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摘 要: 针对MGM(1,𝑚)模型的原始数据序列作了相应的数乘变换,经过一系列数学公式推导, 分析了数乘变换

对于模型参数特征的影响,讨论了数乘变换后模型的模拟预测值及相对误差的变化情况. 研究结果表明,对各原始

数据序列作相同倍数的数乘变换时, 不会改变模型的模拟和预测效果,同时能缩小数据的量级, 化简计算过程, 对

MGM(1,𝑚)模型的进一步系统研究具有重要意义.
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Abstract: Multiply transformation is correspondingly made for the original data series of MGM(1,𝑚) model. Through

calculating a series of mathematical formula, the effect of multiple transformation on parameters characteristics of the

model is analyzed, and the changes of simulation and prediction values and the relative errors of the model after multiple

transformation are discussed. The study results show that the simulative and predicative effect of the model is not changed,

the magnitude of the data is also reduced and the calculating process is simplified, while the original data series are made the

same times of multiple transformation. The results have great significance for the further systematical study of MGM(1, 𝑚)

model.
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1 引引引 言言言

自灰色系统理论提出以来,目前已广泛应用于工

农业生产、经济、管理和工程技术等领域[1]. GM(1,1)

模型是灰色系统预测理论的基础和核心,用于单变量

的建模和预测[2]. MGM(1,𝑚)模型[3]则从系统的角度

对多变量进行统一描述,能较好地反映系统中各变量

之间相互影响的关系,不仅可以建模,而且可以预测.

不同于GM(1,𝑚)模型,后者主要反映𝑚− 1个相关因

素序列对于系统特征序列一阶导的影响,只反映系统

特征序列的变化规律,而不能用于预测.

自灰色MGM(1,𝑚)模型提出以来[3],一些学者对

该模型进行了改进和应用. 文献 [4]在多因子灰色模

型的精确级差格式的基础上, 将误差融入级差格式,

基于理想状态时的相对误差提出了一种新的灰色模

型. [5]基于向量连分式理论利用有理插值和数值积

分中的梯形公式及外推法重构背景值,从而有效地提

高了模型的模拟预测精度. [6-7]将MGM(1,𝑚)模型

分别应用于变形观测和投资预测中, 得到了较理想

的预测效果,但还没有学者对MGM(1,𝑚)模型的特性

进行研究.目前, 已有一些学者对部分灰色模型的特

性进行了研究. [8-9]对GM(1,1)模型的特性进行了研

究. [10]讨论了原始数据的数乘变换对于GM(0,𝑁 )模

型的影响. [11-12]分别从仿射变换和数乘变换的角度

对灰色离散模型进行了研究. [13-15]先后对近似非
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齐次指数序列的离散模型、多变量离散模型和GM(𝑛,

ℎ)模型的特性作了相应的探讨. 上述研究主要是对

GM(1,1)模型, GM(0,𝑁 )模型和灰色 (多变量)离散模

型所作的一系列讨论, 然而, MGM(1,𝑚)模型的特性

(如数乘变换对该模型的参数、模拟预测值及相对误

差产生的影响)是值得进一步探讨的问题.

本文主要针对MGM(1,𝑚)模型的特性进行研究,

分析其在数乘变换下参数值的变化情况,探讨模型的

模拟预测值和相对误差在变换前后的量化关系,为更

好地了解和研究MGM(1,𝑚)模型奠定理论基础.

2 MGM(1,𝒎)模模模型型型
设原始数据矩阵为𝑋(0) = {𝑋(0)

1 , 𝑋
(0)
2 , ⋅ ⋅ ⋅ ,

𝑋
(0)
𝑚 }T, 其中𝑋

(0)
𝑗 为第 𝑗个变量在 1, 2, ⋅ ⋅ ⋅ , 𝑛时刻的

观测值序列,即

𝑋
(0)
𝑗 = {𝑥(0)

𝑗 (1), 𝑥
(0)
𝑗 (2), ⋅ ⋅ ⋅ , 𝑥(0)

𝑗 (𝑛)},
𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

𝑋(1) = {𝑋(1)
1 , 𝑋

(1)
2 , ⋅ ⋅ ⋅ ,𝑋(1)

𝑚 }T为原始数据矩阵
𝑋(0)的一阶累加生成矩阵, 𝑋

(1)
𝑗 为原始数据序列

𝑋
(0)
𝑗 的一阶累加生成序列,即

𝑋
(1)
𝑗 = {𝑥(1)

