ENTROPY SOLUTIONS FOR A NON-UNIFORMLY PARABOLIC
EQUATION

CHAO ZHANG AND SHULIN ZHOU

ABSTRACT. In this paper we prove the existence and uniqueness of entropy solutions for
the initial-boundary value problem of a non-uniformly parabolic equation. Moreover, we
establish a comparison result. Some well-known parabolic equations are the special cases
of this equation.

1. INTRODUCTION

Suppose that € is a bounded domain of RY (N > 2) with Lipschitz boundary 9, and T
is a positive number. Denote Qr = Q x (0,7],% = 9Q x (0,T]. In this paper we study the
following non-uniformly parabolic initial-boundary value problem

up — div(De®(Vu)) = f in Qp,
u(z,t) =0 on X, (1.1)
u(z,0) = ug(x) on Q,

where ® : RY + R, is a C'! nonnegative, strictly convex function, D:®: RY — R represents
the gradient of ®(&) with respect to £ and Vu represents the gradient with respect to the
spatial variables . Without loss of generality we may assume that ®(0) = 0.

Our main assumptions are that ®(&) satisfies the super-linear condition (or 1-coercive
condition, see [I5], Chapter E)

P
el b SI) - (12)
and the symmetric condition: there exists a positive number C' > 0 such that
o) < CP(), £cRY. (1.3)
In this paper we assume that
up € L*(Q) and f e LY(Qr). (1.4)

Under our assumptions, it is reasonable to work with entropy solutions or renormalized
solutions, which need less regularity than the usual weak solutions. The notion of entropy
solutions was first proposed by Bénilan et al. in [2] for the nonlinear elliptic problems. It
was then adapted to the study of some nonlinear elliptic and parabolic problems. We refer
to [4, B 1, [19] for details.

There are numerous examples of ®(£) satisfying structure assumptions and .
The well-known are listed as follows.

2000 Mathematics Subject Classification. Primary 35D05; Secondary 35D10.

Key words and phrases. Entropy solutions; Existence; Uniqueness; Parabolic.

This work was supported in part by the NBRPC under Grant 2006CB705700, the NSFC under Grant
10990013.

1



2 C. ZHANG AND S. ZHOU

Example 1
1
(&) =[P, p>1.
p
Example 2
1 P1 1 p2 1 PN .
<I>(€):7|§1| +7|€2| ++7|£N‘ ’ pi>17Z:1727"'>N7
p1 P2 PN

where £ = (&1,&2,...,&N). (See [17], Chapter 2.)
Example 3
®(¢) = [£]1og(1 +[£])
(See [12] and [6], Chapter 4.)
Example 4
() = [§1Lr(I€]),
where L;(s) =log(1+ L;i—1(s)) (i =1,2,...,k) and Lo(s) = log(1 + s) for s > 0 (See [14].)

Example 5
D) =eT 1L
(See [18], [9] and [16].)

Let T}, denote the truncation function at height & > 0:

ko ifr >k,
Ti(r) = min{k, max{r,—k}} =< r if |r| <k,
—k ifr < =k,

and its primitive O, : R — R by

v 2 if |r| < k,
our) = [ Tk<s>ds={ 7 s
0

klr|— & it r| > k.

It is obvious that ©x(r) > 0 and O (r) < k|r|.

Next we define the very weak gradient of a measurable function u with Ty (u) € L'(0,T; W, (2)).
As a matter of the fact, working as in Lemma 2.1 of [2] we can prove the following result:

Proposition 1.1. For every measurable function u on Qr such that Ty(u) belongs to
LY(0,T; WOM(Q)) for every k > 0, there exists a unique measurable function v : Qp — RV,
such that

VTi(u) = vX{ju|<k},  almost everywhere in Qr and for every k > 0,

where xg denotes the characteristic function of a measurable set E. Moreover, if u belongs
to L*(0,T; W' (Q)), then v coincides with the weak gradient of u.

