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Abstract: The problem of the maximum disjoint paths in directed acyclic graphs (DAG) was researched which is to find 

the maximum disjoint paths with length k between two given vertices. A greedy algorithm named greedy path (GP) was 

proposed to solve the problem. GP transformed a DAG into a nettree with depth k+1 at first. Then the number of root-leaf 

paths for each node of the nettree was calculated to achieve the number of total paths for each vertex of the DAG. In order 

to obtain an optimized disjoint path, GP selected the node in the (k+1)th level of the nettree as the current node, and 

searched for the optimized parent in the usable parents whose number of total paths was minimal. This process was iter-

ated, until there was no disjoint path. The space and time complexities of GP are O(wkn(p+q)) and O(kn(p+q)+n

2

). To 

evaluate the performance of GP, an algorithm which can create artificial DAG with known maximum disjoint paths was 

also proposed. Experimental results show that GP can get better performance than other competitive algorithms. 

Key words: directed acyclic graph; length constraint; disjoint path; nettree 
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�nQ?@$%; 

4) end for  

5) return PR 

4.1.5  
��
 

ø � : � OptimizedMost Z LeftMost ^

RightMost� 3;�E��>��=�jÝ POZPL

^ PR	 3;���GPZLP^ RP'(I=�+�

´��� 3;��¾jÝ�lm'(>�a~Fú

û¾4c��(I�� 3;��
 !+T��n

��� P>}jÝ SP'(>z'(Wk�  

�� 5  SP 

y|Ï�[�_T GZsZt^ k 

y�Ïnh�����î4 C 

1) ÚÛ Transforming '(>Ô�[�_T G

Õ£�~Ö"×; 

2) �' N(G,s,t,m)��; 

3) do while N(G,s,t,m)>0 

4) PL=ÚÛ LeftMost��ÜÝ���) 

5) ÚÛQ® 4�' PL+T���� NL; 

6) PR=ÚÛ RightMost��ÜÝ���) 

7) ÚÛQ® 4�' PR+T���� NR; 

8) PO=ÚÛOptimizedMost��ÜÝ���) 

9) ÚÛQ® 4�' PO+T���� NO; 
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10) P=PLZPR ^ PO 
+T���n��

��) 

11) ÚÛ PÁ� used2O) 

12) C=C�P 

13) G=G−P 

14) Á� N(G,s,t,m)��) 

15) loop 

16) return C) 

³� SP'(>O���� GPZLP^ RP'(>

��¹(Wk� 

GP�� 

SP'(
��H 4)8 7)7�H 10)7>ErÔ

H 11)7��ÚÛ POÁ� used2O� 

LP�� 

SP '(
��H 6)8 10)7>ErÔH 11)7

��ÚÛ PLÁ� used2O� 

RP�� 

SP'(
��H 4)8 5)7�H 8)8 10)7>E

rÔH 11)7��ÚÛ PRÁ� used2O� 

�kjÝ� 4;�E�lm'(>� SPZGPZ

LP^ RP'(� 

4.2  ���� 

�� 1  LPZRPZGP ^ SP '(�uHst

Lº� O(kn(p+q)+n

2

)>�� k, n, p^ q=�IK

LMNZT
B%2ZT G 
B%�nh|L^

nh�L� 

��  TG�u�/0�uHstL�O(n

2

)�

"×�{L� k+1>>Ø>n
� nF"×$%>

ØF$%n
� pF?@^ qFA�>�� p^ q

=�IT G
B%�nh|L^nh�L>©`:

d~Ö"×Ì�uHstL� O(kn(p+q))��dI

LeftMost��^RightMost��TIOptimizedMost

���Ì� O(k)þ:dÜÝ���>¾ LPZRPZ

GP^ SP'(�Ì�x� used2OþÀ�T G


�ÈFB%IJw"x��>used 2O�h��

O(n)���>LPZRPZGP^ SP'(�uHstL

º� O(kn(p+q)+n

2

)�e�� 

�� 2  LPZRPZGP^ SP'(�rHstL

º� O(wkn(p+q))>�� wI���m� 

��  no=� Transforming '(rHst

L>J3'(H 3)7��_G2� O(k))H 4)^

15)7"×H j−1>^H k>$%2n
���nF>

©`�_G2� O(n))H 6)7��_G2� O(q)>

�� q�T�nhB%�L)¾H 5)7^H 7)~11)

