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Abstract
Fixing a continuous observable and using thermodynamic formalism and the method of convex
analysis, we obtain upper and lower bounds for the exponential decay rate of periodic measures far
from a given invariant measure in the two-side symbolic system.

1 Preliminaries

One branch of large deviation theory concerns the exponential decay rate of the periodic measures keeping
away from some given measure. For a continuous self map f : M — M of some domain M, let m be an
f-invariant measure on M and ¢ : M — R be a observable function, given 6 > 0, let B, (4, f) := {z €
Fie(f") |12 S0 o(fi) — [ odm| > 6} and Cu(6.f) = {& € Fia(f") |2 S0t o(fix) — [ pdm| >
0}, where Fiz(f™) denotes the set of periodic points with period n. People are interested in how to
describe the exponential decay rate of #B,, or #C,,, where §A denotes the cardinality of set A, by certain
characteristics of dynamical systems. The research in this branch could be traced back to the work of
Kifer [3], which is recovered by Pollicott in [4]. In their work, the system is assumed to be a uniformly
hyperbolic flow ¢; : A — A on a flow-invariant set A, and the invariant measures they concerned are those
supported on the periodic orbits. They gave an upper bound of the exponential decay rate with a given
weight function G of the meausures contained in a closed subset of the flow-invariant measures; and gave
a lower bound of the exponential decay rate with the weight function G of the measures contained in an
open subset.

Here we consider a two-side symbolic system T : X — X. By a classical result of Sigmund [6], any
T-invariant measure could be approximated by periodic measures. Inspired by this, in the ”opposite
researching direction”, we consider the deviation property of the periodic measures far from a given T-
invariant measure. We get two results in this direction for symbolic systems. The first one, Theorem 1.1,
states that in such system the exponential decay rate of §B,,(5,T) could be controlled from top by the
supremum of the measure theoretic entropy on a closed subset of the T-invariant measures. The second
one Theorem 1.2, states that the exponential decay rate of §C,,(3,T") could be controlled from bottom
by the supremum of measure theoretic entropy on an open subset of the T-invariant measures.

We employ two main tools in our approaches. The first is the general entropy in the measure sense
introduced by Gelfert and Wolf in their paper?, see Definition 2.1. The second is the method of convex
analysis, see Lemma 3.3, which plays an important role in the present paper. Kifer [3] first introduced
this method to the large deviation field, and it is also referred in paper of Gelfert and Wolf . In the
present paper, we give a more concise version of this method for our case.
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Let Y = {1,2,...,k} and X = HJ_“;ZY and consider T : X — X, T : (2;)72 +— (2i11)72. As
usual, we call (X,T) two-side symbolic system. The metric d(-,) : X x X — R is given by d(x,y) :=

Z+°° M, where # = (2;,)T2, vy = (y;)T € X. T is expansive, that is, there exists a constant &,

expansive constant, such that d(T"x,T"y) < £ for any n € Z implies = = y We denote by Minw (X, T)
the set of all the T-invariant probability measures on X, and denote w, := 7 ZZ o 07ip for x € Fiz(f!).

Theorem 1.1. Let T : X — X be a two-side symbolic system preserving a probability measure pu. Then
given ¢ € C(X) and 6 > 0, we have

1
lim sup — i log t{z € Fiz(T")| /gpdwx - /g&du| >0} < sup{h,(T)]| /gpdu - /(pdu| > 0}.

l—4o00

Theorem 1.2. Let T : X — X be a two-side symbolic system preserving a probability measure p. Then
given p € C(X) and 6 > 0, we have

llierinf % log #{z € Fiz(T")| /goalwz - /gad,u| > 6} > sup{h,(T) | |/g0du - /cpdu| > 4}

We prove Theorem 1.1 and Theorem 1.2 in Section 2 and Section 3 respectively.

2 Proof of Theorem 1.1

In this section, we start from introducing the generalized measure theoretic entropy.

