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Abstract. In [2], the authors introduce the Keldych-Sedov formula for analytic
functions in the upper half-plane, namely the representation of solutions of the mixed
boundary value problem for analytic functions, which is a special discontinuous
boundary value problem with the integer index. But for many problems in mechan-
ics and physics, for instance some free boundary problems of nonlinear mechanics and
the Tricomi problem for some mixed equations (see [4-12]), one needs to apply more
general discontinuous boundary value problem for analytic functions and some ellip-
tic equations in the simply and multiply connected domains. Though we have solved
the general discontinuous Riemman-Hilbert problem for analytic functions in simply
connected domains (see [9]), but the general discontinuous Riemman-Hilbert prob-
lem for analytic functions in multiply connected domains has not been completely
solved. In this article, we shall handle the general discontinuous Riemann-Hilbert
problem for analytic functions by a new method.
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1. Formulation and representation of solutions for discontinuous
boundary value problems of analytic functions

It is known that an analytic function in a domain D is a continuous solution of
the complex equation

wy =0, z€ D, (1.1)

where z = 41y, ws = [wy +iw,]/2. Let D be an N +1 (N > 1)-connected bounded
domain in C with the boundary 90D = I = U;VZOF]- € C,(0 < p < 1). Without
loss of generality, we assume that D is a circular domain in |z| < 1, bounded by
the (N + 1)-circles I : |z — zj| = rj, j = 0,1,..., N and Iy = I'n41 @ |2] = 1, and
z =0 € D. In this article, the notations are the same as in References [4-12]. Now we
formulate the discontinuous Riemann-Hilbert problem for equation (1.1) as follows.

Problem A The discontinuous Riemann-Hilbert boundary value problem for an-
alytic functions is to find a continuous solution w(z) of (1.1) in D* = D\ Z satisfying
the boundary condition:

Re[A(z)w(2)] = c(z), z € '"=0D\Z, (1.2)
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where A(2), ¢(z) satisfy the conditions
Cal(2), T3] < ko, Callz—ti a5 o= t51Fe(2), ] < by = 1,ym,  (13)

in which A(z) = a(z) + ib(2),|A\(2)] = 1 on T, and Z = {t1,...,tm} are the first
kind of discontinuous points of A(z) on T, fj is an arc from the point ¢;_1 to ¢; on
I', and does not include the end point t; (j = 1,2,...,m), we can assume that t; €
Io(j=1,...,mg),t; € I (j =mo+1,...m1),....,t; € I'n (j = mn—_1+1...,m) are all
discontinuous points of A\(z) on I, (if A(z) on I7(0 <[ < N) has no discontinuous
point, then we can choose a point t; € I7(0 < I < N) as a discontinuous point
of A(z) on I7(0 < [ < N), in this case t; = t;41, and the partial index K; = 0
on t; (€ 13,0 <1 < N)); there is in no harm assuming that the partial indexes
K of A(z) on Iy (I = 0,...,No (€ N)) are integers, and the partial indexes K of
A(z) on Iy (j = No + 1,..., N) are no integers, (if Kn41 of A(z) on I'y4q is no an
integer, then we can similarly discuss), and t;(€ I';, 1 = Ny +1,...,N) are fixed
points, which are not the discontinuous points at Z, set Z' = {t}y ,,...,ty}; and
a(1/2 < o < 1), ko, ko, Bj(0 < Bj < 1),7; (j = 1,...,m) are non-negative constants
and satisfy the conditions

B+l <1, j=1,..,m, (1.4)

where vj(j = 1,...,m) are as stated in (1.5) below. Problem A with Az(z) = 0 in
D, ¢(z) =0 on I'* is called Problem Ay.