𝑗 (1), 𝑥
(1)
𝑗 (2), ⋅ ⋅ ⋅ , 𝑥(1)

𝑗 (𝑛)},
其中

𝑥
(1)
𝑗 (𝑖) =

𝑖∑
𝑘=1

𝑥
(0)
𝑗 (𝑘),

𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛.
𝑍

(1)
𝑗 = {𝑧(1)𝑗 (2), 𝑧

(1)
𝑗 (3), ⋅ ⋅ ⋅ , 𝑧(1)𝑗 (𝑛)}为𝑋

(1)
𝑗 的

紧邻均值生成序列,有

𝑧
(1)
𝑗 (𝑘) = 0.5(𝑥

(1)
𝑗 (𝑘 − 1) + 𝑥

(1)
𝑗 (𝑘)),

𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚, 𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.
多变量MGM(1,𝑚)模型的矩阵形式为[3]

d𝑋(1)(𝑡)

d𝑡
= 𝐴𝑋(1)(𝑡) +𝐵. (1)

其中

𝐴 = (𝑎𝑖𝑗)𝑚×𝑚, 𝐵 = (𝑏1, 𝑏2, ⋅ ⋅ ⋅ , 𝑏𝑚)T,

𝑋(1)(𝑡) = {𝑥(1)
1 (𝑡), 𝑥

(1)
2 (𝑡), ⋅ ⋅ ⋅ , 𝑥(1)

𝑚 (𝑡)}T.
式 (1)的时间响应式向量为

𝑋(1)(𝑡) = e𝐴(𝑡−1)(𝑋(1)(1) +𝐴−1𝐵)−𝐴−1𝐵. (2)

将式 (1)离散化可得

𝑋(0)(𝑘) = 𝐴𝑍(1)(𝑘) +𝐵.

其中

𝑋(0)(𝑘) = {𝑥(0)
1 (𝑘), 𝑥

(0)
2 (𝑘), ⋅ ⋅ ⋅ , 𝑥(0)

𝑚 (𝑘)}T,
𝑍(1)(𝑘) = {𝑧(1)1 (𝑘), 𝑧

(1)
2 (𝑘), ⋅ ⋅ ⋅ , 𝑧(1)𝑚 (𝑘)}T,

𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.

引理 1 设𝑋
(0)
1 , 𝑋

(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 为非负数据序

列, 𝑋
(1)
𝑗 为𝑋

(0)
𝑗 的一阶累加生成序列, 𝑍

(1)
𝑗 为𝑋

(1)
𝑗

(𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)的紧邻均值生成序列,则有:

1) MGM(1,𝑚)模型的𝑚个参数向量的最小二乘

估计为

(𝒂̂1, 𝒂̂2, ⋅ ⋅ ⋅ , 𝒂̂𝑚) = (𝑃T𝑃 )−1𝑃T(𝑄1, 𝑄2, ⋅ ⋅ ⋅ , 𝑄𝑚).

(3)

其中

𝒂̂𝑖 = {𝑎̂𝑖1, 𝑎̂𝑖2, ⋅ ⋅ ⋅ , 𝑎̂𝑖𝑚, 𝑏̂𝑖}T,

𝑃 =

⎡⎢⎢⎢⎢⎢⎣
𝑧
(1)
1 (2) 𝑧

(1)
2 (2) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (2) 1

𝑧
(1)
1 (3) 𝑧

(1)
2 (3) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (3) 1

...
...

. . .
...

...

𝑧
(1)
1 (𝑛) 𝑧

(1)
2 (𝑛) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (𝑛) 1

⎤⎥⎥⎥⎥⎥⎦ ,

𝑄𝑖 = {𝑥(0)
𝑖 (2), 𝑥

(0)
𝑖 (3), ⋅ ⋅ ⋅ , 𝑥(0)

𝑖 (𝑛)}T,
𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

参数矩阵𝐴和参数向量𝐵的辨识值为

𝐴 = (𝑎̂𝑖𝑗)𝑚×𝑚, 𝐵̂ = (𝑏̂1, 𝑏̂2, ⋅ ⋅ ⋅ , 𝑏̂𝑚)T.

2)多变量MGM(1,𝑚)模型的时间响应式向量为

𝑋̂(1)(𝑘) = e𝐴(𝑘−1)(𝑋(1)(1) +𝐴−1𝐵̂)−𝐴−1𝐵̂.

