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Abstract. In a linear ill-posed inverse problem, the regular- global shear-velocity models. A wider application of the pre-
isation parameter (damping) controls the balance betweesented rationale should permit us to converge towards more
minimising both the residual data misfit and the model norm.objective seismic imaging of Earth’'s mantle.

Poor knowledge of data uncertainties often makes the selec-
tion of damping rather arbitrary. To go beyond that subjec-
tivity, an objective rationale for the choice of damping is
presented, which is based on the coherency of delay-timd Introduction

estimates in different frequency bands. Our method is tai-

lored to the problem of global multiple-frequency tomogra- Until recently, ray theory (RT) formed the backbone of global
phy (MFT), using a data set of 287 038wave delay times seismic tomography, mainly because of its simplicity and
measured in five frequency bands (10, 15, 22, 34, and 51 §omputational efficiency (e.gsrand et al. 1997 Van der
central periods). Whereas for each ray path the delay-time edilst et al, 1997 Ritsema et a].1999 2011 Fukao et al.
timates should vary coherently from one period to the other 2001 Debayle et al.2003. RT is based on the approxima-
the noise most likely is not coherent. Thus, the lack of co-tion that seismic waves have an infinite frequency, or a zero
herency of the information in different frequency bands is ex-Wavelength. It assumes that body-wave travel times, which
ploited, using an analogy with the cross-validation method,fepresent onset times, are only dependent upon Earth’s struc-
to identify models dominated by noise. In addition, a sharpture along geometrical ray paths. In reality, body-waves ob-
change of behaviour of the mod&P-norm, as the damping served on broadband seismographs have wavelengths rang-
becomes lower than a threshold value, is interpreted as th#!9 from 10 to 1000km, or even more. Digital instrumen-
signature of data noise starting to significantly pollute at least@tion has led to the use of cross-correlation to determine
one model component. Models with damping larger than thistravel times. However, the cross-correlation time window al-
threshold are diagnosed as being constructed with poor dat@ws low frequencies to influence the measurements. There-
exploitation. Finally, a preferred model is selected from thefore, RT can break down when used with cross-correlation
remaining range of permitted model solutions. This choiceMeasurements for imaging small-scale heterogeneities, since
is quasi-objective in terms of model interpretation, as the sediffraction effects make travel times (and amplitudes) depen-
lected model shows a high degree of similarity with almostdent on a 3-D region around the ray path. A recent focus
all other permitted models (correlation superior to 98 % uphas been to take into account the finite-frequency (FF) be-
to spherical harmonic degree 80). The obtained tomographifaviour of body-waves. This has been supported by contin-
model is displayed in the mid lower-mantle (660-1910 km ued systematic evidence for body-wave travel time disper-

depth), and is shown to be compatible with three other recengion due to various forms of scattering (e-ging et al, 2004
Yang et al, 2006 Sigloch and Nolet2006 Zaroli et al,
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358 C. Zaroli et al.: An objective rationale for tomography regularisation

2010. To better constrain the structure of the Earth’s inte- timal solution would be reached foa’rzed: 1 near the bend
rior, new theoretical developments on seismic wave propaof the L curve. In practice this is never met, as data errors
gation have emerged in recent years, and received increaswe usually just best guesses, and one faces the dilemma to
ing attention in tomographyahlen et al(2000 developed choose a solution around tiiecurve’s corner as a best com-
an FF approach (hereafter referred to as banana—doughnptomise between minimising both the residual data misfit
theory, BDT) that is efficient enough to be applied to large- and the model norm. Therefore, the selection of an optimally
scale problems and a wide range of frequencies. It is basetegularised solution is to a large extent arbitrary — more akin
on a ray—Born approximation that is much faster than theto an art form —which can lead to different model interpreta-
mode summation approaches proposed earlieMbyquer-  tions. To converge towards more reliable tomographic mod-
ing et al.(1998 andZhao and Jorda(l999. We refer the els, one would prefer to lessen the inherent subjectivity of the
reader to Sect. 1.6 dflolet (2008 for more complete ref- damping choice. The goal of this study is to present a new
erences to work precedirigahlen et al.(2000. To go be-  approach aimed at objectifying the choice of regularisation
yond tomographic limitations from ray-based FF kernels of parameter in the case of global multiple-frequency tomogra-
BDT (e.g.Nolet, 2008, alternatives are available (eghao phy (MFT, equivalent to BDT applied in multiple-frequency
et al, 200Q Tromp et al, 2005 Nissen-Meyer et al2007, bands, as named 8igloch et al. 2008. We will illustrate
Zhao and Chevro011a b). The most promising ones are our approach using a global data set of 287 078 shear-wave
based on numerical techniques (&Kgmatitsch et al.2002 delay times measured at 10, 15, 22, 34 and 51 s central pe-
and the adjoint method (e.@arantola 1987 Tromp et al, riods aroli et al, 2010. To summarise, our approach will
2009. Such large scale tomographic applications are cur-consist of the following three parts: (i) identifying models
rently limited to periods greater than50 s, where the dom-  with poor data exploitation (over-damped); (ii) identifying
inant part of the signal corresponds to surface waves (e.gnodels dominated by noise (under-damped); and (iii) select-
Fichtner et al.2009 Tape et al.201Q Lekic and Romanow- ing a preferred model among the remaining ones. We will
icz, 2017). Mercerat and Nole(2012 investigate the ac- show that this final choice is of no consequence in terms of
curacy of BDT delay-time predictions and conclude that, model interpretation, and thus is quasi-objective. The pre-
even though errors withs kernel predictions are larger than ferred model we obtain this way will be displayed in mid
those forVp, the errors remain well below typical observa- lower-mantle (660—-1910 km depth), where our data coverage
tional uncertainty, while the kernels computed this way re-is at its highest. We will briefly discuss its major structural
quire two to three orders of magnitude less CPU time. Infeatures, and show its compatibility with three other, latest
the past 10yr, various applications of BDT have shown in-generation, global shear-velocity models.
teresting tomographic results (e.glontelli et al, 2004h
2008 Hung et al, 2004 Yang et al, 2006 2009 Sigloch
et al, 2008 Sigloch 2011 Sigloch and Mihalynuk2013 2 Global multiple-frequency S-wave tomography
Nolet, 2009 Tian et al, 2009 2011). In parallel, several stud-
ies questioned whether the benefits from using BDT, ratheR.1 A global data set of multiple-frequencyS-wave
than simple RT, could be smaller than the uncertainty posed delay-times
by the subjective regularisation of the inverse problem (e.qg.
Sieminski et al.2004 Trampert and SpetzIe2006 Van der ~ We use a globally distributed data set of 287 0¥&nd
Hilst and de Hoop2005 Boschi et al. 2006. It seems per-  SSdelay-times measured at 10, 15, 22, 34 and 51 s periods
tinent that tomographers ask what are the consequences dqéaroli et al, 2010, as summarised in Table Both single-
seismic models of the subjectivity inherent to the choice ofphase § S and two-phase interferenc&€sS SS+sS$
regularisation parameter. Linear tomographic inverse probdelays are considered. Measurements are performed on
lems,d = Gm, are usually ill-posed and require a subjec- the transverse component by cross-correlating the observed
tive degree of regularisation to deal with data errors and staand synthetic waveforms. Synthetics are computed with
bilise the solution. One usually uses Tikhonov regularisationthe WKBJ method Chapman 1978 within the spherical
(Tikhonov, 1963, which consists in solving the minimisa- IASP91 1-D shear-wave velocity modeéfgnnett and En-
tion problemm”* = arg min(|/|d — Gm/||5+ A2||m||3), where ~ gdah| 1991 extended with PREM’s 1-D attenuatiogo]
A is a real regularisation parameter (damping) to be chosemodel Oziewonski and Andersqri981). The global 2 x 2°
with care. A convenient and widely used graphical tool (e.g.crustal model CRUST2.®@ssin et a].2000 is used for in-
Aster et al, 2012 for setting the damping is to analyse the corporating most of crustal reverberations, on receiver side,
trade-off curve [ curve) between the model norr‘nr(z||§, in the synthetic waveforms. As seismic waves propagate
squared Euclidean norm) and the data misff§ reduced  through the Earth, an attenuating medium, a physical dis-
chi-square). In a tomographic experiment, data errors argoersion correction should be applied to cross-correlation de-
a mix of observational and modelling errors. Ideally, if the lay times.Zaroli et al. (2010 show that “the globally av-
statistics of data errors would perfectly be known, the op-eraged dispersion observed ®andSSdelay-times favour