Definition 2.1. Let f: M — M be a homomorphism on the compact manifold. Given v € Min, (M, f),
we call

hy(f):= inf (P /WV

Pel( M)
the generalized entropy of f with respect to v, where P(v) denotes the topological pressure of 1.

Remark 2.2. For our case, it is easy to see that h,(T) < hy(T) < hiop(T) < +00, Vv € M;p(X,T),
where hyo,(T') denotes the topological entropy of T.

Remark 2.3. From the definition, it is standard to check that the function h.(f) : Mno(M, f) — RU
{—|—oo} is concave, i.e., onr any non:negetive a1,as with a1 + a2 = 1 and vq,v9 € M, (M, f), it holds
that hayvytases (f) = arhy, (f) + aghy, (f).

Remark 2.4. The generahzed measure theoretic entropy batlbﬁeb the variation principle, i.e., P(¢)) =
SuPueMi,w(M,f)(h )+ [ 1dv). Indeed, by Definition 2.1, hu( T)+ [dv < P(¢) for any ¢ € C(X) and

v € Miny(M, f), which means that supyeMm/(M’f)(hl, +f ¥dv) < P(1). And the opposite direction
of this equality follows from the fact that k, (T) < h,(T).
Remark 2.5. h,(f) = hy,(f) if and only if the entropy map h.(f) : Miny (M, f) — R U {+00} is upper

semi-continuous at v, see Theorem 9.12 in[7]. In our case, when T is expansive, the upper semi-continuity
property follows by, see, Theorem 8.2 in [7]. Thus, h,(T') and h,(T) coincide.

Remark 2.6. Recall that for a system f : M — M and a continuous function ¢ € C(M), we say
v € Miny(M, f) is an equilibrium state of ¢, if h,(f) + [@dv = P(yp). Thus, for our case, suppose
¢ € C(X), then by Remark 2.5, v € Min,(X,T) is said to be an equilibrium state of ¢, whenever v
satisfies h, (T) + [ ¢dv = P(¢p).

To get the first main result,Theorem 1.1, we prove a more general proposition.

Proposition 2.7. Let T : X — X be a two-side symbolic system, let V be a closed subset of M, (X, T)
and ¢ € C(X). Then

lim sup % log Z exp(Sj(x)) < sup /¢du

I=+oo zEFix(T),w, €V vev



Proof. By Definition 2.1 together with Remark 2.2, h, (T) = infyec(x)(P(e) — [ dv) < 400. Then
for each v € M, (X, T) and € > 0, there is a ¢, € C(X) such that

P+ 1) — / (W + ¢y < b (T) + <. (2.1)

Notice that 9,9 + ¢, € C(X), which means that the maps v — [¢dv and v — [(¢ + ¢,)dv are
continuous in M., (X, T), then there exists an open neighborhood V, of v, such that

|/wdr - /wdu| <e and |/(1/) + ¢ )dr — /(w + ¢,)dv| <€, forany 7 € V,. (2.2)

Combine (2.1) and (2.2), it follows that

h, (T) + /(1/) + ¢p)dr — P(¢ + @) +2¢ > 0, for any 7 € V,. (2.3)

Until now, we have shown that for each v € M;,,,,(M, f), there exist ¢, € C'(X) and a open neighborhood
V, satisfying (2.3). Clearly, the union (J, ¢, V., forms an open cover of V. By the compactness of V,
we could choose a finite open subcover Vi, Vs,...,V, such that U;:1 V; O V. And for each V; there
exist v; € V; and ¢; € C(X) such that | [dr — [dv;| < e, | [(¥ + ¢i)dr — [(¢ + ¢;)dv;| < € and
j T)+ [(¢ + ¢i)dT — Prop(1) + ¢i) + 2€ > 0 hold for any 7 € V;, which means that

exp(l - (hy, (T) + /(1/1 + ¢;)dT — Pyop(¢ + ¢;) +2€)) > 1, holds for any [ € N. (2.4)
According to above argument, it follows that

limsup - ; log Z exp(Si(x))

oo z€Fix(T),w, €V

< limsup - logz Z exp(Siy(x) exp(l - (/(1/1 + ¢)dw, + hy, (T) = P(4 + ¢;) + 2¢))
l—+o00 i=1 g€ Fix(T!),wa EVy,
l—+o00 i=1 z€Fiz(T!),w, €V,