Denote by A(t; — 0) and A(t; + 0) the left limit and right limit of A(¢) as ¢ —
tj(j=1,2,...,m)on T, and

s A(tj—0) 1 At;—0) o5
Z¢J:73 :—1 2 :—J—K
TG0 TR NG +0) s
1.5
K; = [%] +Jj, Jj=0o0r 1, j=1,..,m,
7r

in which 0 <~; <1 when J; =0, and -1 <~; <0 when J; =1, 7 =1,...,m. The
index K of Problems A and Ay is defined as follows:

1
K==
2 :

Jj=1

where we must give the attention that the boundary circles I'; (j = 0,1,...,N)
of the domain D are moved round the positive direct. We can see that A(z) =
Y (2)A(2)/|Y ()] on I is continuous, it only need to charge the symbol on some arcs
on I'. If A(t) on I is continuous, then K = Ararg A(t)/27 is a unique integer. Now
the function A(t) on I' is not continuous, we can choose J; = 0 or 1, hence the index
K is not unique.

Due to when the index K < 0, Problem A may not be solvable, when K > 0,
the solution of Problem A is not necessarily unique. Hence we put forward a well
posed-ness of Problem A with modified boundary conditions.
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Problem B Find a continuous solution w(z) of the complex equation (1.1) in D
satisfying the boundary condition

Re[A(z)w(2)] = r(z) + h(z)A\(2) X (2), z € T¥, (1.6)
where
(0,z¢€T, if K> N,
0,z€Ty,j=1,..[K]+1,
fO<K<N
hj, zeTj, j=[K]+2,...,N—K'+[K]+1,
h(z)= (1K[+1/2]-1
h;+ReA(z) Z (ki +ih,,)2" €Ty, j=1,..., N,
m=1 :
1K1+1/2)1 if K <0,
[14(=1)*]ho+ReA(z) Z (bt +ih,)2™ 2z €T,
\ m=1

in which K’ =[K+1/2], [K] is denoted the integer part of K, h; (j=0,1,..., N), hf (m
=1,...,—K—1,K <0) are unknown real constants to be determined appropriately.
In addition, we may assume that the solution w(z) satisfies the following point con-
ditions

Im{A(aj)w(aj)]=bjA(aj) X (a;),j€J=

1,..2K ~N+1, if K> N,
(1.7)

1,..[K] + 1, if 0< K<N,
where a; € I';(j=1,...,No), aj € T (j=No+1,...,2K — N +1, if K > N) are
distinct points; and when N—K+ 1< Ny, a; € I';(j = N—-K' +1,..,Ny), a; €

I'o(j=No+1,..N—K'+[K|+1, if 0 < K<N), otherwise aj € I'g (j=N — K' +
1,... N—K'+[K]+1, if 0 < K<N) are distinct points, and

mo N - mi oy Vi MmNy oy Vi
Y(z):H(z—tj)’Yj H(z—zl)—[Kﬂ H (z—Z) H ( tJ)

z2—z

j=1 1=l J=motl J=mpng-1+ No

T N+1 Y4 ¥4
)
z—z 2—z 22—z 2—z
j=mng+1 Mo+t Not1/ jomy 77N N
r _ my . . . _ A

where K; = Zj:ml,lﬂ K are denoted the partial index on I'; (I = 1,...,N); and

bj(j € J) are all real constants satisfying the conditions

herein k3 is a non-negative constant. We furthermore explain that the above solutions
of Problem B are continuous in the domain D, the well posed-ness is firstly proposed
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in this paper. We can require that the solution @(z) possesses the property

j for ~; > ; P>y,
B(2) = O(|Z—tj’6),(5:{ﬁj + 7, fory; = 0, andy; < (')7 Bj = h/]‘a (1.9)
h/jH_T’ for 87 <O>6j < "7]|7 J= 17 <y M
in the neighborhood(C D) of t;, where 7 (< «) is a sufficiently small positive number.
Now we first introduce the solvability result of general discontinuous boundary
value problem for analytic functions in a unit-disk D = {|z| < 1}. The general
discontinuous Riemann-Hilbert problem (Problem B) for analytic functions in the
unit disk, namely N = 0 with the boundary condition (1.2). We can obtain the
explanation formula of solutions of Problem A for analytic functions as follows.