3)还原式向量为

𝑋̂(0)(𝑘) = 𝑋̂(1)(𝑘)− 𝑋̂(1)(𝑘 − 1), 𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.
3 数数数乘乘乘变变变换换换下下下MGM(1,𝒎)模模模型型型的的的参参参数数数特特特征征征

定义 1 称非负序列数据 𝑦𝑘 = 𝜌𝑥𝑘为数乘变换.

其中: 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛; 𝜌为常数且 𝜌 > 0,称为数乘量.

设𝑋
(0)
𝑗 为原始非负数据序列, 𝑌 (0)

𝑗 为𝑋
(0)
𝑗 的数

乘变换数据序列, 即𝑌
(0)
𝑗 = 𝜌𝑗𝑋

(0)
𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚).

𝑋
(1)
𝑗 和𝑌

(1)
𝑗 分别为𝑋

(0)
𝑗 和𝑌

(0)
𝑗 的 1-AGO序列, 𝑍(1)

𝑗

为𝑋
(1)
𝑗 的紧邻均值生成序列, 𝑍(1)

𝑗 = {𝑧(1)𝑗 (2), 𝑧
(1)
𝑗 (3),

⋅ ⋅ ⋅ , 𝑧(1)𝑗 (𝑛)}为𝑌
(1)
𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)的紧邻均值生

成序列. 由于

𝑦
(0)
𝑗 (𝑘) = 𝜌𝑗𝑥

(0)
𝑗 (𝑘), (4)

可得

𝑦
(1)
𝑗 (𝑘) =

𝑘∑
𝑖=1

𝑦
(0)
𝑗 (𝑖) =

𝑘∑
𝑖=1

[𝜌𝑗𝑥
(0)
𝑗 (𝑖)] =𝜌𝑗𝑥

(1)
𝑗 (𝑘), (5)

𝑧
(1)
𝑗 (𝑘) = 0.5(𝑦

(1)
𝑗 (𝑘) + 𝑦

(1)
𝑗 (𝑘 − 1)) = 𝜌𝑗𝑧

(1)
𝑗 (𝑘). (6)

下面讨论数乘变换对于MGM(1,𝑚)模型的参数

的影响.

引理 2 设𝑋
(0)
1 , 𝑋

(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 为非负数据序

列, 𝑌 (0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 为数乘变换序列, 𝑌 (1)
𝑗 为𝑌

(0)
𝑗

的一阶累加生成序列, 𝑍(1)
𝑗 为𝑌

(1)
𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)的

紧邻均值生成序列,则有:

1)𝑌 (0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 所建立的MGM(1,𝑚)模型
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的𝑚个参数向量的最小二乘估计为

(ˆ̄𝒂1, ˆ̄𝒂2, ⋅ ⋅ ⋅ , ˆ̄𝒂𝑚) = (𝑃T𝑃 )−1𝑃T(𝑄̄1, 𝑄̄2, ⋅ ⋅ ⋅ , 𝑄̄𝑚).

(7)

其中

ˆ̄𝒂𝑖 = {ˆ̄𝑎𝑖1, ˆ̄𝑎𝑖2, ⋅ ⋅ ⋅ , ˆ̄𝑎𝑖𝑚, ˆ̄𝑏𝑖}T,

𝑃 =

⎡⎢⎢⎢⎢⎢⎣
𝑧
(1)
1 (2) 𝑧

(1)
2 (2) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (2) 1

𝑧
(1)
1 (3) 𝑧

(1)
2 (3) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (3) 1

...
...

. . .
...

...

𝑧
(1)
1 (𝑛) 𝑧

(1)
2 (𝑛) ⋅ ⋅ ⋅ 𝑧

(1)
𝑚 (𝑛) 1

⎤⎥⎥⎥⎥⎥⎦ ,

𝑄̄𝑖 = {𝑦(0)𝑖 (2), 𝑦
(0)
𝑖 (3), ⋅ ⋅ ⋅ , 𝑦(0)𝑖 (𝑛)}T,

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

则参数矩阵𝐴和参数向量 𝐵̄的估计值为

ˆ̄𝐴 = (ˆ̄𝑎𝑖𝑗)𝑚×𝑚, ˆ̄𝐵 = (ˆ̄𝑏1,
ˆ̄𝑏2, ⋅ ⋅ ⋅ , ˆ̄𝑏𝑚)T. (8)