a frequency-dependent 1-D attenuation mag@b) o gg x
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Table 1. Global data set of multiple-frequency shear-wave delay-2.2 Setting up the inverse problem

times.

At each period a waveform is influenced by a weighted aver-
Period  10s 15s 22s 34s 51s Total  age of Earth’'s mantle through its corresponding 3-D sensitiv-
s 15739 31264 43263 43263 35457 169706 Ity kernel.In principle, measuring the delay-time of a seismic
Ss 2763 14518 36142 36142 27807 117372 phase at several periods should increase the amount of inde-
pendent information in the inverse problem, and lead to im-
proved tomographic imaging. The general form of the MFT
inverse problem is

Total 18502 45782 79765 79765 63264 287078

™%, with ana value of 0.2 forSand 0.1 forfSS” Thus,Sand . 3
SSdelays are corrected for physical dispersion by injecting®’i (7) = / Ki(r; T)m(r)d°r, @)
thosex values in Eq. (16) oZaroli et al.(2010. After correc- Vi(T)

tion for physical dispersion due to 1-D attenuatigi) and h is the i idual of ismic ph
crustal reverberations, the data exhibit a residual dispersio?ﬂv ere o (T) IS the time resi ual o tgrget SEISmIC phase
of the order of 1-2 s in the 10-51 s period rarg@rolietal. measured in a pas;band with domlpant wave pefiod
(2010 suggest that this residual dispersion is partly reIatedTIhedVOIUfmr?Vi(T) IS I.|m|ted' t‘; thekreglon YVheTe the _?m-
to seismic heterogeneities in the mantle. For instance, thef? itude of the sensitivity (Fréchet) kern&l; (r; T) is signif-
show that wavefront-healing phenomenon (€gidmund- cant. The model parameter(r) represents a velocity per-
son 1997 is clearly observed fos waves having passed turbation with respect to the 1-D reference velocity model
through negativéd/s anomaliesTian et al.(2011) show that IAStI)3|91 at eatc):h fpomt Im tge medium. -Ir;h's Ilneadr Inverse
the inclusion of additional dispersion due to 3-D attenuationProp'em can be formulate ds=Gm, whered andm are

structure has little influence df+wave modelsSigloch et al. vectqrs of data (S'Ze]). gnd modgl pa}rameters .(S'M)’ re-
(2008 show that one can neglect it fd-waves, and, sim- spectively. Thes sensitivity matrix (sizeV x M) is the pro-

ilarly, Savage et al(2010 observe only a small effect on jection of the Fréchet kernels onto the model parameterisa-

seismic wave travel times. Thus, we neglect the role of 3-ption- In Appendices A and B, we expand on the computa-

variations of attenuation to explain the residual dispersion inlo" Of () the data-driven model parameterisation, and (ii)

our dataBolton and Master$2001) extensively discuss the tTe d‘fanaflytlcz;ltl“ ray-based_ FF Igrnels. Ffor mhore deéalls, In-
assignment of quantitative errors in the case of a gl&al ;u Ilr']gzgit el con:jputatlon IO ' ;\{e Ir_e er t_ € reader tz
wave data set. Following their analysis, we aim at identify- 2&r0li (2010. In order to solve this linear inverse prob-

ing the separate contributions to the total data variaxide f;?a’l éve :s;lg]t?]éhma;g: g:g;g?gg;a?gﬁowggﬁzzi;; the
our data set. We have:Z = 62  + 02 + 03, whereos ~d> b m

. L s probability functions. Thus, we may obtain the maximum-
IS due to 3-D seismic hetgr_ogene_ltleﬁﬁ 's due to earth likelihood estimate of the model solution by minimising (e.g.
quake location errors, ang; is attributed to measurement

errors. Bolton and Masters (2001) estimagefor Swaves to Tarantolat agclj Nercessuam9[84_il'ar.ant(_)la 1987: f (m) ~

. . . Gm —d)'C~(Gm —d)+m'C"m; which leads to solving
be 1.6-2.5s, assuming a typical depth uncertainty of abou system of normal equations:
10km, at epicentral distances of about 78nd for misloca- y '
tion vectors of length 10—-20 km. In this study, we have at- c-12g 12,
tributed to each datund a constant value for the source un- ( )m = ( dO ) .
certaintyox = 2.5 s. Earthquake mislocation and origin time
effects are not simultaneously estimated for each datum durx . : _— . .