Theorem 1.1  Problem A for analytic functions in D = {|z| < 1} has the following
solvability result.
(1) If the index K > 0, the general solution ?(z) of Problem A possesses the form

_X(@) [ [ E+2)AE)e()
P(z) = o= [/F = 21X dt+Q(2)], (1.10)
if K >0, the function Q(z) possesses the form

(K] 0, when 2K is even,

Qz) = iZ(cjzj+sz_j) + o 1—ztg
*

J=0

(1.11)

, when 2K is odd,
Z — to
in which to (€ Z) is a point on T = {|z| = 1}, ngg()(cjzj +¢;277) and (1—ztg) /(2—o)
on {|z|} = 1 are real functions, where cy,co are arbitrary real constants, cj(j =
1,...,[K]) are arbitrary complex constants, which implies 2K +1 arbitrary real con-
stants

If the index K < 0, Problem A has —2K — 1 solvability conditions given by

X tﬂ dt 0,7 -, —K(=|[K]|), when 2K is even,

icy

dt——zo
X to ’

2/\()() _
X ———=dt

. when 2K is odd.
ic(1-t3)ty?=0,7=2, ..., [- K]+ 1(=|[K])),

(1.12)
When the conditions are satisfied, the solution of Problem B possesses the form

X (z)2K]l A(t)e(t) ic,(1—13)
o)== [/p (o) x (to—z)tlo[?(“ ’ (1.13)

ce =0, if 2K is even.

where to(€ Z) is a point on I, the constant c, is determined via (1.12) as follows

¢ = —ito / MO 1 i 9K s odd.
r X(t)t
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In the above formulas, X (z) is a non-trivial solution of the homogeneous boundary
value problem (Problem By) for analytic functions in the form

{izKﬂ(z)eiS(z), when 2K is even,

. o) =|[(z=t)",  (1.14)
128 (2 —t0) I (2)e'5(®), when 2K is odd, ]Hl ’

in which S(z) is an analytic function in D satisfying the boundary condition
Re[S(z)] = arg A(2) argE[K]/H(z)(z_to)(lf(*l)QK)/Z'

(see Theorem 4.3, Chapter IV, [5], recently the author gives some improvement).
Here we propose that when 2|K| is odd, observe that (z — to)/(t — 2)(t — to) =
1/(t — z) — 1/(t — to), thus the integrals in (1.10), (1.13) should be interpreted as
being the difference of two integrals in the sense of the Cauchy principle value. For
the case of multiply connected domains, we can use the similar approach.

2. Solvability of discontinuous Riemann-Hilbert problem for analytic
functions in multiply connected domains

Now we transform the boundary condition (1.6) into the standard form and first
find a solution S(z) of the modified Dirichlet problem with the boundary condition

arg \(z)—[K]arg z—arg Y (z), z € Ty,

ReS(z)=S51(z)—0(t), Sl(Z)Z{arg)\(z)argY(z), zelj,j=1,...,N,

(2.1)
TCER S Im[S(1)] = 0, ImA()X (2)] =0, z €T
z) = m =0, Im[A(2)X(2)]=0, z€T,
6’]', PAS F]’, j=1,..,N,
in which 6; (j =1, ..., N) are real constants. Denote
2l 2 e Ty, 29eiS@Y (2), ze T,
Mo=]" X(={" (2.2)
ewja zerjajzlv "'7N7 elejeZS(Z)Y(z)vzerﬁj:la "'7N7

where k = K — (N + 1 — Np)/2. It is not difficult to see that

[ @SV () = REIY @ISOV (). € Ty
Z) =
e Y (2)| /e Y (2) = A(2)|Y (2)|/e"1 )Y (2),2 € T4, 5 =1, ..., N,

and

0 Im[\(2)2"e3)Y (2)] = Im|
B {Im[A(z)ewj ¢SV (2)]

>

(2)X(2)], z €T,

(2.3)
A2)X(2)], zeT'j,j=1,...,N,

Im
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namely A(z)X(z) on I' is a real function. Hence we can get the modified boundary
condition

O(z c(2)M\(z
eiS(z)<Y)(Z)] = (X*) Z() ) + h(2),z € I,

(
e id(z) = c(z)A(z)
e¥(2)Y (2) X(2)

Re[z!"!