< Timsup ; log ST S+ e e (/ () = P00 559)
l—+o00 i=1 z€Fix(T!),w, €V,

< limsup - logz Z exp(Si(¥ + ¢i)(z) =1 P(¢ + ¢;)) expl - (/ v + b (T) + 3¢
l—+oco i=1 2€Fix(T!),w, €V,

. sug(ﬁy( " /¢du) + 3¢ + limsup — logz Z exp(Si (Y + ¢i)(x) — - P(Y + ¢)).
ve

=00 =1 z€Fiz(T!),w, €V,

Now quoting a classical result of Ruelle [5] saying that

lim %log Z exp(Si(p)(x)) = P(p)

l—+oo
zEFixz(TV)

for any ¢ € C(X), we get

hmsup 7 log Z exp(Si (Y + ¢;)(z) —1- P(v + ¢;)) <0, forany 1 <i <r,
I—=+oo zE€Fiz(T),ws €V,



and thus
lim sup 1ogZ > exp(Si (¢ + ¢)(x) = 1- P(¢ + ;) < 0. (2:5)

=0 i=1 2€Fix(T!),w, €V,
Applying (2.5) to the above argument, we have that
limsup - ;i log Z exp(Si(z)) < Sup /wdl/ ) + 3e.
I=doo z€Fix(TY),wz €V vev

Notice that € is taken arbitrarily, let ¢ — 0, then it holds that

limsup - ;i log Z exp(Si(x)) < sup /wdu
=00 zeFiz(TY),wz €V vey
which finishes our proof. O

Proof of Theorem 1.1 For given ¢ € C(X), 6 > 0 and p € M (X, T), let V := {v €
Mino(X,T) || [ pdv — [ @dp| > 6} and take ¢ = 0, then by Proposition 2.7, we get that

hmsup i log t{x € Fiz(T")| |/<pdwx - /apd,u| > 0} < sup hy (T). (2.6)
l—+00 vey
By Remark 2.5, h, (T) = h, (T), which together with (2.6) gives rise to Theorem 1.1 O

3 Proof of Theorem 1.2

Suppose o > 0, a function ¢ € C(X) is said to be a-hélder continuous if there exists C' > 0 such that
lp(z) — p(y)] < Cd(z,y)*, Va,y € X. In this section, we start from the subset C*(X) consisting of
a-holder functions on X. It is a well known result for the symbolic system that each a-hélder continuous
function has a unique equilibrium state, see [2], which is a critical property in our proof. Since C*(X)
is dense in C(X), we could find a countable subfamily of a-hélder continuous functions dense in C'(X),

denoted by {p;}5°, C C*(X). Recall that {(,0Z °7 could induce a metric p 1 My (X, T) X Mo (X, T) —

R as following:

V) = io | [ eidp — | pidv|

2!l ’

for any p, v € Min, (X, T), where the norm ||-|| is given by ||¢|| = sup,cx |¢(x)|. This metric is compatible
with the weak* topology of M, (X, T).

In the following, we fix n € N and consider the subspace {} ., a;p;|a; € R,1 < i < n}, denoted
by C%(X). We will give some new denotations. We say v is equivalent to v/, denoted by v ~, v/,
if and only if [¢dv = [¢dv' for any ¢ € C9(X). This equivalent relation induces a quotient space
Mino(X,T)/ ~n, denoted by M2 (X, T). Thus, the sequence {y;}; could also induce a metric p, :
ME (X, T) x M2 (X, T) — R as following:

Z [ pidp — [ pidv]