2)𝑌 (0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 所建立的MGM(1,𝑚)模型

的时间响应式向量为

𝑌 (1)(𝑘) = e
ˆ̄𝐴(𝑘−1)(𝑌 (1)(1) + ˆ̄𝐴

−1 ˆ̄𝐵)− ˆ̄𝐴
−1 ˆ̄𝐵. (9)

3)还原式向量为

𝑌 (0)(𝑘) = 𝑌 (1)(𝑘)− 𝑌 (1)(𝑘 − 1), 𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.
定理 1 令𝑃T𝑃 = 𝐷 = (𝑑𝑖𝑗)(𝑚+1)×(𝑚+1), 𝑃T𝑃

= 𝐷̄ = (𝑑𝑖𝑗)(𝑚+1)×(𝑚+1), 𝐷̄∗为 𝐷̄的伴随矩阵,则有:

1) 𝐷̄和 𝐷̄∗均为对称矩阵.

2)存在

𝑑𝑖𝑗 = 𝜌𝑖𝜌𝑗𝑑𝑖𝑗 , 1 ⩽ 𝑖, 𝑗 ⩽ 𝑚;

𝑑𝑖,𝑚+1 = 𝜌𝑖𝑑𝑖,𝑚+1, 1 ⩽ 𝑖 ⩽ 𝑚;

𝑑𝑚+1,𝑚+1 = 𝑑𝑚+1,𝑚+1.

证证证明明明 1)因为 𝐷̄T=(𝑃T𝑃 )T=𝑃T(𝑃T)T=𝑃T𝑃

= 𝐷̄, (𝐷̄∗)T = (𝐷̄T)∗ = 𝐷̄∗, 所以 𝐷̄和 𝐷̄∗都为对称

矩阵.

2)记𝑃 = (𝑃1, 𝑃2, ⋅ ⋅ ⋅ , 𝑃𝑚, 𝑃𝑚+1),则有

𝑃T = (𝑃1, 𝑃2, ⋅ ⋅ ⋅ , 𝑃𝑚, 𝑃𝑚+1)
T.

从而可得

𝐷̄T = 𝑃T𝑃 =

(𝑃1, 𝑃2, ⋅ ⋅ ⋅ , 𝑃𝑚, 𝑃𝑚+1)
T(𝑃1, 𝑃2, ⋅ ⋅ ⋅ , 𝑃𝑚, 𝑃𝑚+1).

根据矩阵乘法的定义,当 1 ⩽ 𝑖, 𝑗 ⩽ 𝑚时有

𝑑𝑖𝑗 = 𝑃T
𝑖 𝑃𝑗 =

𝑛∑
𝑘=2

𝑧
(1)
𝑖 (𝑘)𝑧

(1)
𝑗 (𝑘) =

𝑛∑
𝑘=2

𝜌𝑖𝑧
(1)
𝑖 (𝑘)𝜌𝑗𝑧

(1)
𝑗 (𝑘) = 𝜌𝑖𝜌𝑗𝑑𝑖𝑗 .

当 1 ⩽ 𝑖 ⩽ 𝑚, 𝑗 = 𝑚+ 1时可得

𝑑𝑖,𝑚+1 =

𝑛∑
𝑘=2

𝜌𝑖𝑧
(1)
𝑖 (𝑘) = 𝜌𝑖

𝑛∑
𝑘=2

𝑧
(1)
𝑖 (𝑘) = 𝜌𝑖𝑑𝑖,𝑚+1.

当 𝑖, 𝑗 = 𝑚+ 1时可得

𝑑𝑚+1,𝑚+1 = 𝑃T
𝑚+1𝑃𝑚+1 = 𝑛− 1 = 𝑑𝑚+1,𝑚+1. 2

定理 2 设

𝐷 = (𝑑𝑖𝑗)(𝑚+1)×(𝑚+1), 𝐷̄ = (𝑑𝑖𝑗)(𝑚+1)×(𝑚+1).

如定理 1所述, 𝐷∗和 𝐷̄∗分别为𝐷和 𝐷̄的伴随矩阵,

令𝐷∗ = (𝐷𝑖𝑗)(𝑚+1)×(𝑚+1), 𝐷̄∗ = (𝐷̄𝑖𝑗)(𝑚+1)×(𝑚+1),

𝐷𝑖𝑗为 𝑑𝑖𝑗的代数余子式, 𝐷̄𝑖𝑗为 𝑑𝑖𝑗的代数余子式,则

有:

1) ∣𝐷̄∣ = 𝜌∣𝐷∣,其中 𝜌 = 𝜌21𝜌
2
2 ⋅ ⋅ ⋅ 𝜌2𝑚.

