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A Kind of Conserved Quantity Induced by Lie Symmetry
of Nonholonomic Mechanical System

SHEN Yue, ZHANG Ling-tan
(College of Science, China University of Petroleum, Qingdao 266580, Shandong, China)

Abstract: It represents important not only theoretical but also practical significance to study the symmetry
and conserved quantity of nonholonomic mechanical system. A kind of conserved quantity directly in-
duced by Lie symmetry is studied by using infinitesimal group transformation analysis. Firstly, the criteri-
on of Lie symmetry for nonholonomic mechanical system is given. Secondly, the existential condition of
the conserved quantity and its forms are obtained. Finally, an example is given to illustrate the applica-
tion of the results.

Key words: general mechanics; nonholonomic mechanical system; Lie symmetry; conserved quantity

0 35l

X PR g A R B v B R Ok
PRYEBOSAVFZ M, Horh —> 8 20 &t 2
KeFRAHEE, SPEEAMUAA EENBFE X,
117 HLS ey 3R G IR 2 A BT, FEA R ) 2 R S i
TR TE OL T IR RE R B R G2y
—SuspiE X T RGP ELRAS IR N TR
PER A BA R TR L, b ok
AR T FR gy 4 & 0 O PR Oy sk E A
Noether X} Fx 41" 72! | Lie %FFR M) A1 Mei X #R
4o » Noether X} R4 & 4t 1Y Hamilton 15 FH &
TETCRR/ VIS5 T () — PR A2 | Lie XPFRTEIE RGEM
o> T R TC R /NS N Y — FP AR A2 1, Mei X B

W EHEA: 2011 -05 -09

PRI R8s Jr i b i 8 2 R B D o R
NSRS ATl JE R T RE Y — RPN AR 3 TR FR
P B ST 1E B 2 Noether Y 5F {H &, Hojman
VSRR o U RIS S E R S i o L I
ARG 3 A FEXRME S E RO T — &
HITE B R 2 R TI RGN Lie XM BE B
$% 330 Hojman BI5F{E 1 | [8]4% 5 2 Noether 15y 10
R Mei BISPEE . ARSCHRSEARSE R ) R G
Lie XFRVE 42 S 20 5 —FppfE i 28 X AP iR
AFTE R FR A AL 2, 28 58 I HT

1 Z% Lie 3 FRMERIFIIE

WHHFRGNITE B n AT XAAR ¢, (s =1,2,
o n) RHE , RAEMETNZE] g W FEA Chetaev

TEERBAN: kR (1961—) , B BI#EH %, E-mail ; sheny1961 @ yahoo. com. ¢n



5511 AR 5E B S RGN Lie W RRME B3 S 30 —Rb<pE 2 1343
IR SE R 2 T R
fi(1,4,4) =0, B=1,2,- (1) oL\ XD (0 A ) -
YR (1) INE RIS 8q, 1Y) Chetaev ﬁ:jﬂ (at ) +§0 6[ S (Q.+4)
afﬁaq -0, (2) £.(0,+A,) -G =0, (13)
aq, W RS Lie XPARME B3 S 2N T IE A —Fh<pia
W RS sy e Al R g
d oL oL _ o [ OL .
drag "~ aq, Q,+A,, (3) IijX()(%)—X<)(L)+G:const. (14)
o, WERE 1% SR8
_ N/ dIl . d [y (0L oy (0L
A =A(10.8) =y 2 (4) =it x (aqv)]+qxx< ) (fm) -
ﬁﬁ)‘(ﬂk%%%fﬁj},/\ﬁ=/\ﬁ(t,q,¢"1)7*72"1ﬁiﬂt€¥; di[X(0>(L>:| +C' (15>
L=L(t,q,q) NFESN Lagrange PREL; Q. = Q. (t,q, !
@) BT X7, BIA Euler BT HiNS . .
_ d a i X(]) % :BXI (L) _ a OaL
= dtaqs —aqs- (5) (aqs ) aq, [a[]s ot *
(4)ﬁﬂﬁgﬂ‘7 aé:k oL +a(é‘:k _i]k50> oL ] (16)
E(L) =0, +A. (6) 0q,99, aq, ag, 4’
Lie Xt FRYERIZ 8 3053 J7 A8 TOBR/INVEEAS # F X (L) _ yan ( AL ) [ﬁﬁ 98, oL
B — RIS B3RV i og,  \ag )T lag ot T ag,0q,
t* =t + é‘:O(t’q’q)a ¢ — 9 ¢
o & . (7) a(fk qk‘fo) qL (17>
q, (t7) =q,(t) +&€(1,9,9), aq,
K. e NN E M€ TR/ S HOH Hik, A
y&?ﬁ%ﬁ"]ﬁi)ﬂﬁﬁo *E*Ejj%/%%ﬂg Lie XHLW‘@IE'VE, d [X<1> (aL ) d (aX( )(L) ) (aé‘:() )
(1) XA (6) A TTAEE 1 F Al de ag ) A\ g4 de o
PR (1) A(6) 2, R (7) 2 UG o€, (ol 06, \ 9L O,