For each source—receiver pair, uncertainties associated with

ing the inversion. In addition, we assume that the source UNyalavs should partially be correlated at different periods
certainty is the same for aftwave measured at either 10 y P y b :

. L ' For instance, because of common errors on source location
15, 22, 34, or 51 s period, so that taking it into accountwouldand origin time. So that the matrig should contain off-

not change the main results of this study. MoreoMasters . oo .
et al. (2000 report that their tomographic results Sivave diagonal terms. However, for simplicity, we use a diagonal
: P grap data covariance matrix of the forn€Cq = diag(al.z)lf,»fN.

inversions vary little when source effects are included. As _ )

" Tomographic inverse problems are usually ill-posed and re-
for the contribution of the measurement error, we have at; uire a degree of regularisation to deal with data errors and
tributed to each datuy an individual errofoyn}; computed q 9 9

with Eq. (9) ofZaroli et al.(2010. It varies between 0.1 and stabilise the solution. The model covarianCg,, represents

; : ur prior expectation of how model parameters are corre-
3.7, though its average value is 0.49, 0.57, 0.67, 0.73, anﬁated, e.g. high correlation for nearby parameters. We use

1.08 s for data subsets at 10, 15, 22, 34, and 51 s periods, re-

. ) imple model covariance of the for@, = 021 5, wher
spectively. Thus, the total data uncertaiatyfor each datum ?S. pier odg covariance o the fortin = oy v, where
PR 201/2 M is the identity matrix of sizé/ x M. The parametesy,
dilso; = (ox + {UN},') .

influences the solution by damping the model norm and al-
lows us to regularise the inverse problem. Because FF kernels

@)

d71/2
m
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integrate over a volume as wide as several Fresnel zonesgparating “vertical” and “horizontal” parts of the curve.
a simple regularisation parameter (dampingy 1/om is Figure 1 shows the curve of trade-off betweﬁMBH@
sufficient, in our experience, to obtain smoothed solutions.andxr%d(MBk,d10,15,22,34751), One sees that the model with
SettingG’ = C; /*G andd’ = C/%d, one can write (Eq.2)  data misfitx2(MB*, d10,15223451) = 1 is probably under-
as damped as it lies on the quasi-vertical leg of thecurve.

G d’ This indicates that this model is dominated by noise, as will
<M M) m= <0) . be confirmed in Sect. 3.2, and is a reminder of our imperfect
knowledge of the statistics of data erross)( Our estimates
To solve the weighted, damped least-squares problemof o; appear to be slightly under-estimated, which may be
(Eq. 3), we use LSQRRaige and Saunderd982, an caused by non-Gaussian distributions of source and measure-
iterative row action method that converges to solution ment uncertainties. It is possible to estimate observational er-
m* =arg min(||d’ — G'm||3+12||m||3). Care has been taken rors of teleseismic waves using the concept of summary rays
to ensure LSQR convergence with sufficient iterations. After(e.g. Morelli and Dziewonski 1987 Gudmundsson et al.

a first inversion with zero damping, outliers with data mis- 1990. However, the problem is larger for MFT, since very
fit deviations larger thas-30 were rejected for subsequent little experience so far is at hand on the observational error
inversions. Total amount of surviving data As= 287078  sources (e.g. crustal reverberations) that affect narrow-band
(cf., Tablel). Let us defing? = Zf\'zl({d/}i —{G'm*};)? = cross-correlation estimatddansen and O’'Lear{1993 sug-
SN (d}; — {(Gm*})?/o?. Itis a direct measure of the data gest that the optimal damping could be the one maximising
misfit, in which we weight the misfits inversely with their the L curve’s curvaturerfaximum curvature criterion Be-
standard errors. In the perfect case that data are on avegause of some intrinsic arbitrariness in this criterion, it should
age satisfied with a misfit of one standard deviation, webe applied with caution (e.doschi et al. 2006. For in-
find x2~ N, so that it is convenient to define the reduced stance, the. curve has to be a plot of un-dimensional quanti-
chi squarexrzed= x?/N. As always, the crucial choice of ties, by scaling both data and model to prior uncertainty. We
dampingi controls the balance between both minimising the compute the curvature asi) = (o'n"—p"1n')/(0">+1'?)%/2,
model norm|m||3 and data misfi 2, In the following, we ~ wheren = [[MB*||3, andp = xZ((MB*,d1015223451). We
present an objective rationale for the choice.dhat is tai- ~ normalisen and p by their extrema values. The prime and
lored to the MFT problem. double prime mean the first and second derivative with re-
spect tox, respectively. Figurd shows the plot of curvature

« in function of data misfit, superimposed to theurve plot.
The multi-band model maximising is shown with a black
diamond marker, and is namedB“max_ |In Sect. 3.2, we

®3)

3 An objective rationale for the choice of damping

The MFT inverse problem (Eq. 1) is ill-posed in the sense

that. in ab f larisati I ch in the d tWiII identify MB*“max as part of models dominated by noise.
at, In absence of reguiansation, small changes in the dalg, oo, 4ng O’Lear{1993 also suggest that the maximum
can lead to large changes in the computed model solution

) : N curvature criterion may yield an under-damped solution if
This forces us to impose some sort of regularisation of th

e . . e
X . : the L curve is characterised by a “smooth” corner, as it is in

problem to filter out the noise effects, which leads to solv- y

ing (Eg. 3). The big question is how to choose the regu-

our case. Finally, there is a wide range of models with ac-
S . . : ceptable data misfit around tiiecurve bend. Picking one of

larisation parameter (dampirig that gives an appropriate

balance between filtering out enough noise without losing

them is to a large extent arbitrary. This motivates us to de-
tructural inf tion. T ¢ d liable t velop, for the MFT problem, a more objective approach to
fnrucrurﬁilq:]rma 'o'tﬁ'k; ro (i:onvr?rg% f)we}r nsifimorrlfl rel a en (t)r;determine an “optimal range” of damped solutions. It will
Obg agvif age?,t gte tsha de?n “3 S gh ica Nytilssir? rimarily consist in identifying models with “poor data ex-
subjectivity associated 1o the damping choice. Not doing S ploitation” or “dominated by noise”, as summarised in Hig.
could prevent us from correctly mapping into the model the :
) . . . and explained below.
weak S-wave delay-time dispersion observed in our global
data set. First, let us define some useful notations.dlet
be the data subset with central peridd MB* the multi-
band model from inversion af1g 15223451 With damping