7��H 16)7º� O(1)rHstL2�Ý>©`

Transforming'(�rHstL� O(knq)� 

3w=� LeftMost���rHstL>LeftMost

��H 2)7�rHstL� O(k))ØF$%n
�

pF?@>©`� !nP?@��
>n
� O(p)

; !>�� p �T�nhB%|L)¾`fÈF

$%IJx�ZZÌ�� used2O
��z?@$

%IJx�>©`�ß�rHstL� O(1))�k

LeftMost ���rHstL� O(kp)�Ec>

RightMost���rHstLD� O(kp)� 

¾ OptimizedMost��
>H 1)7ZH 4)7^

H 12)7��_G2º� O(k))"×�Ø>n
� n

F$%>ØF$%n
� pF?@^ qFA�>©

¾H 2)7^H 5)7�rHstL=�� O(nq)^

O(np))H 6)7�rHstL� O(n))H 13)7�r

HstL� O(p)>©`'(
��H 8)~10)7Ga

�rHstL� O(k(p+q))>¾H 9)7rHstL�

O(k)>©�~FB%n
� k+1 >�"×��ø O(k)

G>¾H8)7��_G2�nG>©`OptimizedMost

��ÙSrHstL� O(kn(p+q))� 

�'AÁ� N(G,s,t,m)���rHstL�

O(knq)>�I©�"×� O(k)>"×$%>Ø>n


� O(n)F$%>ØF$%�A�I O(q)�ý�

SP'(�H 1)Z2)Z5)Z7)Z9)^ 14)7�rHst

L�� O(knq)�¾H 10)7�rHstL� O(1))

H 12)^ 13)7�rHstL�� O(k)�SP '(�

H 3)7nh�_G2� wG>�� w�T
nh�

�����b����k SP '(�rHstL�

O(wkn(p+q))�6¾ LPZRP^ GP'(�rHst

LD�� O(wkn(p+q))�e�� 

op� 4F'(�rHstL��j,���

E>qI&1 SP
��� LPZRP^ GP'(>©

` SP'(ÔIn��'(>¾ë GP'(D©��

LP^ RP��st>ù GP'(ÔIG�'(�¾

LP^ RP'(�rHstLù� �E� 

4.3  	
�� 

(QWT 2ý���[�_T>l�B% 1ï

B% 8��KL� 4�nh������ 

GP '(�¡���WkÏnoÔz���

Transforming'(Õ£�WT 3ý��{L� 5>�

~Ö"×�&1T 3
�¢£�"×$%º�ÂïC

H 5 >$% 8@�

8

5

n C>©`�É$%+�'���
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�Ü÷¦��>g1�«$%���¤¥5¦>T 4

�ú£w�{L� 5>�~Ö"×�kYpqW¦§

¨Þ£������~�� 1ï 8KL� 4���� 

 

� 2  $%����� 

 

� 3  &�' 5(�$)
� 

 