24|l

Obviously, pn (1, v) < p(p,v) < pu(p,v) + 277D Vv € M2, (X,T). The new metric p, induces
a topology of M2 (X, T), we call it the pn topology in the following. Here, we point out that for
v € Miny(X,T), the set {v" € Myny(X,T) [V ~, v} is closed in the weak”-topology. Then, we define a
function h(T) : Myp,(X,T) — R as h*(T) = sup,,._, hy(T). Clearly, h?'(T) = h?,(T) holds for any
v ~, v'. Moreover, we note that for each v, there exists some o ~,, v satisfying h,,( )= iL,’}(T ), because
h(T) : Minyo(X,T) — R is upper semi-continuous and {1/ € Miny(X,T) |V ~, v} is closed. Then we
conclude that:



Claim 3.1. Given n € N, then for each v € M;n,(X,T) and ¢ € C2(X), it holds that

P(¢)

= sup pdv + h*(T)).
VEMiny( XT)

Proof. By Remark 2.4, it holds that

P(o) =

Notice that ¢ € C2(X) implies [ ¢dv

P(¢) =

Claim 3.2. The function —h"™(T) :
topology.

sup (iz,,(T) +/q§dy)

VEMin, (X,T)

sup sup (hy, (T)—i—/(bdu’).

VEMiny (X7T) v/i~pv

= [¢dv' for any v’ ~,, v, then

sup sup ( fz / odv")

VEMn (X, T) V' ~opv

sup  (sup (hus(T)) + / pdv)

VEMiny (X,T) vi~pv

sup  (R(T) + /¢du).
VEMn, (X,T)

O

Mino(X,T) — R is convex and lower semi-continuous in the p,-

Proof. By the definition of EV(T), for any non-negative real numbers ay, as with a; +as = 1, it holds

that

hn

aivi+azve

(1) =

sip hu(T)

v'~p(a1vi+azvz)

sup hal vi+agvl (T)

’ /
Vi~ UL,V ~n Vs

sup (arhy (T) + agﬁyé (T)) (by Remark 2.3)

’ /
RS TN VS

= ar sup B ((T) +az sup hy(T)

/
Vi~p U1 vh~n o

= a1h} (T) + ashy, (T).

Then the convexity of —fL_”(T) follows. To get the lower semi-continuity of —iLT‘(T) in the p,-topology,
we show that the function fAﬁ(T) : Mino(X,T) — R is upper semi-continuous, i.e., for arbitrarily ¢ > 0
and v € M, (X, T), there exists 6 = d(e,v) > 0 such that ﬁZ(T) < h™(T) + € holds for any p with
pn(v, 1) < 6. Otherwise, there exists v € M, (X, T) and € > 0 such that for each k € N there is a
satisfying py, (ux, v) < 1 and fzﬁk (T) > h"(T) +e¢. Recall that for each iy, there exists iy ~, u satisfying
that ﬁﬁk (T) = ﬁﬂk (T), thus, let u be a accumulation point of the sequence {jix }/>; in the weak*-topology,

it is clear that py (i, v) = 0, i.e., g ~p v. By the the upper semi-continuity of h.(T)

it follows that

h2(T) > h,(T) > limsup h, (T) = hmbuph (T) > h2(T) + ¢,

k—-+o00 k—-+o00

a contradiction. This gives rise to our claim.
Now we give the following lemma that

i Mino (X, T) — R,



Lemma 3.3. Given n € N, then for each interior point v of Mn,(X,T), there exists a ¢ € C2(X) and
V' ~, v such that V' is the unique equilibrium state of ¢.

To get Lemma 3.3, we need some basic concepts from convex analysis and an element result Lemma
3.4 below. Let X be a Bananch space and X* be the dual space of X. We say V : X — RU {400} is
a proper function if there exists z € X such that V(z) < +o0o0. Let V : X — RU {+oc0} be a proper
function. The function V* : X* — R U {400} defined by V*(p) := sup,cx((p,z) — V(z)) is called the
conjugate function of V. Similarly, we define V** : X — RU{+oc} as V**(z) := sup,e x- ({p, z) = V*(z)).