3.1 Identifying multi-band models with poor data

exploitation

A, SB%L1 the single-band model from inversion dg4 with
damping)’, and szed(m»dT) the misfit ofdr with model

m. Perhaps the most convenient and widely used graphi
cal tool for setting the damping is thie curve analysis. It

We aim at identifying over-damped models for which the
structural information of data is poorly exploited. This range
of models will be referred to apoor data exploitation
Within this range, decreasing the value of dampirghould

usually consists in analysing the curve of trade-off betweenead to a significant decrease of data misfit while the model
the size of the model (e.g. measured|py||3) and the data  size, as measured by a given norm, should not increase by
misfit (e.g. measured bxr"'ed). One usually gets a charac- too much. Given our regularisation method, it seems nat-
teristic L-shaped curve, with a (not often distinct) corner ural to measure the size of modef* with the ¢2-norm:
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Fig. 1. Summary of our approach for objectifying the choice of Fig. 2. Plot of the curve of trade-off between the mod&-norm,
regularisation parameter (damping). We plot the curve of trade-||MB*||o, and its residual data misfbt,rzed(MBA,d10,15’2234’51).
off (L curve) between the model norﬂrhl,\/lBM%, and its residual A sharp change of behaviour of the mod&-norm occurs as the
data miSfit,szed(MBA7d10,15,2z34,51), as damping. varies. The ~ dampingi gets_lower than a thres_hold val_mgoor, vx_/hic_h is inter-
L curve is displayed with solid-line parts in blue, red and light or- Preted as the signature of data noise starting to significantly pollute
ange, corresponding to different model ranges. Its curvatuie ~ at least one model component. Models with dampingpoor are
shown with a grey dashed line (with arbitrary amplitude scaling). identified as with “poor data exploitation”.
The modelMB“max (black diamond) corresponds to the maximum
curvature of theL curve. The two extreme modelB"°'S€ and
MB PO delimit the range of models “dominated by noise” or “with jncreased while the data misfit continues to decrease. Since
poor d_ata exploitation”, respectively. Ifn Sect. 3.3, we show that thethe ¢°-norm is equal to the model parameter with largest
selection of our preferred mod®IBP™ (black star), from the re- 55ty de, it easily detects the presence of at least one noisy
maln!ngb_optt_lmal range” of permitted models, can be qualified as model component with unrealistic high amplitude. In con-
quasi-objective. trast, Fig.1 shows a smooth increase of ttfenorm of mod-

els slightly less damped than the critical mob#t8 P°°", This

is due to the fact that th&?-norm reflects integrated informa-
llm*|]2 = (311, |m*|%)>/2. However, it corresponds to an  tion over all model parameters, and is less sensitive to a sin-
L curve with a very smooth corner, as shown in Flg.  gle noisy parameter. Therefore, we interpkgéor as being
To render this smooth corner sharper, one may analys¢he smallest damping value for which no model component
a new L curve based on the modér-norm: ||m*||s = is significantly contaminated by noise. The damping range
max(|{m"};|)1<;<m. We further refer to this new trade-off corresponding to poor data exploitation is then defined by
curve as the & curve. It simply is an alternative evalua- A > Apoor (Where poor stands for “poor data exploitation”).
tion of the size of regularised models plotted in function of We have visually checked that tomographic models within
data misfit. Figure2 shows this curve of trade-off between this range of damping do not seem to be deteriorated by
IMB*||o and x2(MB™, d1015223451). As expected, the noise. Finally, as one aims at exploiting the most of our data
corner of the E° curve has been sharpened by €fenorm,  set (e.g. structural dispersion due to wavefront healing), it
but it is interesting to see that two regimes are now apparentnay be rewarding to consider models with a better fit to data
on both sides of a breaking point. Li§oor be the damping  than forMB P, which motivates us to identify models dom-
value for which this change of regime occurs, &t8P°°"be  inated by noise.
the corresponding multi-band model. Fig@&ehows that as
the damping. decreases down to the critical valugor, the 3.2 Identifying multi-band models dominated by noise
£°°-norm (i.e. the largest model component) increases very
gently. One sees that as soon as the damping gets small&¥e aim at identifying a class of multi-band models referred
than this critical value, then at least one model componento asdominated by noiselhe key idea is to take advantage
starts to behave differently: its amplitude is suddenly moreof the expected mutual coherency of delay-times measured
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in different frequency bands (10, 15, 22, 34, and 51 s central
periods). That is, for each ray path, the structural information
should be coherent from one period to the other, but the noise
information most likely not. In the following, using a form of
cross-validation method, we show that the lack of coherency
of the information in different frequency bands can be ex-
ploited to identify models dominated by noise.

3.2.1 Identifying single-band models dominated
by noise

The first step is to identify a range of single-band models,

SB§/4 (inversion of 34 s data subsetz4, with dampingl”),

which are “dominated by noise”. Our approach consists in

testing how well single-band models fit the 10 s data subset

(d10), as damping varies. The philosophy of this approach is

somewhat analogous to the cross-validation (CV) method, in

that we aim at estimating the fit of a modSIE%;) to a data

set @d10) that is similar but not identical to the datdgg) that

were used to derive the model. However, our data partitioning

approach markedly differs from the random subdivision of g 3 jjiystration of the coherency analysis. It consists in testing

data inherent in CV. Partition into frequency bands, based o, well single-band mode|§3§’4 (inversion of 34 s data), fit the

similar sensitivities to mantle structure, seems to make more s data 40) as damping.’ varies. The curve of trade-off be-

sense in the context of our multi-frequency data set. tween the single-band model nortSB5,||3, and its 10's data mis-
Figure 3 shows the corres;ponding curve of trade-off be- fit, de(SBé;pdlo), is characterised by a “reversal” which occurs

tween the model norm||SB3,|13, and its 10s data misfit, for d[:mpingxgoise Single-band models with damping < A/, ..

szed(SBg;l,dlo). This trade-off curve is noL shaped any- are identified as “dominated by noise”.

more, but is characterised by a remarkable “reversal”. Let

Ahoise D€ the damping value corresponding to this reversal, ) . ] . . .

andSngisebe the associated model. One sees that the morthe noise predominant regime. However, its existence will

the damping\.’ is decreased beyond the critical vahfg,, be taken into account for the choice of the preferred model

the more the single-band model gets complex (increase ofSect. 3.3).