� 4  *+,�
� 

+z£úw�"×>§¨,(1)^,(2)�'H 2

>8H 4>NF$%�×6��2^=���2>�

��À��T 5
ØF$%��¹>“©”ª²Y�2

���z$%�×6��2)“©”ªwY�2���

z$%�=���2�§¨,(3)���'�>$%

2

2

n

�×6=���2� 1©2=2>�lIé>�B% 1

ïCB% 8���KL� 4�i�k>���
H 2

FVW"�B% 2���	� 2�>�íb�� 2�

��@�<1,2,3,5,8>^<1,2,3, 6,8>C�H 2VW�B

% 2 �~\�Ec>���'�$%

3

2

n ^

5

2

n �×6

=���2º� 1)$%

3

3

n Z

4

3

n ^

5

3

n �×6=��

�2=�� 2Z1^ 1)$%

5

4

n Z

6

4

n ^

7

4

n �×6=�

��2=�� 1Z1 ^ 2�§¨,(4)���'�NF

B%�×6=���2>&1B% 3�T 5�"×


2 G�s�ø>©`B% 3 �Ù��2

T(3)=

p

N (

3

2

n )+

p

N (

3

3

n )=1+2=3)¾B% 5�"×
 3

G�s�ø>ý�B% 5 �Ù��2 T(5)=

p

N (

5

2

n ) 

+

p

N (

5

3

n ) +

p

N (

5

4

n )=1+1+1 =3�¾B% 2Z4Z6^ 7

�×6=���2=�� 2Z2Z1^ 7�§¨Þ£�

����Y>$%

8

5

n � !?@���
� !$%

×6=���2n��?@$%>©` !$%

6

4

n �

¾$%

6

4

n Z� 1F?@$%

3

3

n >©` !$%

3

3

n )

³�$%

3

3

n �« !�D~�?@$%

2

2

n >�kl

§¨OptimizedMost��jÝ�~���<1,2,3,6,8>� 

 

� 5  -./0��1"#2345"#2�
� 

�B% 2Z3^ 6������i�k>��"×

WT 6ý���B% 2Z3^ 6����i�k>§¨

,(1)^,(2)�'H 2>8H 4>NF$%�×6��

2^=���2>���WT 7ý��?+T 7>Þ£

����Â��<1,5,4,7,8>���ý�´�GP'(Â

ã�� 2���>=��<1,2,3, 6,8>^<1,5,4,7,8>� 

 

� 6  67/0�89:�
� 

2015145-7 



� 8� 	
��
������������������� !"# �45� 

 

 

� 7  ;<,�
� 

ÚÛT 4>$%

8

5

n R� 3F?@$%>=��

5

4

n Z

6

4

n ^

7

4

n >&1´�nP����� !$%

8

5

n ?@$%��
> !�$%

5

4

n >¾$%

5

4

n Z

� 1F?@$%>©`nP�����G !�$

%

3

3

n >Gw !�$%

2

2

n >�k´� LeftMost �

�������<1,2,3,5,8>>©` LP'(���l

Z�<1,2,3,5,8>�Ec>§¨nQ����>��

����<1,3,5,7,8>>L RP '(���lZ�

<1,3,5,7,8>>L SP'(«í GP'(���E>º

�<1,2,3,6,8>^<1,5,4,7,8>� 

³�`ì7b¯���� GP '(R�Wk 3

FÞ%� 

1) �H k+1 >×=$%[×6$%���×

6=���~QÂã¬C×6$%ëKLóôM

N k��l>ÃGù�~Q��T 3����>�

×6$%[k��×6=���>�r}�Â¬C

H 5>=�$%

8

5

n >̄ W~­×6$%[k !�

$%

4

2

n >ùn{¬CH 4>�$% 8>�

8

4

n >̀ r

��KL� 3>�óôKL 4 �MN>W�´�`

¹,��~�KLMN��>��¤¥å´�®¯

��¹(>�Y®¯���rHstL�¿2j

,��T 3��°±å��>�=�$%

8

5

n [��

�×6�ý���KLº� 4��k�ÜÝ~�K

LMN�����
>¤¥�¿2j,�®¯��

���>� O(k)rHstL2��m²� 

2) GP '(´�"×�¢�q��¹%å�'