&y £, W LT SE T a(‘]s(at)_(h(aqx)aqk eaq(fm)‘
XPLE(L)]1=X"(Q,+A,), (8) 0(E, — k) 1oL 9, -y
MRS HA Lie $HcME, Hrp 5[‘ 2. 0q, PP (aq)z

X [fy(1.q.4)] =0, (9) 5 ' ” *
S ELXV (L)) B ()% -k (&) 2 -
X=XV +[(E -6 -d&) s (10) 9,
qs oL afo 6§k
E —_— = _— —
X =X 4 (&, _qsg())ai,, (11) (&m i), 94, 94, (f’l )- aq, (aqL )
q .
aE, . 0é : oL
0 _ d d 25k _ . Z50 x (9L
XH_SOE-'-&BT]S' (12) (aqs T a4, ) (8(] ) +& ( (']S>+ (aqs)’
. . 18
2 R4 Lie WEMEZSHN—MIEE (%)
iljiic?_%f??%ﬂﬁ Lie X#%‘@%@?ﬁ%ﬁ Hoj— E[XD(L)] = (§0> Y ( ) il L,
man BISPIE & | [B]3E- 30 Noether 5T [H 5 A1 Mei %I dt dq,
ST RREEA I T ARSI E RGN Lie 0, (%) e )7 ‘5 ( ) ;0L
SR 14 000 5 — RSP aq, \ o " * $ g, aq,
EH X (1) 2ORN(6) 3, SR A7 7 B R 2R ai,f(i)w(é PN
G=G(1.q.4) [R5 Lie RPN UL £, £ aq, \og, ) TS T IE0 g