[1SB3,l3) while its 10s data misfit gets poorer (increase 3 5 5 |nferring multi-band models dominated by noise
of szed(ssg4, d10)). We interpret as dominated by noise the from single-band models

range of single-band modeSB§/4, with dampingh’ < A ice
(where noise stands for “dominated by noise”). Indeed, forWe aim atidentifying multi-band models dominated by noise
large values of damping’ one expects smooth single-band using our knowledge of the previously identified range of
models giving similar data predictions at all periods. As onesingle-band models dominated by noise. The situation is il-
decreases the dampinginto the domain where we are fit- lustrated in Fig.4. We know that the single-band model
ting the noise more than the structure-imposed trend in theSB33"°% which results from an inversion of the 34 s data set
34s data, one expects that single-band models will fail toonly, is dominated by noise. Therefore, it means that one
satisfy the 10s data, because the 10 and 34s data noigéould not try to fit the 34 s data sefsq) better than does
should not be coherent. Therefore, we consiiBS® as  the modeBSB33" This implies that an acceptable multi-band
the most damped single-band model among those obviousljnodel, which results from an inversion of data at all peri-
dominated by noise. As a consequence, the range of singleé2ds including at 34 s, should not give a better filta than
band models with damping “slightly larger” thafj . .,must ~ SB33"% Let MB"®*¢be the multi-band model (with damp-
somehow be significantly polluted by noise. This may in- iNg Anoise defined as having the “same 34 s data misfit” as
tuitively be understood when looking at the inset in FBg.  the single-band mode8B33'*S, that is x 2 ((MB "¢, d34) =

The more the damping decreases towafls., the more  x2(SB}3°¢ d34). Thus, multi-band modelsIB* with 34 s

the trade-off curve becomes vertical, i.e. decreasing the 10 gata misfit such ag2,(MB*, d34) < x24(MB"°® d3,) are
data misfit costs very much in terms of model norm increaseidentified as dominated by noise.

A priori, one ignores what is the most expensive cost that is

affordable, so that one cannot objectively identify this range

of models with significant noise contamination, i.e. before
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consists in choosing a “preferred” mod®BP'" among
those candidates, i.e. in between the two extreme models
MB"9'S€ andMBP°°" as illustrated in Fig5a. Picking a par-
ticular solution within this range is a matter of compromise
between exploiting most of the structural information (small
damping) and minimising noise influence (large damping).
One cannot avoid some subjectivity concerning this ultimate
choice. Thus, one needs to estimate if this degree of subjec-
tivity can still lead to significant model differences in terms
of structural interpretation. We do this by looking at the level
of correlation between the candidate solutions.

Figure 5b and d shows the correlation of models
MB*|[96Q151q from the optimal range with respect to the

two extreme models1B 09 0601519 ANAMBPO e i

respe_ctively, Wher¢ 9601519 Means that we only consider

a vertical average o% a model over depth range 960-1510 km.

The correlation is displayed for spherical harmonic degrees

[ =1-80. The characteristic horizontal length associated

with degreel = 80, in this particular depth range, is about

400 km. We checked that all correlation results were simi-
Fig. 4. lllustration showing how to infer multi-band models domi- |ar if considering any other depth range through the man-
nated by noise from single-band models. The curve of trade-/off, betle. From hereon, for ease of notation, we drop kagn 1510
tween model norm and 34 s data misfit, is plotted for sing&, subscript on models. The correlation is computed as follows:
dashed line) and multi-bant@*, solid line) models. An accept- |et S, (1) = (Zinz# Al A71*)1/2 be the spectrum of a given
able multi-band model should not give a better fit to the 34s datasquare-integrable functiof defined on the unit sphere, with
(d34) than the single-band modSB_gg'se'. Thus, multi-band models A™ the spherical harmonic coefficients at degesnd az-
with x2 (MB*, d3g) < x24(MB"%'€ d34) are identified as “dom-  jmuthal orderm, and* the complex conjugate. The cor-
inated by noise”. The multi-band modB"°'s®is defined as hav-  relation between two such functions and B is defined
ing the same 34 s data misfit 837" as CortA, B;1) = Z£n=4 A B /(Sa(1)Sp(1)). Figuresb

and d shows that every model within the optimal range has

a correlation coefficient larger than 91%, up to degree

For completeness, the coherency analysis should be ag-= 80, With respect to the two extreme models. This indi-
plied to all combinations of single-band models and fit of cates that this optimal range contains highly similar models,
data subsets. The relatively low number of 10, 15, and 51 4" terms of shear-velocity anomaly patterns. Thus, selecting
data (cf. Tablel) restricted us to analyse single-band models@ny of them would lead to a similar structural interpretation.
derived from either 22 or 34's data. To do this, we imposedHowever, it seems to us wiser to choose the preferred model

the same source—receiver geometry for multi- and singleMBP"® as better correlated tIBP°°" (not significantly in-
band (22 or 34 s) models, so that differences between modelenced by noise) than tdB "¢ (dominated by noise). To
cannot be due to this extraneous factor. We analysed single2UPport this choice, note that models slightly more damped
band modelsSB, (or SB,), with their fit to the 10, 15, 22 than MB 'S¢, though not quantitatively identified, are cer-
(or 34), and 51's data subsets, respectively. Correspondinlﬁ__j’_'nly polluted by noise as suggested at the ergfd of Sect. 3.2.1.
L curve reversals were reached for different values of dampFiguresc shows that our preferred modeB P has a cor-
ing, 2, which mainly reflects, at each period, the data noise"€!ation coefficient larger thary 98%, up to degreé= 80,
level and the sensitivity kernel. We observed that the analysidVith respect to almost every moderIin\;lthln the optimal range
of models derived from the 34's data, and their fit to the 10 s(€*cepted those too close froMB"=). Obviously, such
data subset, lead to identify the narrowest range of accep€mMall model differences are not relevant, so that our choice
able multi-band models. Thus, for clarity, Sect. 3.2 has beerPf @ Preferred solution can be qualified as quasi-objective.