Lemma 3.4. Let V : X — RU {400} is a proper, convex and lower semi-continuous function. If x is
an interior point of {x |V (x) < +o0}, then the set {p € X* | (p,x) = V(x) + V*(p)} is nonempty.

The proof could be found in [1], see Theorem 17, p199 and Proposition 3, p202.

Proof of Lemma 3.3. Define F,, : M, (X, T) — R™ as F,( fcpldu [ p2dv, -+, [ @ndv). It
is easy to see that for a = (a1, a2, -+ ,a,) and ¢ = > | a;¢;, 1t holds that [¢dv = Y7 a; [idv =
(a, Fy,(v)), where (-, -) denotes the general inner product on R™. Moreover, note that M, (X, T) is closed
and convex, the map F,, is a linear isomorphism from My, (X,T) (with respect to the p,-topology) to
its image, then F, (M, (X, T)) is also closed and convex in R™. We define function A : R — RU {400}
as

Alo) —h™(T), a = F,(v) for some v € Mp,(X,T)
a) =
+o0, a € R"\ F,,(Mn(X,T))

By the definition of A?(T'), h"(T) = h? (T for any v ~,, v/, which implies that the function 4 : R" —
RU{+o0} is well defined. We define function B : R” — R as following. For each o = (a1,a2, - ,a,) € R",
set B(a) := P(3_1"_, aipi). Denote ¢ := Y7, a;¢;, then by Claim 3.1, it holds that

B(a) = P(¢)= sup /¢dy+h”

VEMiny (X, T)

= sup — ({a, Fn(v)) = A(Fn(v)))-
VEMiny (X,T)

Note that A(a) = 400 for any o € R \ F,, (M, (X, T)), then

B(a) = sup (o, B) — A(B)), (3.7)

BER™

which means that B = A*. To apply Lemma 3.4, it suffices to show that A : R™ — R is convex and lower
semi-continuous. By Claim 3.2, the map —h™(T) : My (X, T) — R is convex and lower semi-continuous.
And recall that F,, is an isomorphism from M, (X,T) (with respect to the p,, topology) to its image,
then it is standard to check that Alg, (a4, (x,7)) = —h(T)o F;7': Fy(Miny(X,T)) — R is also convex
and lower semi-continuous. The function A : R" — R could be seen as an extension of A|p, (.., (x,1))
by setting A(a) = +oo for & € R™ \ F}, (M, (X, T)), then the convexity and lower semi-continuity of A
follows from that of Alp, (a4,,.,(x,1))-

Recall that Fy,(Mn,(X,T)) = {a € R" | A(«r) < +00}, then by Lemma 3.4, for each interior point o
of F,(Mino(X,T)) there exists a 3 € R, satisfying (o, 8) = A(a) + B(8). Consequently, we have that
for each interior point v € My, (X, T'), there exists ¢, = Y. bip; € C*(X) such that

P(6,) = [ ouiv + B(T) (3.8)

Note that the function h™(T) : Mny(X,T) — R is upper semi-continuous and the subset {1/ €
Mino (X, T) |V ~,, v} is closed in the weak* topology, then there exists a v/ ~,, v satisfying that

by (T) = sup ho (T) = K2 (T). (3.9)

v~ v



And notice that the ¢, in (3.8) belongs to C9(X) and v/ ~,, v, then [¢,dv = [ ¢,dv’. This together
with (3.8) (3.9) gives that v/ is an equilibrium state of ¢,. Moreover, the fact ¢, € C*(X) implies that
v/ is the unique equilibrium state of ¢,,. O

To get Proposition 3.6 below (which is a key proposition for Theorem 1.2), we also need the following
fact that

Lemma 3.5. Let {a;};"% and {b;};" be two sequences of positive real numbers. Suppose that