2)存在

𝐷̄𝑖𝑗 =
𝜌

𝜌𝑖𝜌𝑗
𝐷𝑖𝑗 , 1 ⩽ 𝑖, 𝑗 ⩽ 𝑚;

𝐷̄𝑖,𝑚+1 =
𝜌

𝜌𝑖
𝐷𝑖,𝑚+1, 1 ⩽ 𝑖 ⩽ 𝑚;

𝐷̄𝑚+1,𝑚+1 = 𝜌𝐷𝑚+1,𝑚+1.

证证证明明明 1)根据定理 1中的结论 2)可得

∣𝐷̄∣ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑑11 𝑑12 ⋅ ⋅ ⋅ 𝑑1𝑚 𝑑1,𝑚+1

𝑑21 𝑑22 ⋅ ⋅ ⋅ 𝑑2𝑚 𝑑2,𝑚+1

...
...

. . .
...

...

𝑑𝑚1 𝑑𝑚2 ⋅ ⋅ ⋅ 𝑑𝑚𝑚 𝑑𝑚,𝑚+1

𝑑𝑚+1,1 𝑑𝑚+1,2 ⋅ ⋅ ⋅ 𝑑𝑚+1,𝑚 𝑑𝑚+1,𝑚+1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜌1𝜌1𝑑11 𝜌1𝜌2𝑑12 ⋅ ⋅ ⋅
𝜌2𝜌1𝑑21 𝜌2𝜌2𝑑22 ⋅ ⋅ ⋅

...
...

. . .

𝜌𝑚𝜌1𝑑𝑚1 𝜌𝑚𝜌2𝑑𝑚2 ⋅ ⋅ ⋅
𝜌1𝑑𝑚+1,1 𝜌2𝑑𝑚+1,2 ⋅ ⋅ ⋅

→

←

𝜌1𝜌𝑚𝑑1𝑚 𝜌1𝑑1,𝑚+1

𝜌2𝜌𝑚𝑑2𝑚 𝜌2𝑑2,𝑚+1

...
...

𝜌𝑚𝜌𝑚𝑑𝑚𝑚 𝜌𝑚𝑑𝑚,𝑚+1

𝜌𝑚𝑑𝑚+1,𝑚 𝜌𝑚+1𝑑𝑚+1,𝑚+1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

𝜌21𝜌
2
2 ⋅ ⋅ ⋅ 𝜌2𝑚∣𝐷∣ = 𝜌∣𝐷∣,

其中 𝜌 = 𝜌21𝜌
2
2 ⋅ ⋅ ⋅ 𝜌2𝑚.

2)根据代数余子式的定义,结合定理 1的结论 2),

同理可证当 1 ⩽ 𝑖, 𝑗 ⩽ 𝑚时有

𝐷̄𝑖𝑗 =

𝜌1𝜌2 ⋅ ⋅ ⋅ 𝜌𝑖−1𝜌𝑖+1 ⋅ ⋅ ⋅ 𝜌𝑚𝜌1𝜌2 ⋅ ⋅ ⋅ 𝜌𝑗−1𝜌𝑗+1 ⋅ ⋅ ⋅ 𝜌𝑚𝐷𝑖𝑗 =

𝜌

𝜌𝑖𝜌𝑗
𝐷𝑖𝑗 .

当 1 ⩽ 𝑖 ⩽ 𝑚, 𝑗 = 𝑚+ 1时,可得

𝐷̄𝑖,𝑚+1 =
𝜌

𝜌𝑖
𝐷𝑖,𝑚+1.