focussed on this case.
o ) ) 4 Looking at mid lower-mantle through
3.3 Quasi-objective choice of preferred multi-band multiple-frequency S-wave delay-times
model
We present here our preferred multi-band modé P,
We have identified aaptimal rangg(cf. Fig.1) of multi-band  at selected depths in mid lower-mantle. It consists in 3-D
modelsMB* with dampinginoise < A < Apoor- The nextstep  shear-wave velocity anomaliedl Vs) resulting from the
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Fig. 5. lllustration showing that the selection of our preferred multi-band mivtipref (black star) is quasi-objective in terms of model in-
terpretation(a) Trade-off curve corresponding to the “optimal range” of models, after identification of those “dominated by MBSE'®

or with “poor data exploitation” 1B P°").(b—d) Plot of the correlation of three specific modelsg "°iSe MBP'ef MB PO as indicated by

white arrows) with several modeldB* spanning the “optimal range” of models (respectively). Correlation is shown for spherical harmonic
degreed = 1-80, and is displayed using the colour scale on the right (black is 100 %, and white is 98 %). One J¢BPfdtas a corre-

lation coefficient greater than 98 %, up to degtee80, with respect to almost all mode¥4B* within the optimal range. The characteristic
horizontal length associated witk= 80 is~ 400 km. Here, the correlation is shown for models averaged over 960—1510 km depth, but we
checked that it holds true at other depths.

simultaneous inversion of a global data set of 287 &8 with epicentral distance\ > 75° were rejected to avoid in-
andSSdelay-times measured by cross-correlation in five fre-terference betwees and ScS This was the price to pay for
quency bands (10, 15, 22, 34, and 51 s central periods). Tectsingle-phase cross-correlation delay-time measurements; al-
nical tomographic details are given in Sect. 2 and in Appen-though BDT can handle multiple phases, to model closely
dices A and B. The construction of such a model was mo-spaced phases as upper-mantle triplicatiorS 8cSheyond
tivated by the recent discovery of significant structural dis-80°, good amplitudes are needed and full waveform tech-
persion in this data set, after correction for crustal and 1-niques are easier to use than ray-based FF kernels. Besides,
D attenuation effects. Taking into account this new observ-as the paraxial approximation is not valid near antipodal epi-
able global tomography holds the promise to better constrairtentral distances, we did not uS&delays withA > 140

the structure of Earth’s interior. Our current data coverage(Tian et al, 2007). Thus, we focus on the mid lower-mantle,

is too sparse below 2000 km depth, owing to the drastic where our current data coverage is the most adequate for
criteria applied byZaroli et al.(2010 for cross-correlating  high-resolution imaging, in the three depth ranges: 660-960,
fully isolatedSandSSwaveforms only. For instanc8waves ~ 960-1510, and 1510-1910 km. In the following, we discuss

Solid Earth, 4, 357-371, 2013 www.solid-earth.net/4/357/2013/



C. Zaroli et al.: An objective rationale for tomography regularisation 365

major structural features in our model, and show its com-
patibility with three other recent global shear-wave velocity
models. We postpone a detailed structural interpretation of
our tomographic results, which is beyond the scope of this
paper.

Figure 6 displays our modeMBP"®f between 660 and
1910 km depth. One can see long wavelength, high-velocity
anomalies concentrated in the circum-Pacific and regions un-
der Asia, as widely documented in the past (€igand Ro-
manowicz 1996 Masters et a).1996 Grand et al. 1997
Van der Hilst et al.1997 Masters et a).200Q Ritsema and
Heijst, 2000 Megnin and Romanowi¢2000 Romanowicz
2003 Montelli et al, 2004ab, 2006 Houser et a].2008 Rit-
sema et a).2011). Geodynamicists now widely agree upon
a link between these broad-scale anomalies and cold down-
wellings from ancient subductions driving an important part
of the mantle circulation (e.@chuberth et 8l12009. For in-
stance, one sees the seismic signature of the ancient Farallon
slab beneath North America (e@rand et al.1997, and of  Fig 6. Tomographic maps of shear-velocity anomalies of our
the remnants of Tethys beneath the Mediterranean/southefifodel MBP'e' at selected depths in mid lower-mantle: 660—
Eurasia (e.gvan der Hilst and Karasqri999 Houser etal. 960, 960-1510, and 1510-1910 km depth. Black lines: continents;
2008. They are usually associated with cold material sink- green lines: tectonic plates; green circles: hotspatsiérson and
ing into the lower mantle. Concerning the Farallon slab, it is Schramm2005.
worth noting that our model features at 960—-1510 km depth
a detached slab beneath the western quarter of North Amer-
ica (Fig. 6d), as recently discussed [8igloch and Miha- plate divergence, excess ellipticity of crust—-mantle boundary,
lynuk (2013. The presence of two large low-velocity re- dynamic surface topography), and is parameterised with an
gions at the core-mantle boundary, beneath Africa and théregular grid. S40RTS and TX2007 are based on RT, while
Pacific, is a common feature found in previously cited whole- PRI-S05 andVIBP™ rely on BDT. Model differences are
mantleS-wave models. These two regions are often referredexpected to come from (i) data sets (type of data, sources—
to as superplumes, and could be feeding up smaller lowseceivers geometry, reference model, correction of attenua-
velocity anomalies in the mid lower-mantle (eDavaille tion and crust, etc), (i) model parameterisation, (iii) model
1999 Davaille et al, 2005 Courtillot et al, 2003 Lay, 2005 regularisation, and (iv) modelling of wave propagation. The
Montelli et al, 2006 Schuberth et al2009. Figure6 shows  four models exhibit an overall good agreement, in mid lower-
that some of them are apparent in our model, most often bemantle, at long wavelengths. As expected, model differences
neath Africa and the Pacific and generally located near tcare more significative at short wavelengths. Fig8ris an
a known hotspot (Tahiti, Samoa, Horn of Africa, Afar, South attempt to better characterise those differences. We show
Africa, etc). the spectra of the four models using spherical harmonics