� N(G,s,t,k)>¾ë���'�T
ØFB%�Ù�

�2�op´�/01(��m²�É��>qI

³´�h>©�-��h°����'��T 4


����>GP '(Z+"×
�P�$%�'�

×6=���2>¾´�/01(ùÌ�+ý�B

%��'�Á����I>´�"×�¢�1�H

k+1 >×=$%��jÝ~�KL� k �×6=�

��>¾/01(ù�1bø� 

3) ÚÛT
B%�Ù��2µ¶�1¢&lm

'(�GP'(lI·�B%�Ù��2µ¶>�g²

$%�¸>ØG !Þ£?@$%>�`67lm� 

5  ������� 

5.1  �
�� 

�����h� ��[�_T>}��zT


nh�����2>Í�áâ����ÜÝ'(

DPC(disjoint paths creation)�z'(��ÚÛ�¹

y|� n, k^ dþ�ºÜÝ�B% 1ïB% n��

KL� ki�k>nh����2� w��[�_

T>�� d ��T
E»L>w �~Fh1 0.7 ¼

cdnh�����2@z2�

2

2

n

k

−
−
C��º2

@½Ï©�W�nh�����¾9ë�E»L�v

i�k>÷¦~;'(��+�������I°�

m>©`�1�þ89'(���>�~%�wY�

bè
D�ýSø)�z'(´��rcWk� 

� 1�  �ºÜÝ w(k−1)F�E2¿>�ÀÁ

� 2ï n−1>ØF2¿��~FB%Â� 

� 2�  áâ~�KL� k����Ø k−1F

2¿íB% 1^ n~Ã¢Ý~�KL� k���>

RSÄ(I�²~F2¿B%[w~F2¿B%

áâ~��[E>3wB% 1[� k−1F2¿
H

~F2¿B%áâ~��[E>nw~FB%[B

% náâ~��[E� 

� 3 �  ÅÆH 2�>Çïáâ w�KL� k

������� 

� 4�  �ºeE��ºÜÝ 2Fp1 1ï n−1

GH�2¿ a^ b>̀ f� aï b��[EIJ:�>

W�:���ÜÝ)W� aí b�E>D��ÜÝ)

W�«�Ü��D��ÜÝ@�B% b�¸>ÚÛg

²TG�ÈÉ>́ �ÊLÞoÒÓ��>W�Âã�

ïB% a>éf:���C>Çï��ÜÝ~Oóô

�l�2¿>3w�B% a^ bGHáâ~��[E� 

� 5�  ÅÆH 4�>ÇïT
E�»L��

¹¿Q� d�wËÌ� 

&1H 2�^H 3�Íe�B% 1ïB% nG

H� w���KL� k������>}ëH 4�

�ÜÝE���
 b nh� n−1>�Âtï n>�

kB% n�|LlZZ� w>�kl�Í�ºÜÝ

��[�_T�B% 1ïB% nGHn
Z� w�
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��KL� k������� 

5.2  �
�� 

��èeÍ�'(��75>ÔB%2cQ�

n=200�� 1 (�� k=�� 5Z6^ 7�ijk>

E»L=�� 0.06Z0.08Z0.1Z0.12Z0.14Z0.16Z

0.18Z0.2Z0.25Z0.3Z0.35Z0.4Z0.45Z0.5Z0.55

^ 0.6 �ijk>bÎ�ºÜÝ�nh�����

2 w�Íbè
 ] 48Ï�[�_T�� GP* 4

;'(�zÆÐº��� http://wuc.scse.hebut. 

edu.cn/djp/index.htmkÑ� 

� 1  �������	
��
���� w/� 

d k=5 k=6 k=7 

0.06 36 30 27 

0.08 41 30 24 

0.1 44 34 26 

0.12 36 30 25 

0.14 44 35 28 

0.16 39 32 28 

0.18 44 29 28 

0.2 42 35 29 

0.25 35 28 32 

0.3 39 29 28 

0.35 40 31 27 

0.4 43 29 29 

0.45 42 30 26 

0.5 42 28 28 

0.55 40 31 29 

0.6 43 32 28 

 