当 𝑖, 𝑗 = 𝑚+ 1时,可得 𝐷̄𝑚+1,𝑚+1 = 𝜌𝐷𝑚+1,𝑚+1. 2
定理 3 设{𝑎̂𝑖1, 𝑎̂𝑖2, ⋅ ⋅ ⋅ , 𝑎̂𝑖𝑚, 𝑏̂𝑖}T和{ˆ̄𝑎𝑖1, ˆ̄𝑎𝑖2, ⋅ ⋅ ⋅ ,

ˆ̄𝑎𝑖𝑚, ˆ̄𝑏}T(𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)分别是原始数据序列𝑋
(0)
1 ,
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𝑋
(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 和数乘变换序列𝑌
(0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 建

立的多变量MGM(1,𝑚)模型所对应的参数向量,则有

ˆ̄𝑎𝑖𝑗 =
𝜌𝑖
𝜌𝑗

𝑎̂𝑖𝑗 , 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚, 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚;

ˆ̄𝑏𝑖 = 𝜌𝑖𝑏̂𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

证证证明明明 由式 (7)可知

ˆ̄𝒂𝑖 = {ˆ̄𝑎𝑖1, ˆ̄𝑎𝑖2, ⋅ ⋅ ⋅ , ˆ̄𝑎𝑖𝑚, ˆ̄𝑏𝑖}T =

(𝑃T𝑃 )−1𝑃T𝑄̄𝑖 = 𝐷̄−1𝑃T𝑄̄𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

令

𝐷̄−1𝑃T = 𝐸̄ = (𝑒𝑖𝑗)(𝑚+1)×(𝑛−1),

𝐷−1𝑃T = 𝐸 = (𝑒𝑖𝑗)(𝑚+1)×(𝑛−1),

则有

𝐸̄ = (𝑒𝑖𝑗)(𝑚+1)×(𝑛−1) = 𝐷̄−1𝑃T =
𝐷̄∗∣∣𝐷̄∣∣𝑃T.

由矩阵的乘法和定理 2可得

𝑒𝑖𝑘 =
1

𝜌∣𝐷∣
[ 𝑚∑
𝑗=1

𝐷̄𝑗𝑖𝑧
(1)
𝑗 (𝑘 + 1) + 𝐷̄𝑚+1,𝑖

]
.

当 1 ⩽ 𝑖 ⩽ 𝑚时,有

𝑒𝑖𝑘 =
1

𝜌𝑖∣𝐷∣
[ 𝑚∑
𝑗=1

𝐷𝑗𝑖𝑧
(1)
𝑗 (𝑘 + 1) +𝐷𝑚+1,𝑖

]
=

1

𝜌𝑖
𝑒𝑖𝑘, 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛− 1.

当 𝑖 = 𝑚+ 1时可得

𝑒𝑚+1,𝑘 =

1

𝜌∣𝐷∣
[ 𝑚∑
𝑗=1

𝜌

𝜌𝑗
𝐷𝑗,𝑚+1𝜌𝑗𝑧

(1)
𝑗 (𝑘 + 1) + 𝜌𝐷𝑚+1,𝑚+1

]
=

1

∣𝐷∣
[ 𝑚∑
𝑗=1

𝐷𝑗,𝑚+1𝑧
(1)
𝑗 (𝑘 + 1) +𝐷𝑚+1,𝑚+1

]
= 𝑒𝑚+1,𝑘,

𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛− 1.

因为

ˆ̄𝒂𝑖 ={ˆ̄𝑎𝑖1, ˆ̄𝑎𝑖2, ⋅ ⋅ ⋅ , ˆ̄𝑎𝑖𝑚, ˆ̄𝑏𝑖}T = (𝑃T𝑃 )−1𝑃T𝑄̄𝑖 =

𝐷̄−1𝑃T𝑄̄𝑖 = 𝐸̄𝑄̄𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚,

所以

ˆ̄𝑎𝑖𝑗 =

𝑛−1∑
𝑘=1

𝑒𝑗𝑘𝑦
(0)
𝑖 (𝑘 + 1) =

𝑛−1∑
𝑘=1

1

𝜌𝑗
𝑒𝑗𝑘𝜌𝑖𝑥

(0)
𝑖 (𝑘 + 1) =

𝜌𝑖
𝜌𝑗

𝑎̂𝑖𝑗 ,

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚, 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚;

ˆ̄𝑏𝑖 =

𝑛−1∑
𝑘=1

𝑒𝑚+1,𝑘𝑦
(0)
𝑖 (𝑘 + 1) =

𝑛−1∑
𝑘=1

𝑒𝑚+1,𝑘𝜌𝑖𝑥
(0)
𝑖 (𝑘 + 1) = 𝜌𝑖𝑏̂𝑖,

𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚. 2

4 数数数乘乘乘变变变换换换下下下模模模型型型的的的结结结果果果对对对比比比分分分析析析

下面主要讨论数乘变换对于模型的模拟预测值

和相对误差的影响.