Re[

+h(z),z€T;,1<j<N,

(2.4)
in which ¥(z) = ®(2)/e***)Y (z), and the point constant (1.7) is transformed to

Im[A(a;)¥(aj)] = bj, j € J, (2.5)

where a;j,b;(j € J) are the same as in (1.7). The boundary value problem (2.4),(2.5)
for analytic functions is called Problem B’ in which we allow the solution ¥(z) with
simple pole points at Z' = {tly 1, ...,y }. Due to the function R(2) = c¢(2)A(2)/ X (2)
on I' in (2.4) possesses some discontinuous points. For the case, we can choose
a sequence of functions {R,(t)} (R,(t) € Co(I'), n = 1,2,..., « > 0) such that
limy, 00 Rn(t) = R(t) = c(t)\(2)/X (2)] on I'*, hence the modified boundary con-
dition of Problem B’ can be proposed by the the corresponding modified boundary
condition with the continuous Riemann-Hilbert boundary condition. However by
using the method as stated in Theorems 2.2-2.4, we can directly obtain the corre-
sponding results of Problem B’ with the discontinuous coefficient ¢(z)\(z)/X (z) in
(2.4).

It is not difficult to see that the equivalence of Problem B with the boundary
conditions (1.6), (1.7) and Problem B’ with the boundary conditions (2.4), (2.5) for
analytic functions, namely

Theorem 2.1 The function ®(z) is a solution of Problem B with the boundary con-
ditions (1.6), (1.7) for analytic functions in D if and only if ¥(z) = ®(2)/e )Y (2)
is a solution of Problem B’ with the boundary conditions (2.4), (2.5).

Proof If ¥(2) is a solution of of Problem B’ with the boundary conditions (2.4), (2.5),
we are easy to see that ®(z) = ¥(2)e’(*)Y (2) is an analytic function in D satisfying
the boundary conditions (1.6) and (1.7). However our purpose is to find not only the
proper solution ¥(z) of Problem B’, but also the continuous solution ®(z) of Problem
Bin D\Z, i.e. the solution ¥(z) may have simple pole points at Z" = {tiy. | 1,....,t},
such that the solution ®(z) = ¥(2)e’(*)Y (z) has no pole point at Z’, because the
function Y'(z) has simple zero point at S, for this we shall find the solution ¥(z) of
Problem B’ with simple pole points at Z’. Because the function A(z) on I is contin-
uous and the index k = K — (N — Np)/2 is an integer, we can find the continuous
solution ¥(z) in D satisfying the boundary conditions

Re[A(2)(4(2) + ¢o(2))] = e(2)M2)/ X (2) +h(z) = R(z)+h(2), 2 €T,
Im[A(a;)(¢(a;) + vo(ay))] = by, j € J,
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where h(t) and J are the same as stated in (1.6) and (1.7), ¢o(2) = Z;V:OI cjeli(1—(z—
2j)(tj—z;))/(2—t;), the purpose can be realized, which can be verified by the method
as stated in proofs of Theorems 2.3—2.5 below. Thus the solution ¥(2) = ¢(z)+o(2)
is a required solution of Problem B’ in D, then ®(z) = ¥(2)e’*)Y (2) is just the
continuous solution of Problem B in D\ Z, which satisfying the boundary conditions

Re[A(2)®(2)] = c(z)+h(2)\(2) X (z), z € T,
Im[A(a;)®(a;)] = bjA(zj) X (aj), j € J.