From the above Proposition, we denote v = Vu, which is called the very weak gradient of
u. The notion of the very weak gradient allows us to give the following definition of entropy
solutions for problem (1.1). Denote z = (z,t),dz = dxdt.

Definition 1.2. A function u € C([0,T); L*()) with Ti(u) € L'(0,T; W, (Q)) is an
entropy solution to problem if the following conditions are satisfied:
(i) / De®(VTi(u)) - VT (u) dz < +o0;

Qr
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(ii) For every k > 0 and every function ¢ € C1(Qr) with ¢|s = 0,
T
/ Ou(u — 6)(T) da / O (o — 4(0)) dr + / (60, Ti(u — 6)) dt
Q Q 0

+ ; D¢ (®(Vu)) - VIg(u — ¢)dz < ; fTe(u— @) dz (1.5)

holds.

Now we state our main results. The first theorem is about the existence and uniqueness
of entropy solutions. The second one is about the comparison principle.

Theorem 1.3. Under structure assumptions (1.2)), (1.3) and integrability condition (1.4)),
there exists a unique entropy solution for problem (L.1]).

Theorem 1.4. Let ug,vg € L'(Q), f,g € L' (Qr) such that ug < vy and f < g. If u is the
entropy solution of problem (1.1)) and v is the entropy solution of problem (1.1) with ug, f
being replaced by vy, g, then u < v a.e. in Qp.

The rest of this paper is organized as follows. In Section 2, we state some basic results
that will be used later. We will prove the main results in Section 3. In the following sections
C will represent a generic constant that may change from line to line even if in the same
inequality.

2. PRELIMINARIES

Let ®(&) be a nonnegative convex function. We define the polar function of ®(&) as
U(n) = sup {n-&—2(5)}, (2.1)
EERN

which is also known as the Legendre transform of ®(£). It is obvious that ¥(n) is a convex
function. In the following we will list several lemmas.

Definition 2.1. (See [I5], Definition 4.1.3) Let C C RN be convex. The mapping F : C —
RY s said to be monotone [rest. strictly monotone] on C when, for all x and x' in C,
(F(x) - F(a'),x —a') >0,
[resp. (F(z) — F(2'),z — 2’ > 0) whenever z # 2'|.
Lemma 2.2. (See [15], Theorem 4.1.4) Let f be a function differentiable on an open set

Q C RY and let C be a conver subset of Q. Then, f is convex [resp. strictly convez] on C
if and only if its gradient V f is monotone [resp. strictly monotone] on C.

Lemma 2.3. Suppose that ®(£) is a conver C function with ®(0) = 0. Then we have, for
all €, € RV,
(&) <& D2(S), (2:2)
(D2(£) — D2(¢)) - (€= ¢) = 0. (2.3)

Lemma 2.4. ([5]) Suppose that ®(£) is a nonnegative convexr C1 function and V(n) is its
polar function. Then we have, for £, n,( € RY,

£ <) +¥(n), (2.4)
Y(D2(C)) + 2(C) = DO(¢) - €. (2.5)
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Lemma 2.5. (See [I3], Chapter 3) Suppose that ®(€) is a nonnegative convex function with
®(0) = 0, which satisfies (1.2)). Then its polar function U(n) in (2.1) is a well-defined,
nonnegative function in RN, which also satisfies (1.2)).

Lemma 2.6. (See [20], Chapter 4) Let D C RY be measurable with finite Lebesgue measure
and f € LY(D) and g, € LY(D) (k=1,2,...), and

[fe(@)] < gx(z), ae xzeD, k=1,2,....
If
A fi(z) = f(z),  lim gi(z) = g(z), a.e.x €D,
and
lim | gg(z)de = / g(x) dx < +o0,
D

k—oo D

lerr;O/jjfk(x)dx:/[)f(x)dx.

Lemma 2.7. Let D C RY be measurable with finite Lebesque measure, and let {f,} be a
sequence of functions in LP(D)(p > 1) such that

fo— f weakly in LP(D),
fn—9 a.e inD.

then we have

Then f =g a.e. in D.