定 理 4 设𝑌 (1)(𝑘)为𝑌
(0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 建 立

的MGM(1,𝑚)模型的时间响应式向量,有

𝑌 (1)(𝑘) =

e𝐴(𝑘−1){[𝜌1𝑥(1)
1 (1) 𝜌2𝑥

(1)
2 (1) ⋅ ⋅ ⋅ 𝜌𝑚𝑥(1)

𝑚 (1)]T+

𝐴−1[𝜌1𝑏̂1 𝜌2𝑏̂2 ⋅ ⋅ ⋅ 𝜌𝑚𝑏̂𝑚]T}−
𝐴−1[𝜌1𝑏̂1 𝜌2𝑏̂2 ⋅ ⋅ ⋅ 𝜌𝑚𝑏̂𝑚]T. (10)

证证证明明明 将定理 3的结论代入式 (8), 得到相应的

参数矩阵𝐴和参数向量 𝐵̄的估计值分别为

ˆ̄𝐴 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜌1
𝜌1

𝑎̂11
𝜌1
𝜌2

𝑎̂12 ⋅ ⋅ ⋅ 𝜌1
𝜌𝑚

𝑎̂1𝑚

𝜌2
𝜌1

𝑎̂21
𝜌2
𝜌2

𝑎̂22 ⋅ ⋅ ⋅ 𝜌2
𝜌𝑚

𝑎̂2𝑚

...
...

. . .
...

𝜌𝑚
𝜌1

𝑎̂𝑚1
𝜌𝑚
𝜌2

𝑎̂𝑚2 ⋅ ⋅ ⋅ 𝜌𝑚
𝜌𝑚

𝑎̂𝑚𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

𝜌1𝜌2 ⋅ ⋅ ⋅ 𝜌𝑚 1

𝜌1

1

𝜌2
⋅ ⋅ ⋅ 1

𝜌𝑚
𝐴 = 𝐴, (11)

ˆ̄𝐵 = (ˆ̄𝑏1,
ˆ̄𝑏2, ⋅ ⋅ ⋅ , ˆ̄𝑏𝑚)T = (𝜌1𝑏̂1, 𝜌2𝑏̂2, ⋅ ⋅ ⋅ , 𝜌𝑚𝑏̂𝑚)T.

(12)

又根据式 (5)可得

𝑌 (1)(1) = (𝜌1𝑥
(1)
1 (1), 𝜌2𝑥

(1)
2 (1), ⋅ ⋅ ⋅ , 𝜌𝑚𝑥(1)

𝑚 (1))T.

(13)

将 式 (11)∼(13)代 入 (9), 即 可 证 得 式 (10)为

MGM(1,𝑚)模型的时间响应式向量. 2
定理 5 设 𝑋̂(1)(𝑘)和𝑌 (1)(𝑘)分别为序列𝑋

(1)
1 ,

𝑋
(1)
2 , ⋅ ⋅ ⋅ , 𝑋(1)

𝑚 和𝑌
(1)
1 , 𝑌

(1)
2 , ⋅ ⋅ ⋅ , 𝑌 (1)

𝑚 的MGM(1,𝑚)模

型的模拟值序列, 𝑋̂(0)(𝑘)和𝑌 (0)(𝑘)分别为𝑋
(0)
1 ,

𝑋
(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 和𝑌
(0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 的MGM(1,𝑚)模

型的模拟值序列,则当 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌𝑚 = 𝜌′时有

𝑌 (1)(𝑘) = 𝜌′𝑋̂(1)(𝑘), 𝑌 (0)(𝑘) = 𝜌′𝑋̂(0)(𝑘).

证证证明明明 当 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌𝑚 = 𝜌′时,有

(𝜌1𝑥
(1)
1 (1), 𝜌2𝑥

(1)
2 (1), ⋅ ⋅ ⋅ , 𝜌𝑚𝑥(1)

𝑚 (1))T =

(𝜌′𝑥(1)
1 (1),𝜌′𝑥(1)

2 (1), ⋅ ⋅ ⋅ ,′ 𝑥(1)
𝑚 (1))T = 𝜌′𝑋(1)(1), (14)

(𝜌1𝑏̂1, 𝜌2𝑏̂2, ⋅ ⋅ ⋅ , 𝜌𝑚𝑏̂𝑚)T =

(𝜌′𝑏̂1, 𝜌′𝑏̂2, ⋅ ⋅ ⋅ , 𝜌′𝑏̂𝑚)T = 𝜌′𝐵̂. (15)

将式 (14)和 (15)代入 (10)得

𝑌 (1)(𝑘) = e𝐴(𝑘−1)(𝜌′𝑋(1)(1) +𝐴−1𝜌′𝐵̂)−𝐴−1𝜌′𝐵̂ =

𝜌′[e𝐴(𝑘−1)(𝑋(1)(1) +𝐴−1𝐵̂)−𝐴−1𝐵̂] = 𝜌′𝑋̂(1)(𝑘).