Theorem 2.2 Problem B for analytic functions in D is unique.

Proof (1) When K > N—1, because of Theorem 2.1, we can only discuss Problem
B’. Let ¥(z), ¥s(2) be two solutions of Problem B’ for analytic functions. Then the
function ¥(z) = ¥y(z) — Wa(z) is a solution of Problem B}, with the homogeneous
boundary conditions

Re[A(2)¥(2)]=0 on I', Im[A(a;)¥(a;)]=0, j=1,...,2K — N + 1. (2.6)
According to the way in [1,5], we see that if U(z) # 0 in D, then there is
Np + Nr — Pr = 2k, (27)

where Np, Np are denoted the zero numbers of ¥(z) in D and I' respectively, and
Pr is denoted the pole numbers of ¥(z) on I'. If ¥(2) # 0, z € D, and we see
that W(z) has even zero points on I'; (j =1, ..., Ny), and odd zero points on I'; (j =
No+1,...,N) (see Section 4, Chapter IV, [1] and Section 2, Chapter V, [5]), hence
we have

2k+1=2k—N+142N —Ny— (N —Ny) <2Np+ Ny —Pr =2k, (2.8)
this contraction verify
U(z) =0 in D, (2.9)
namely
Ui(z) = Va(z) in D, i.e. P1(z) = Py(z) in D. (2.10)

This completes the proof of the Theorem.

(2) Next we consider 0 < K < N —1, for verifying the uniqueness of solutions of
Problem B', let ¥;(2), ¥2(z) be two solutions of Problem B’ for analytic functions.
Then the function ¥(z) = ¥;(z) — Pa(z) is a solution of homogeneous Problem By,
with the boundary conditions

Re[A(2) ¥(2)]=h(2) on I, Tm[\(a;) ¥ (a;)]=0, j=1,...,[K] + 1. (2.11)
According to the way in [1,5], we see that if ¥(z) # 0 in D, then there are
26+ 1 <[]+ [k+1/2] +1<[k]+1+No— (N—[k+1/2]) + N—Ny
<2Np + Npr—Pr <2k, it N— Ny < [k+1/2], i.e. N— [k + 1/2] <Ny,
2k+1<[k|+[k+1/2]+1<[K]+14+N—(N-[s+1/2])+ N— No— (N—Np)
<2Np+Np—Pr<2x,if 0<[k+1/2] <N—Ny, ie. Ng<N—[k+1/2],

(2.12)
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where Np, Np are denoted the zero numbers of ¥(z) in D and I' respectively and
Pr is denoted the pole numbers of ¥(z) on I, this contradiction prove that ¥(z) =0,
ie. ¥i(z) = ¥(z) in D.

(3) When K < 0, it is clear that the solution of Problem B is unique, if there
exists a solution of Problem B. In particular when K = —1/2 or —1, and ¥(z)(# 0)
is the solution of the homogeneous Problem Bj, in D, then we can derive a contra-
dictious inequality

0= (N—-Ny)—(N—Ny) <2Np+ Np—Pr=2k < 0.
Hence ¥(z) = 0 in D. For general case K < 0 with continuous solutions, we can use
the following method.

Theorem 2.3 Under the above conditions, Problem B with the index K > N — 1
for analytic functions has a solution.

Proof Firstly we discuss the case of Problem B’ with the index x > N —1 and find
a solution Wq(z) of Problem B’ with the index « satisfying the boundary conditions

Re[A(1)®o(t)] = c(t)A(t)/X (1), t €T,
Im[A(aj)\Ilo(aj)] = bj, ] = 1, ...,2/4? — N+ 1,

which is continuous at Z’, and find the similar solutions ¥n,+1(2), ..., ¥n of Problem
B’ in D with the boundary conditions