1 1

lim —log(a;+b;) =c¢ and limsup —logh; < c. (3.10)
l—+o0 [ l—+00 l

Then it holds that

1
liminf - loga; = c.
l—+oo l

This is a salient fact. For convenience of readers, we give its proof in below.
Proof. Otherwise, notice b; > 0, it follows that liminf;_, %log a; < c. Without loss of generality,
we set

1 1
a :=liminf =~ loga; and b := limsup - logb,
I—+oo [ l——400

and according to our assumptions, a,b < ¢. Thus, for any € > 0, there exist N = N(¢) and an increasing
subsequence of natural numbers {/;};-° such that as long as i > N, we have that

aj, < elilete)  and b, < eli(bte)

Consequently,

1 1 1 .
lim sup T log(a;, + b;,) < limsup T log(eli(ate) 4 eli®Fe)y < Jim T log 2¢l(max{a:bi+e) < yaxfa, bl + .

i——+o0o Ui i——+oo U i—+too I
(3.11)
Take € > 0 small enough to satisfy that max{a, b} + € < ¢, then
. 1
lim —log(ai, +b1,) <c,
1——+00 lz
which contradicts to our assumption (3.10). This argument gives rise to our lemma. O

Proposition 3.6. Let T : X — X be a two-side symbolic system, let U be an open subset of Mip, (X, T)
and ¢ € C(X). Then

lim inf ! log E exp(Si(x)) > sup(h, (T) + /wdu).
l—+4oo . veu
z€Fix(Th),w, €U

Proof. Given € > 0, there exists v, € U satisfying

sup(hy (T) + / Ydv) —e < hy, (T) + / Ydve < sup(hy (T) + / Ydv).

veu veu

For any 1 > 0, we denote B(ve,n) := {7 € Mn(X,T)| p(7,ve) < n}. Since U is open, there exists an

1o > 0 such that B(ve,ng) C U and
|/1/)d77/77/1dl/5|§6

holds for each 7 € B(ve,mo). Moreover, for any n > 0 and n € N, we denote B, (v.,n) = {7 €
Mino (X, T) | pn(T,ve) < n}. Tt is standard to check that B, (v.,n) is open in the weak* topology. Here,
recall that p,(u,v) < p(pu,v) < pp(p,v) +2-=D for any p,v € Mip,(X,T). Thus, let the natural
number n satisfy 2~(*~1) < 9/4 and let n; < 19/4, then it is easy to check that B, (ve,n1) C B(ve,m0).



Notice that v, is clearly an interior point of M;,,(X,T), applying Lemma 3.3, it follows that there
exist v/ ~, v, and ¥ + ¢, € C2(X) such that v/ is the unique equilibrium state of ¥ + ¢.. Obviously,
vl € Bp(ve,n1). Moreover, since ¥ + ¢. € C2(X) has been fixed, we could modify 1, if necessary, to
ensure that

|/<w + ¢e)dr — /(w + de)dve| < €

holds for any 7 € By, (ve,m)-
Then

hm 1nf 7 log Z exp(S19(x))

—>+oo
z€Fiz(Th) ws €U

> hglﬁgf 7 log _ Z exp(S19(x))
2€Fix(TY),ws € By (Ve,m)
1 R
> liminf 7 log Z exp(Siyp(z)) exp(l - (he (T) + /W + ¢c)dve — P(¢ + ¢c)))
I=eo 2€Fizx(TY),ws € By (Ve,m)
1 R
> liminf 7 log 3 exp(Sith()) exp(l - (h, (T) + / (4 + dc)dwa =€ = P(Y + &)
e 2€Fix(TY),ws € By (Ve,m)
> llim inf % log Z exp(Sy(x)) exp(l - (hy, (T) +/1/JdVe —€+ /d’edwx —e—= P+ ¢c)))
e 2€Fix(TY),ws € By (Ve,m)
1 ~
= hmmf 7 log Z exp(l - (hy, (T') + /7/)dVe — 2¢)) exp(Siyp(x) + 1 (/ Pedwy — P(Y) + ¢c)))
[=oo 2€Fix(TY),ws € By (Ve,m)
1
> lliminf 7 log Z exp(l - ( /ﬂ’dl/e — 2¢)) exp(l - (/(w +de)dws — P(¥ + ¢c)))
e 2€Fix(TY),ws € By (Ve,m)
. 1
= h, (T)+ /q/;dye — 2+ llim inf 7 log Z exp(Si (¥ + ¢ )(z) =1 - P(Y + b))
oo 2EFix(TY),ws €Bn (ve,m1)
R 1
VEZ/{ —+00