Figures6 and 7 show that long-wavelength structures, decomposition (Fig8a—c), and the correlation of our pre-
which are very similar across recent tomographic modelsferred model with respect to the three others (Buy-f). We
(e.g. Romanowicz 2003, are well retrieved in this study. find that the correlation is statistically significative up to a
More precisely, Fig.7 shows for visual comparison our degreel ~ 30 in the mid lower-mantle, which corresponds
model MBP™®" with three other, latest generation, global to anomalies of~ 1000 km horizontal length. Note that all
shear-velocity models: S40RTRifsema et aJ.2011), PRI- spectra have very little energy for a degtdarger than 30.
S05 Montelli et al, 2006, and TX2007 §immons et aJ.  Our model is thus well compatible with other recent global
2007. S40RTS results from Rayleigh wave phase velocity,tomographic studies. However, we also report some impor-
teleseismic shear-wave travel time and normal mode splittant differences at short and intermediate wavelengths. PRI-
ting function measurements, and is parameterised by sphe05 andVBP'®f tend to show slightly larger amplitudes, in
ical harmonics up to degree 40 and by 21 vertical splinemid lower-mantle, than S40RTS and TX2007. These model
functions. PRI-S05 anMB "' result from cross-correlation  differences may partly be explained by the theoretical frame-
shear-wave delay times measured in one or several frequenayorks (e.g. BDT can compensate for wavefront-healing ef-
band(s), respectively. They are irregularly parameterised acfect but RT cannot) or by the different nature of the data
cording to data coverage. TX2007 results from a joint in- sets. However, a significative part of these differences likely
version of seismic data (teleseismic shear-wave travel timesgomes from the used tomographic recipe for mapping the
and geodynamic constraints (global free-air gravity, tectonicdata into the model. We think an important ingredient is the
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Fig. 7. Visual comparison of our modeMB pref |eft column) with three other global shear-velocity anomaly tomographic models (S40RTS,
PRI-S05, TX2007), displayed in mid lower-mantle with respect to IASP91 and after projection onto our model parameterisation.

Fig. 8. (a—c)Spectral amplitude as a function of spherical harmonic debjze&-50 for four tomographic models in mid lower-mantle:

our modelMB Pref (black), S40RTS (blue, plotted up to= 40), PRI-S05 (red), and TX2007 (gree—f) Correlation as a function of
degred between our moddViB Pref and the three other models: S40RTS (blue), PRI-S05 (red), and TX2007 (green). The black dashed- and
solid-lines indicate the 95 and 66 % significance levels, respectively.

subjective amount of regularisation used in the inversion. In5 Conclusions
the case of global MFT, we have shown how to strongly

lessen this subjectivity, and hence counteract ourpoorknowIA recent focus in global tomography has been to exploit

could help to converge towards more objective seismic ima B_fnuIUpIe-frequency body-wave delay-times (referred to as

. : ; MFT) for better constraining the 3-D velocity structure of
ing of the mantle, which could strengthen the comparison of , . . : . X

: . Earth’s mantle. Solving such a linearised ill-posed inverse
different tomographic models.

problem requires the determination of an optimal value of the
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regularisation parameter (damping). Poor knowledge of dataAppendix A
uncertainties often makes the selection of damping rather ar-
bitrary, which leaves the choice of optimum model to the in- Multi-resolution model parameterisation based on
vestigator. This issue is even more important for MFT, sincespherical triangular prisms
to date there exists little understanding of the observational
error sources that affect narrow-band cross-correlation estiVe assume that the whole-mantle shear-wave model is de-
mates. To go beyond that subjectivity, an objective rationalescribed by a finite number of parametens;)1<;<um. Thus,
for the choice of damping in the case of MFT has been prethe continuous model is given by (r) = Zyzlmjbj ),
sented and validated using a large data set of 28%0%8ve  where the basis function$,, represent the model param-
delay-times measured in five frequency bands (10, 15, 22, 34eterisation. A major constraint in global seismic tomogra-
and 51 s central periods). First, we have shown how to takephy is the irregular illumination of the mantle, due to the
advantage of the expected coherency of delay-time estimateson-uniform geographical distribution of earthquakes and
in different frequency bands. That is, whereas for each rayreceivers. In most tomographic studies (e-puser et al.
path the delay-time estimates should vary coherently from2008 Ritsema et a).1999 2011), the spatial variability in
one period to the other, the noise most likely is not coherentthe data’s resolving power is largely ignored by using uni-
Thus, we have shown that the lack of coherency of the infor-form basis functions (e.g. cubic cells or spherical harmon-
mation in different frequency bands could be exploited, us-ics). An alternative is to use a multi-resolution model grid
ing an analogy with the cross-validation method, to identify that is adapted to the spatially varying constraints of the data
models dominated by noise (under-damped). In addition, we(e.g. Michelini, 1995 Spakman and Bijwaard@001;, Mon-
have shown that analysing the behaviour of the mdéel telli et al, 2006 Simmons et a).2009. A brief review on
norm, as damping varies, could give us access to the signdrregular parameterisation can be foundSambridge and
ture of data noise starting to significantly pollute at least oneRawlinson(2005 andRawlinson et al(2010. In this study,
model component, and thus could help us to identify modelswve have built a model parameterisation that attempts to be
constructed with poor data exploitation (over-damped). Weadapted to the scale of the smallest structure one may ex-
have shown that the selection of a preferred model from thepect to resolve with the data. The whole mantle is divided
remaining range of permitted solutions, i.e. models neitherinto 18 spherical layers, whose thickness varies between 100
dominated by noise nor with poor data exploitation, could and 200 km (FigAla). Each layer is divided into a set of
be qualified as quasi-objective. Indeed, the selected modedpherical triangular prisms, whose spatial distribution is lat-
shows a high degree of similarity with almost all other per- erally irregular. The vertices (nodes) of the spherical trian-
mitted models (correlation superior to 98 % up to sphericalgle at the top of each prism represent the model parameters
harmonic degree 80). For completeness, the resulting tomofred dots in FigAlc). We follow the strategy oNolet and
graphic model has been presented at selected depths in miontelli (2009 to find an optimal node distribution in each
lower-mantle (660-1910km depth), and shown to be comdayer, based on the ray density, that attempts to maximise the
patible with three other recent global shear-velocity models.extraction of structural information from the data. The ma-
In conclusion, we believe that the presented rationale, for objor difference of our approach is that we do not use tetrahe-
jectifying the choice of damping, could benefit various stylesdra to fill in the mantle. We prefer to use spherical triangular
of the inverse problem. For instance, the coherency analysiprisms (Fig.Alc), spanning constant-depth spherical layers,
could easily be applied to other data types, provided that dathecause this makes the refinement of the model grid sim-
could be subdivided into subsets with similar sensitivity to pler. The total number of nodes we use to parameterise the
model parameters — as we did when subdividing our multi-mantle isM = 38125. Node spacing ranges from about 200
band data set into single-band subsets. A wider applicatioito 800 km. The current coverage of seismic stations gener-
of this rationale should help to converge towards more ob-ally allows us to have closely spaced nodes in the Northern
jective seismic imaging of Earth’s mantle, and thus to betterHemisphere; node spacing is coarser in the Southern Hemi-
understand its dynamics. sphere. Figuré1b shows an example of the node distribu-
tion obtained in one layer (530—-660 km depth). Note how the
model grid has been refined beneath seismically active re-
gions where the ray density is relatively high. The entire set
of nodes (latitude, longitude, depth) of our global parameter-
isation is available upon request from the first author.