Re[A(iwl(t) " wl(im —0rels l=Ny+1,..N, (2.14)
Im[A(a;)(¥i(ay) +i(a;))]=0, j=1,..., s,

where s = 2k — N +1, ¢y (2) = c;e= 01 (1— (z—2)t;—2))/(z—t) (I = No+1,...,N),
herein ¢; (I = No + 1,...,N) are real constants. It is easy to see that \Ill( ) =
i1(2) + () (I = Ng+ 1, ..., N) are linearly independent, and denote

Im[A(a;)Wo(a;)] =0}, j€ S ={s+1,..,5+ 5}, (2.15)

in which s = N — Ny. If bf = b;, j € §', then ®(2) = Y (2)e¥) Wy (2) is just the
required solution of Problem B. Otherwise, we can verify

(2.13)

Uno+1(ast1) - Ung1(aseN—n)
Ungt2(as+1) -+ Ungr2(astn-—ng)
I= : : #0. (2.16)
Un_i(asy1) -+ Yn_1(astN-N,)
Un(ast1) - Un(astn-n)

In fact if I = 0, then there exits N — Ny real constants d; (I = Ny + 1,..., V), such

that
N

> Wi(ay)=0,j€8. (2.17)
I=No+1
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Due to ¥(z) = Z{\LNOH W(z) # 0 in D, we sce that ¥(z)= fi}lﬁ_l d¥;(2) have
even zero points on I'; (j = 1,..., Ny), and at least one zero points on I'; (j = No +
1,...,N), hence we have

26+1=26—N+1+N — Ng+2Ny — Ng < 2Np + Nr — Pr = 2k, (2.18)

where Np, N are denoted the zero numbers of W(z) :Zl]iNOH diV;(z)in D and T’

respectively, and Pr is denoted the pole number of ¥(z) = ZfiNoH di¥;(z) on T
This contraction prove that there exist N — Ny real constants d; (I=Ny + 1,..., N),
which are not all equal to 0, such that

N
ImA(a;) > d¥i(a;)] = b5 —bj, j €S, (2.19)
I=Np+1

and then

- N

Im[A(a;)(Wo(aj) — Y di®i(a;)] =bj, j €S
l=Np+1
Thus
D(2)=T(2)Y (2)eF =[Wg(2) = > d¥y(2)]Y (2)e"5) (2.20)
I=Np+1

is just a solution of Problem B for analytic functions with the index K > N — 1.

Theorem 2.4 Under the above conditions, Problem B with the index —1 < K <
N — 1 for analytic functions has a unique solution.

Proof First of all, we discuss the case: K = N — 1, and find a solution Wo(z) of
Problem B with the index & = NN satisfying the boundary conditions

Re[A1(t)Wo(t)]=[c(t)A(t)/ X (t)+h(D)]/It], teT™,
Ai(aj)%o(aj)] = bj/lasl, j=1,.., N+1,

(2.21)

Im

for analytic functions, where the index of Aj(t) = A(t)/t is & = N, in this case
h(t) = 0 and N — [Rk] = 0. Due to the above boundary value problem belongs to
Problem B with # = N, by the result in Theorem 2.3, there exists a solution ¥o(z)
of the Problem B, if ¥((0) = 0, then ¥(z)=W¥q(z)/z is just a solution of Problem B’
with Kk = N — 1. If ¥((0) # 0, we can find two solutions ¥(z), Uo(z) satisfying the
boundary conditions

- - {0,j:1,...,N,

Re[Ay (£)W1(£)] =0, t € I'", Im[Aq(a;) W1 (a )] = Vlaij= N+ 1 (2.22)
aj, = s

Re[A1(t) W2 (t)]=

1/“’, tel'y,
Im[Al(aj)\Ilg(aj)]:(), j=1..,N+1, (2.23)

0, z € T\I'y,
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It is clear that Wy (z), Ua(z) are linearly independent, and we can verify

ReW; (0) ReWs(0)
ImW;(0) ImWy(0)

£0. (2.24)

Otherwise, if I = 0, then there exits two real constants ci,ca (|c1] + |c2| # 0), such
that ¢;U1(0) + c2¥2(0) = 0, and we have