Proof. The result can be found in ([I0], Proposition 9.1c). Here we give a slightly different
proof.

Since f,, — g a.e. in D, we have |f,|? — |g|P a.e. in D. It follows from Fatou’s lemma
that

/ lg|? dz < liminf/ | frl? dz < 4o00.
D n—=ee Jp
Denote h,, = f,, —g. Then we know that
h, — 0 ae. in D, (2.6)
hn —=h=f—g weakly in LP(D). (2.7)
We will show that h = 0 a.e. in D. For every ¢ > 0, from (2.6) and Egorov theorem, there
exists a subset F. C D such that |[D\E.| < € and h,, — 0 uniformly in E.. Then there

exists N > 0 such that
|hn| <e in E., foralln > N.

Recalling (2.7)), we get
/ hpodx = / hnoxE. de — ho dx,
e D E.

for any ¢ € LY(D) with 1/p 4+ 1/q¢ = 1. On the other hand, the Lebesgue dominated
convergence theorem implies that

/ b dz — 0.

€

Therefore, we obtain

/ hé da = 0.
E.
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By choosing ¢ = |h|P~, if p > 1 and ¢ = sgn(h), if p = 1, we get h = 0 a.e. in E., for all
€ > 0. This finishes the proof. O

Lemma 2.8. (See [§], Chapter 3 and [21]) Suppose that (&) is a nonnegative convex
function satisfying (1.2)). Let D C RY be a measurable with finite Lebesque measure |D| and
let {fx} C LY(D;RY) be a sequence satisfying that

/ (fy) de < C, (2.8)
D

where C'is a positive constant. Then there exist a subsequence { fx;} C {fx} and a function
f € LY(D;RY) such that

fr; = [ weakly in LYD;RN) as j — oo (2.9)
and
/ O(f)dx < liminf/ O(fr,)dx < C. (2.10)
D j—e Jp

For the convenience of the readers, let us recall the definition of weak solutions for problem
(1.1) and the main results in [5].

Definition 2.9. A function u : Q x [0,T] — R is a weak solution of problem (1.1)) if the
following conditions are satisfied:

(i) uw € C([0,T]; L*(Q)) N L*(0, T; Wy () with
D¢®(Vu) - Vudz < 400;
Qr
(ii) For any ¢ € C1(Qr) with (-, T) = 0 and p(-,t)|sq = 0, we have
- / uo(x)e(x,0) dx —|—/ [ — wpy + De®(Vu) - Vol dz = feodz. (2.11)
Q QT QT

Lemma 2.10. (See [B], Theorem 1.2) Let the structure assumptions (1.2)) and (1.3]) be
satisfied. If ug € L?(Q) and f = 0, then there exists a unique weak solution for the initial-

boundary value problem (L.1)).

Remark 2.11. If we assume f € L*(Q7) the existence and uniqueness of weak solutions of
problem (L.1)) can be obtained working as in the proof of Lemma m

Remark 2.12. Let u be a weak solution in Definition 2.9} By using the approximation
technique (see [7], Chapter 3 or [11], Chapter 2) we have, for every ¢ € CY(Qr) with
o(-,t)]|aa =0, each t € [0,T7],

t t t
/ wp dx’ + // [ — wpr + De®(Vu) - Vol dadr = // fodxdr. (2.12)
Q 0 0/ 0JQ

Remark 2.13. Let u be a weak solution in Definition 2.9 with f = 0. We can formally
choose u as a test function in (2.12)) to obtain an energy type estimate. That is, for a.e.
t €1[0,7T],

1 t 1
§Hu(t)|\%2(m+/O/QD§<I>(VU)~VudxdT:§||u0||i2(9).
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This can be done by an approximation argument. Indeed, we first extend solution u(z,t)
to the initial value ug(z) when ¢ < 0. We next mollify « in the spatial directions to have an

approximation C'* sequence u., then introduce the time average of u.(z,t),
1 t+h
¢a,h - %

ue(x, 7) dT.