且可求得

𝑌 (0)(𝑘) = 𝜌′𝑋̂(1)(𝑘)− 𝜌′𝑋̂(1)(𝑘 − 1) = 𝜌′𝑋̂(0)(𝑘).

(16)

综上,定理 5得证. 2
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定理 6 设 𝜀和 𝜀分别为原始数据序列𝑋
(0)
1 ,

𝑋
(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 和数乘变换序列𝑌
(0)
1 , 𝑌

(0)
2 , ⋅ ⋅ ⋅ , 𝑌 (0)

𝑚 所

建立的多变量MGM(1,𝑚)模型的相对误差序列, 则

当 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌𝑚 = 𝜌′时有 𝜀 = 𝜀.

证证证明明明 由式 (16)可知,当 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌𝑚 =

𝜌′时,有

𝑦
(0)
𝑗 (𝑘) = 𝜌′𝑥̂(0)

𝑗 (𝑘), 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

又根据式 (4)可知,当 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌𝑚 = 𝜌′时,有

𝑦
(0)
𝑗 (𝑘) = 𝜌′𝑥(0)

𝑗 (𝑘), 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚.

从而可以得到

𝜀 = [𝜀1 𝜀2 ⋅ ⋅ ⋅ 𝜀𝑚]T =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑦
(0)
1 (𝑘)− 𝑦

(0)
1 (𝑘)

𝑦
(0)
1 (𝑘)

𝑦
(0)
2 (𝑘)− 𝑦

(0)
2 (𝑘)

𝑦
(0)
2 (𝑘)

...
𝑦
(0)
𝑚 (𝑘)− 𝑦

(0)
𝑚 (𝑘)

𝑦
(0)
𝑚 (𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜌′𝑥̂(0)
1 (𝑘)− 𝜌′𝑥(0)

1 (𝑘)

𝜌′𝑥(0)
1 (𝑘)

𝜌′𝑥̂(0)
2 (𝑘)− 𝜌′𝑥(0)

2 (𝑘)

𝜌′𝑥(0)
2 (𝑘)
...

𝜌′𝑥̂(0)
𝑚 (𝑘)−𝜌′𝑥(0)

𝑚 (𝑘)

𝜌′𝑥(0)
𝑚 (𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝜀.

5 结结结 论论论

通过对MGM(1,𝑚)模型的𝑚个原始数据序列分

别进行数乘变换, 对其变换后的参数特征、模型的

模拟预测值及相对误差的变化情况进行了研究.并得

到如下结论: 1)第 𝑖个参数向量中第 𝑗个参数值与序

列𝑋
(0)
𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)的数乘变换值 𝜌𝑖成正比, 与

序列𝑋
(0)
𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚)的数乘变换值 𝜌𝑗成反比,

而第 𝑖个参数向量中的常数项参数与 𝜌𝑖成正比; 2)当

对序列𝑋
(0)
1 , 𝑋

(0)
2 , ⋅ ⋅ ⋅ , 𝑋(0)

𝑚 分别作数乘 𝜌1, 𝜌2, ⋅ ⋅ ⋅ , 𝜌𝑚
倍变换时, 变换后所得模型的模拟预测值与数乘变

换值有关; 3)当 𝜌1, 𝜌2, ⋅ ⋅ ⋅ , 𝜌𝑚取值相等, 即各序列作

数乘 𝜌′倍变换时, 变换后的模拟预测值也相应地变

化 𝜌′倍, 且模型的相对误差与𝑚个数据序列的数乘

变换值无关.

在今后的MGM(1,𝑚)建模过程中, 当𝑚个原始

数据序列的数量级偏大时,可以通过对原始数据序列

作相同倍数的数乘变换,使建模数据量级变小, 从而

使计算更为简洁, 且不会改变模型的模拟预测效果.

因此,对MGM(1,𝑚)模型在数乘变换下的特性进行研

究具有一定的理论意义和实际意义.
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