OIN+1=N — Ng+2Ng+N+ 1 —Ny<2Np+Np— Pr =2K =2N. (2.25)

This contraction prove that there exist two real constants ¢y, co such that

{ c1Re®1(0) + caReW4(0) = Re¥y(0), (2.26)

c1Im¥;(0) 4+ c2ImWs(0) = ImW((0),

thus W(z) = Wo(2) — ;W1 (2) — c2Wa(2) has a zero point at z = 0, and then ¥(z) =
W(z)/z is a solution of Problem B’ with K = N — 1. According to the way, we can
derive the existence of solutions of Problem B’ with the indexes K = N—2,...,0, —1,
but when the index K = —1, the corresponding boundary conditions should be
replaced by

Re[A1(t)¥1()] =0, t € T, Im[A1(a;)W1(a;)]=1/la;|, j =N+1,

{1/\t,ter0,

0,teT\ly,

Re[A1 (1) Ts(t)] = Im[A(a;)Ws(a;)] =0, j=N+1. (2.27)

As for the case K = N —3/2, by using the same way, we can consider the boundary
conditions

Re[A1(t)Wo(t)] = [c(t)A()X (t) + h(t)]/|t], teT™,
Im[A1(a;)Wo(as)] = bj/la;|, 5 =1,..., N,

—

(2.28)

for analytic functions, where A\ (t) = A(t)/t with the index & = N — 1/2, and derive
the solvability of Problem B’ with K = N — 3/2. Moreover we also obtain the
solvability of Problem B’ with K = N—5/2,...,1/2,—1/2.

Theorem 2.5 Under the above conditions, Problem B with the index K < —1 for
analytic functions has a unique solution.

Proof We first discuss the index K = —3/2 (or K = —2) of problem B with the
boundary condition

Re[A1(8)Wo(t)] = [c()A()/[X ()] + h(2)]/]t], 2 € T, (2.29)
in which A;(z) = A(2)/|#|, and its index is &K = —1/2 (or —1). If ¥(0) = 0,
then W(z) = Wo(2)/z is just a solution of Problem B’ with the index K = —3/2 (or
—2). Otherwise, we find two solutions of Problem B for analytic functions with the
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boundary conditions

(hj + ReAl(t)t)/\t], tc Fj, j=1,..., N,
ReAl(t)t/|t|, tely,
(or Re[Ar(D)W1(t)] = (h; + ReAy()t)/|t], t € T;, j=0,1, ..., N,

Re[A1 ()1 (t)]=

e (2.30)
hi+ReAr(t)it)/|t|, teT;,j =1, ..., N,
Re[AL (1) Wa(t)] = s ) ! :
ReAl(t)’it/|t|, tely,
(or Re[A1(t)Wa(t)]=(h; + ReAq(t)it)/|t], t €Ty, j=0,1,...,N.)
It is clear that Wy (z), Uy(z) are linearly independent, and we can verify
ReW¥;(0) Re¥y(0
| Rewa(0) Rewa(0) a1

Otherwise, if I = 0, then there exits two real constants ¢, ca (Jc1] + |c2| # 0), such
that ¢1¥1(0) 4+ c2W¥2(0) = 0, and we have

0= (N—Ny)— (N —Ny) <2Np+ Npr — Pr =2k < 0. (2.32)
This contraction prove that there exist two real constants ¢y, co such that

ClRe\Ifl(O) + CQRG\IJQ(O) = RG\I’Q(O), (2 33)

c1ImWy(0) 4 coImWs(0) = Im¥(0), '
thus ¥(z) = Up(2) — c1¥1(z) — c2aW¥a(z) has a zero point at z = 0, and then ®(z) =
U(z)/z is a solution of Problem B’ with K = —3/2(or — 2). According to the
way, we can derive the existence of solutions of Problem B with the indexes K =

—5/2,(=3),=7/2, (—4), ...
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