2€Fix(T),ws € B (Ve,m1)

It remains to show that

lim inf X log > exp(S1(¥ + ¢e)(z) — - P(¢ + ¢¢)) = 0. (3.12)

2€EFix(T!),wys € Bn (ve,m)

For the sake of simplicity, we denote ¢ := P(¢) + ¢.),

a = > exp(Si (¢ + ¢¢)(x) and by := > exp(Si (1 + ¢¢) ().
2€Fix(TY),ws € By (Ve,m) 2€Fix(TY),ws EM(X,T)\Brn (ve,m)
Consequently,
Jim 5 log(al +b) = lim - log > exp(Si(v+ ¢o) (@) = P(Y + ¢) = c. (3.13)
z€Fixz(TV)

To apply Lemma 3.5, it suffices to show limsup;_, , %1og by <ec ie.,

lim sup % log Z exp(Si(¥ + ¢c)(x) < P(¢ + ¢c). (3.14)

Ihee SEFi(T!) wo €M(X,T)\ By (ve,m)

If (3.14) does not hold, then it follows that

timsup 1 log 3 exp(Si( + 60)() = P( + 6,): (3.15)

oo SEFi(T!) wo €M(X,T)\ By (ve,m)



By Proposition 2.7, we get that

lim sup % log Z exp(Si (Y + ¢e) ()

=00 2€Fiz(T1) we € Miny (X, T)\ By (ve,m)

< sup (hy (T) + /(¢ + de)dv).

veEM(X,T)\Bn(ve,m)

This together with (3.15) gives that

sup (b (T) + / (6 + do)dv) = P(6 + o).

vEM (X, T)\Bn(ve,n1)

Recall that .(T) : Mn(X,T) — R is upper semi-continuous, then it could take its supremum on the
closed subset M, (X, T) \ Bpn(ve,m1), i-€., there exists 7 € M, (X, T) \ By (ve,n1) satisfying

o (T) + /(w + ¢e)dr = P(y + o0).

Notice that h, (T) = h,(T) for our case, then 7 is also an equilibrium state of ¥ + ¢, which contradicts
to the uniqueness of v/. This contradiction gives rise to (3.14). Combining (3.13)(3.14) and applying
Lemma 3.5, it follows

1 1
lllglJrlglof 7 log | Z exp(Si(¢¥ + ¢c)(x)) = lliglf&f 7 loga; = ¢ = Pt + b).
2EFix(T!),we €Bn(ve,n’)
Thus, (3.12) holds. Now, we have that
| .
lim inf = log Z exp(Siy(x)) > sup(h,(T) —|—/1/)du) — 3e.
l—+oo [ . veu
z€Fiz(TY),w, €U

Recall that € > 0 is taken arbitrarily, then let e — 0, it follows that

lim inf % log Z exp(Si(x)) > sup(h, (T) + /wdz/),

l—+oc0
z€Fix(Th),w, €U veu

which finishes our proof. O

Proof of Theorem 1.2 For given ¢ € C(X), d > 0 and p € M;n,(X,T), let U := {v €
Mino(X,T) || [ pdv — [ @dp| > 8} and take ¢ = 0, then by Proposition 3.6, we get that

1 A
lim sup 7 log t{z € Fiz(T")| |/<pdwm — /gpdu| 0} <suph,(T). (3.16)
l— 400 veu
By Remark 2.5, h, (T) = h, (T)), which together with (3.16) gives rise to Theorem 1.2 O
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