� 2~� 4=�(��� k=5Zk=6^ k=7rN

F'(���nh�����2� 

� 2  k=5��������
��
����/� 

d LP RP SP GP 

0.06 27 29 33 33 

0.08 32 30 36 39 

0.1 34 36 41 42 

0.12 32 32 36 36 

0.14 36 36 43 43 

0.16 34 37 39 39 

0.18 35 37 43 44 

0.2 38 35 39 40 

0.25 31 34 35 35 

0.3 36 35 37 37 

0.35 39 38 40 40 

0.4 40 37 42 42 

0.45 38 40 41 41 

0.5 39 42 41 41 

0.55 40 39 40 40 

0.6 42 38 43 43 

� 3  k=6��������
��
����/� 

d LP RP SP GP 

0.06 21 21 26 26 

0.08 23 24 28 28 

0.1 24 26 32 32 

0.12 23 26 28 28 

0.14 28 27 35 34 

0.16 28 26 32 32 

0.18 26 26 28 28 

0.2 28 29 35 35 

0.25 24 25 28 28 

0.3 27 27 29 29 

0.35 31 29 31 31 

0.4 27 29 29 29 

0.45 28 29 30 30 

0.5 28 28 28 28 

0.55 30 28 31 31 

0.6 31 32 32 32 

� 4  k=7��������
��
����/� 

d LP RP SP GP 

0.06 20 20 24 23 

0.08 19 19 24 24 

0.1 20 19 25 25 

0.12 20 19 24 25 

0.14 21 22 27 27 

0.16 23 21 27 26 

0.18 24 21 27 27 

0.2 23 25 28 28 

0.25 28 25 31 31 

0.3 23 23 27 27 

0.35 25 26 27 27 

0.4 27 27 28 28 

0.45 24 24 25 25 

0.5 26 27 28 28 

0.55 28 27 28 28 

0.6 26 26 27 28 

 

��°±åÒÓ��EE»Lk¥;'(�

��Ô��>��ÔE»L=���^�v 2;>

���E»LI¿E»L� 0.06~0.20 GH)¾�

v�E»LI¿� 0.25 ��>� 0.25~0.60�� 5

(�����KL� 5Z6 ^ 7 �� ]b¯k>

�EE»Lk 4;'(�Xº���� 
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� 6(�� LPZRPZGP�� SP'(�N;

ijk�Xºì7rH� 

5.3  �
���� 

1) ³�� 2~� 4>��O��å¸ø GP ^

 

� 8  k=6:=%>?�@AB 

 

� 9  k=5:=%>?�@AB 

 

� 10  k=7:=%>?�@AB 

� 5 ������������ !" 

k=5 k=6 k=7 C6 

>? 

d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 

LP 82.2% 94.1% 78.8% 95.0% 79.1% 91.2% 80.3% 93.5% 

RP 83.4% 93.5% 80.4% 95.4% 77.2% 90.3% 80.8% 93.2% 

SP 95.1% 98.5% 95.7% 100.0% 95.8% 97.4% 95.5% 98.6% 

GP 96.9% 98.5% 95.3% 100.0% 95.3% 97.8% 96.0% 98.7% 
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SP'(�bè��fJ�1 LP^ RP'(���

