish to prove Theorem 1.3. 0
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