1344 2 X & %K %33 %
s 0°L
(Bomind ), (1) + (b 0=t =y QD)
T | 801l 5 # 05N
((-,C-]— “aq )(*) ( ) (19) f=i =14, =0, (28)
. I IR RS Lie X FRME B4 8000 ~FE R (14) X
XOLE(1)] =68, (%) + &k, (a—) (6) 5L i
.. .. 1
(&, - 0é)E, (aqk)+<§k q,a))a;&gﬁ Q= A= A (29)
e FIFH(28) 2R (29) AR
[(fk‘%fo)‘%fo}f, (20) Co—1
dq, 9q, :‘I1 . (30)
B LA 1+
R
XPLE(L)] =E[XV (1)) - ()2 - RIS
-q-:_t‘h 2]-:‘]1. (31)
L oL 9&, (oL : 1+ 7 1 +7
E(&)2 -E _ o0 (R
(&0, ~EEido = () Y Lie XTERYERBIE )T T2 (8) X th
&, (oL agk . aéo oL (51_1.115()). _.q.lé.:():
o G )= G- G ) e T )
q5 %9 q; q, 9 b (E i) g 1-7 . (32)
H(18) FRI(21) 3¢, AT a2 St T Isol moo et
d 1 aL 2 ¢ _ ¢ — -
o X()(aq's)]zX()[Es(L)]-'_ 1 (fz Qz'§o> (]2§o
72(51_.1‘50) fn 291 (33>
&y () 4 x ((;LL) (22) 1+ K (1 >q
” ﬂmam N 9. BRI (9) e iy
B (22) oAt 15) %, 18 . . . .
(d]) : ( >I aL X“)(f) =(§2_‘.]2§0) _t(fl _Q1§0) _4150:0
(2
Gt T d (2 )+ (34)
‘ BOICBR /N AR 80 119 2 BT R
v (LY vy (0L o :
X <3qs)+q"x (aqy) (X)) +€, £ =0,&=In (t+ /1 +0°), & =/1+1.
(23) (35)
it — 2Rl 15 RS 3 ROt (35) 2K, (32) 20 ~ (34) 38
dl . Lo .9 o°L W
=g XP[E (L . . °
a = ATLED g iy 0, i (13) A
ékés oL foa éh fo fkaaaL +C= . tél f ; (']1 G 0
9, 9q t ar’ 1 9q, q11+t2_q21+t §1 le+t+ =
q.,.X“wExL)J+§SEX<L>—X<”(at) A aaa (36)
(24) T G =0. (37)
B (8) A (13) KACA (24) 20, W15
HEBREI A A D AT KU (14) SUTTT RS Lie XEFRHE S0P 18 it
4. (25) .
dt I = . ,) = const. 38
m(q +1q,) t (38)
3 &4l
4 #ig
FRYGEI Lagrange FRECH
T N AR SCHFGE T ARSE4 T2 F S Lie XHFRHE 1455
=y lai+a), (26) sy R B, 4t T SPARR 7 A AR
e LK X AP IE 5 A A T Noether BI5F H & | Hojman 5



5511 i

ARSEHE Sy R GEH Lie XFRME BLH BN —Fh oyl i

1345

HFEHl Mei BISPIE R, AESE%E 122 RGN Lie XFFK
PERE H 325 20 Hojman BYSFH & | [8] % 5 2 Noether
RUSFIE AT Mei BUSFAE & AR SCROAFSE R AR
T RGN Lie MFREIAGE HHERBOE N (14) XY
SPIE S, AU RN 45 R EA T — A S, X 58
BN RGMIEH, ASCHEERRE TR+
R Lie M-S EFEE, FE AR TR
T2 R R R E S S EE RS

£ % ik ( References)

[1] Noether A E. Nachr kgl ges wiss gottingen [ J]. Mathematical
Physics, 1918 ,KI II 235.

(2] MRS, BRI AR R G [ M), s R
iR, 1999.
MEI Feng-xiang. Applications of Lie groups and Lie algebras to
constrained mechanical systems [ M ].

1999. (in Chinese)

Beijing: Science Press,

[3] Lutzky M. Dynamical symmetries and conserved quantities [ J].
Journal of Physics A; Mathematical and General, 1979, 12(7) .
973 -982.

[4] Mei F X. Form invariance of Appell equations[ J]. Chinese Phys-
ics,2001 10(3) :177 - 180.

[5] Fang J H. Mei symmetry and Lie symmetry of the rotational relativ-
istic variable mass system [ J]. Communications in Theoretical
Physics,2003, 40(3) :269 -272.

(6] WYL, Hamilton 22500 Mei XFR14  Noether XF FRPEFN Lie Xf
FRYE[T]. 38244 ,2003,52(12) 12941 —2944.

LUO Shao-kai. Mei symmetry, Noether symmetry and Lie symme-
try of Hamiltonian system[ J]. Chinese Physics, 2003,52(12)
2941 —2944. (in Chinese)

(7] MR, ARG SFERE[M]. Jtat. deats
TR# A, 2004.