48Ob¯
>��¸ø�
� 47Ob¯ GP^ SP

'(�bè���JÕå�1A*E1 RP ^ LP

'(>¯W�� 2 
>gE�»L� 0.08 r>RP

'(ZZ�ï 30���>LP'(�ï� 32���>

¾ GP'(�ï� 39���>SP'(D�ï� 36

���>��m�I°�ï�JÕ�ªv�Z�

k=5>E»L� 0.5 �~Ob¯>RP '(Ö�t�

� 42>+�� 1>�Yzb¯�mI 42>¾ GP^

SP '(�Zt�� 41�©`³�bè����R

=éfGP^ SP'(m�I°Þ1 LP^ RP'(�

&Ý�kø×�r©ILP^RP'(�I���º

5'(>�º5'(��ÂÖ��ï~Fb¯�n

Þm�¾ GP^ SP'(�ÐÑ'(>I�±�� 

!5'(>©`m�I°ÂãJÕÞ1 LP ^ RP

'(� 

2) Ø��E»L�¨v>4 ;'(��Ô�

�D¤øªvÙÚ�¯W�T 8 
>gE�»L

� 0.06r>LP^ RP'(����M� 70%>¾

gE»LCï 0.30r>� 2F'(��Ô���

� 95%>¾gE»LCï 0.35 r>LP '(��

���Û3Cï� 100%>¾�T 9^T 10
O

��ÜÝï�k�ø×�`a>� 5 ÁI°±å

�2¿j,Ô�~ø×ÒÓ�þ>���ï>g

E»L��r>LP^ RP'(������hM

� 80%PQ>¾gE»L�vr>LP^ RP'(

�Cï� 95%PQ�¾ GP^ SPD����i�>

�E»L��r>89���� 95%��)gE

»L�vr>� 2 F'(����CïA��

98%��>Æ�Ig k=6 r>� 2 F'(���

Ô���I 100%� 

3) LP ^ RP '(���������E>GP

^ SP'(�����D���E�&1 LP^ RP

'(�Ig1�º5'(>ý��� 5
��>g

E»L��r>� 2;'(�Xº����� 80%

PQ)¾�E»L�vi�k>����� 93%P

Q>�I&�º'(��ºÆ5²Q��¾ GP ^

SP'(�E»L��i�k>���Cï� 95.5%

��>¾E»L�vi�k>�����Cï 98.6%

��>�I&1 GP^ SP'(�I�±�� !5

'(>ë SP'(Þ�IÚÛ GP'(���67 

!���� 

4) �� 6
����>Ø�� k��¨e>�

4 ;'(�XºlmrH��ý¨e�¯W GP '

(� k=5Zk=6^ k=7�i�k>ì7rH� 17.4 ms

ßà¨hï 25.8 ms�̀ a>E»L¨eD«á\'

(�lmrH�¨e>�I&1E»L¨e>»3

«â¸T
B%�nh|L^�L�¨e>¾ 4;

'(�rHstLm�
�:�T�|L^�L�

&1 LP^ RP'(�g1���º'(>©`Xº

ì7rHh\�E>�� 16 msPQ>¾ GP'(

&1�~Q2°�ì'>©`rH�K�SP'(&

1Ì�� LPZRP ^ GP '(�m
67 !>©

`æç��n�st>Xºì7rH� LPZRP^

GP '(ì7rHÙ^T�K���>� 6 �Xº

ì7rHí 4;'(rHstL=�~\>èe�

rHstL=��Ô�5� 

5) �'(�ã�LäL���� GP'(�

ã�Ln�>³�i�k��Ât�n����

��`a>SP'(bè��éfúûåÔ��6

7åæ>Gw�ç
��
 !+T��n��

��>�~�(�16~�ªv'(����>

è8�ÈÉi�k��Âá\�������¾

�ì7rHäL�>SP'(�ì7rHDhhK

1�ê 3 ;'(�¾ GP '(�ì7rH>é3

��º'(�ì7rH�K>qIÚ3O#>X

º 30 msPQl��+ 200FB%�T��67

êc>�éfz'(R�Oë�b�5�©` GP

'(�dI�m�I°¹Y>TIì7$L¹Y

º�7�c��'(� 

� 6 ������������#$�%/ms 

k=5 k=6 k=7 C6 

>? 

d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 d=0.06~0.20 d=0.25~0.60 

LP 13.3 20.5 15.6 24.4 20.1 28.9 16.3 20.5 

RP 13.9 20.1 16.2 24.6 19.0 29.1 16.3 20.5 

SP 46.3 103.9 53.3 110.9 55.5 124.2 51.7 82.4 

GP 17.4 34.0 20.8 36.5 25.8 41.4 21.3 29.3 
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