www.solid-earth.net/4/357/2013/ Solid Earth, 4, 35371, 2013



368 C. Zaroli et al.: An objective rationale for tomography regularisation

Fig. Al. lllustration of the model parameterisatidia) 18 constant-depth spherical layers used for radially parameterising the ngajtle.
Optimised node distribution (black triangles mesh) obtained in one layer (530-660 km depth). The nodes agency attempts to fit a “resolution
length” function, ranging in this case from 210 (magenta) to 850 km (cyan), that is driven by data co(@rBgeresentation of a spherical
triangular prism, where the red dots represent three nodes of the model grid.

Appendix B

Analytical expressions for finite-frequency ray-based
sensitivity kernels

We aim at deriving analytical expressions for single-phase
(Ks, Kss) and two-phase interferenc& {5, Ksstsss)
kernels, in order to decrease the computational cost of
banana-doughnut kerneB#&hlen et al.2000. This is valu-
able as we aim at computing hundreds of thousands of ker-
nels on a very fine grid (regular cells with edges of 20 km);
and it may be useful for double-checking the validity of nu-
merical calculations. Examples of such analytical kernels are
displayed in FigB1. The finite-frequency delay-time sensi-
tivity kernel of a single-phase, with respect to velocity per-
turbation §c/c), is (Dahlen et al.2000

K(ry) = — ot Ry N(AD)
X 2mc(ry) crRyr Rys D . . . . . ..
X 4. P Fig. B1. Three-dimensional view of “analytical” ray-based finite-
N(A®) = [ @®|i(0)|*siNwAT — A®]dw (B1) frequency delay-time sensitivity kernels. Each subfigure provides
o0 0 the phase nameS(or SS9, the dominant wave period (10 or 515),
D = [ o?|m(w)|*dw, the epicentral distance (8%or S, 12¢° for S, and the colour scale
0 bounds (s krﬁ3). The source is at the surface, and the black dashed

) ) - ) line represents the geometrical ray path.
wherer, is the spatial position of scatteret A® is the

phase shift due to passage through caustics or super critical

reflection, R,s, Ry, Ry are the geometrical spreading fac- rect phase (e.g S9 with its associated depth phase (&8.
tors, [ri()|? is the source power spectrus7 is the detour  sS$within the cross-correlation time window. The kernel as-
time of the scattered wave; andc(r,) are the velocities  sociated with two-phase interference Baflen et al.2000

at receiver and scatterer position, respectively. Earthquake

catalogues contain a large majority of shallow earthquakes,

which implies to take into account the interference of a di-
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For two-phase interference kernel&s(iss, Kss+sss), we

find

K1i2(ry) = — gt M2(82)

Zrelro) - Disz N142(AP=0)=y/[delHD)[(/ (ATD)+I (AT1+11—12))
N112(AD) = [ &3|rit(@) |- 114200 +/1detH2)[(1 (AT2)+1 (AT2+12—11))

0 Iix— eGP Hg(22) 7 (2)°
[ Jipe=[.Jut [ Jiz+ [ Jaa+ [ 22 Hs:x — 32¢5— 160x3+120x (Hermite polynomial of order)s
[...]11=+/IdetHy)|sINwAT; — AD) (B2) Nip2 (Ad=—7)=/[detHD[(J (AT)+J (AT1+11—12))
[...J12=VIdetHy)[siNw(AT1 + 11— 12) — AD) +/1detH2)[(J (AT2)+J (AT +12—11)) (B4)
[...]21= [detH2)[SiNw (AT + 12— 11) — AD) J:x—>25(l)10< 4_ 9(xg)2+2(T)4)
[ 122 = [deUH)|SiN@AT, — A®) BV (1) xe P (x-S () + £ (7)) ()
Dy = [ 2(1+ codw(n — 12))e? ir() |*do, Dijp=1273 (%) 2y 00

° yix— 81 (%) e ( -12(30)°+12(£)").

where “1” and “2” stand for the direct and depth phases, and

wheret;, AT;, andH; are the predicted arrival times, detour We use the derived Maclaurin series expansion for the evalu-

times, and Hessian matrices of the direct=(1) and depth  ation of the imaginary error function, which is

(i = 2) phases, respectively. Provided the filtered source time

function m(¢) has a known analytical expression, one sees, tfi(z) = / +;z

that it is possible to calculate analytical expressions for both f

single- and two-phase interference kernels. We only need to

calculate the ratios of integrals owerin Egs. (B1) and (B2);  The numerical approach &impson et al(2003 is used to

the remaining terms can easily be computed using the softestimate the number of terms needed for the series to con-

ware byTian et al.(2007), available athttps://www.geoazur. verge. We find thak = 10 is appropriate in our case. For

net/GLOBALSEIS/Soft.html Thus, followingHung et al.  completeness, note that for compound r®% $S sS$, one

(2001), we assume a Gaussian filtered source time functiorscatterer can, sometimes, be associated to more than one per-

_(%)2 with pendicular projection point on the geometrical ray path (e.g.

Hung et al, 200Q Tian et al, 2007 Nolet, 2008. Thus, for

scatterers near a discontinuous interface, such as the surface,

we made sure to take into account incoming rays that hit the

scatterer directly as well as those that first visit a boundary.

-1

Z 7 (2n— 1)(( -1y

(BS)

whose spectrum is given by (w)|? = %1~
T the dominant wave period. This assumption is appropri-
ate for S-waves within the 10-51 s period range. Unless the
wave is super-critically reflected, with an angle-dependent
phase shift A® takes three possible values: 07 /2, and
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