MEI Feng-xiang. Symmetries and conserved quantities of con-
strained mechanical systems [ M ].
Technology Press,2004. (in Chinese)

[8] k¥ )" XAEMIHRGEMXFRMEE Mei SPHEL[)]. P32

#¢,2005,54(7) :2980 —2984.

Beijing: Beijing Institute of

ZHANG Yi. Symmetries and Mei conserved quantities for systems
of generalized classical mechanics[ J]. Chinese Physics,2005,54
(7):2980 —2984. (iin Chinese)

[9] GuoY X,Jiang L Y,Yu Y. Symmetries of mechanical systems with
nonlinear nonholonomic constraints[ J]. Chinese Physics,2001,10
(3).181 - 185.

[10] Wu H B. A new conserved quantity of mechanical systems with

differential constraints[ J]. Chinese Physics,2004,13(5) ;589 —

[11]

[12]

[14]

[15]

[16]

[21]

591.

Xu X J,Qin M C,Mei F X. Unified symmetry of holonomic me-
chanical systems[ J]. Chinese Physics, 2005, 14 (7).1287 -
1289.

Zhang H B,Chen L Q. The unified form of Hojman’s conservation
law and Lutzky’s conservation law[ J]. Journal of the Physical So-
ciety of Japan,2005,74(3) :905 —909.

Chen X W,Li Y M,Zhao Y H. Lie symmetries, perturbation to
symmetries and adiabatic invariants of Lagrange system [ J].
Physics Letters A,2005,337(4 -6) ;274 —278.

Fu J L,Chen L Q,Salvador Jiménez, et al. Non-Noether symme-
tries and Lutzky conserved quantities for mechanico-electrical sys-
tems[ J]. Physics Letters A,2006,358(1) :5 - 10.

Fang J H,Ding N, Wang P. A new type of conserved quantity of
Mei symmetry for Lagrange system[J]. Chinese Physics,2007,
16(4) .887 —890.

HvE. — KB FE RN Mei XERRMELT]. W FIR,
2007,56(1) :1 —4.

GE Wei-kuan. Mel symmetries of a type of dynamical equations
[J]. Chinese Physics,2007,56(1) :1 —4. (in Chinese)
MR, K A BRI E RGN PRI S E R
[J]. W24 ,2007 ,56(5) :2475 - 2478.

LOU Zhi-Mei. The study of symmetries and conserved quantities
for one class of linearly coupled multidimensional freedom systems
[J]. Chinese Physics, 2007,56 (5) :2475 — 2478. (in Chi-
nese )

SRR MR, Lagrange REE Lie 7B M T IE AT
SPIEEET]. PR, 2008 ,57(9) 15369 - 5373.

CAI Jian-le, MEI Feng-xiang. Conformal invariance and con-
served quantity of Lagrange systems under Lie point transforma-
tion[ J]. Chinese Physics,2008,57(9) :5369 — 5373. (in Chi-
nese )

Zheng S W, Xie J F,Chen W C. A new conserved quantity corre-
sponding to Mei symmetry of Tzenoff equations for nonholonomic
systems[ J]. Chinese Physics Letters,2008,25(3) :809 —812.
BURIBE & I TS, 55, Chetaev BIZYTH F122 R 55 Appell
TrREH Lie MRV sPIE [ )], W2 4,2009, 58(1) 16
-21.

JIA Li-qun, CUI Jin-chao, ZHANG Yao-yu, et al. Lie symmetry
and conserved quantity of Appell equation for a Chetaev’ s type
constrained mechanical system [ J]. Chinese Physics, 2009, 58
(1):16 =21. (in Chinese)

XML, —R S84 F1 2 R G Mei XFRRMEM — R <R[ T].
YyBEE4R ,2010,59(1) .7 - 10.

LIU Yang-kui. A kind of conserved quantity of Mei symmetry for
general holonomic mechanical systems [ J]. Chinese Physics,

2010,59(1) :7 —=10. (in Chinese)