As u e C([0,T]; L*(2)) N L'(0, T; Wy (€)) in Definition we know that ¢. p(z,t) €
C*(Qr) with ¢ n(-,t)[sq = 0, and may choose it as a test function ¢ in (2.12)). Sending
first e — 0, and then h — 0, by a careful calculation we conclude that, for a.e. ¢ € [0,T],

/u¢5hdl‘ // [@e.p] dedT — = /|uavt|2 1:—7/|u0 )2 de,

//D5<I> Vu) - Vzbshd:chﬂ// D¢®(Vu) - Vudadr.

We refer to the proof of Corollary 1.4 in [5] for more details.

3. THE PROOFS OF MAIN RESULTS

Now we are ready to prove the main results. First we prove the existence and uniqueness
of entropy solutions for problem (|1.1)). Some of the reasoning is based on the ideas developed
in [2] and [19].

Proof of Theorem [1.3
(1) Existence of entropy solutions.
We first introduce the approximate problems. Let {f,} C C§°(Qr) and {uo,} C C§°(2)

be two sequences of functions strongly convergent respectively to f in L!'(Qr) and to ug in
LY(Q) such that

||anL1(QT) < ||f||L1(QT HUOnHLl Q) < ||U0||L1 (3-1)
Let us consider the approximate problems
(up)y — div (D§<I>(Vun)) =f, in Qp,
Up, =0 on X, (3.2)
Un(2,0) = ugp on €.
By virtue of Lemma [2.10] (see also Remark 2.11) we can find u, € C([O,T];LQ(Q)HW

LY(0,T; W, (), that is a weak solution of problem (3.2)) in the sense of Definition
Moreover, (u,); € L*(0,T; W=5YQ)) + L*(Qr) and

D¢®(Vuy,) - Vu, dz < +o0. (3.3)
Qr
Our aim is to prove that a subsequence of these approximate solutions {u,} converges to
a measurable function u, which is an entropy solution of problem (L.1). We will divide
the proof into several steps. Although some of the arguments are not new, we present a
self-contained proof for the sake of clarity and readability.
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Using an approximation argument as in Remark and Remark we can choose
Ty (un)X(0,+) as a test function in (3.2) to have

/Q@k(un)(t)d:cf/Gk(uOn)dx

Q

t t
+// De®(VTi(up)) - VIk(uy) deds = // fuTk(uy) dzds. (3.4)
0Jo 0Jo
It follows from the definition of O (r) and (3.1 that

/Ot/Q Dg@(VTk(un)).VTk(un)dxds—&-/Q@k(un)(t) da

< k(I fallzr@r) + luonllLr@) < kL @) + lluollzr @) (3.5)
Recalling (2.2)), we have
/ B(VTk(un))dz < | De®(Tu(Vuun)) - VTi(un) dz < Ch, (3.6)
QT QT

which implies from (1.2)) that

/ YTk ()] dz < Ok +1), (3.7)
Qr

that is Ty (u,) is bounded in L' (0,75 W, "' (%)).
If we choose k =1 in the inequality (3.5, then for a.e. ¢t € [0,T],

/Q 01 (un () dz < [ Fllz3 (crpy + ltollzs -

Moreover,

/Q i (8)] dz <meas(€2) + [ £l ey + ol ey,
Thus we obtain
tnll Lo 0,7501 () < C- (3.8)

Step 1. We shall prove that {u,} converges in C([0,T]; L'(2)) and we shall find a
subsequence which is almost everywhere convergent in 7.
Let m and n be two integers, then from (3.2]) we can write the weak form as

/ (. — )1, ) dt+/ (De®(Vup) — De®(Vup)] - Vo dz
0 Qr

= / (fn - fm)¢dzv (39)
Q

for all ¢ € C3(Qr). Recalling , , and (3.3)), we observe that
|De®(Vuy) - V| < @(Vuy) + @(—Vuy) + (D P(Vuy,))
< (C+1)®(Vum) + De®(Vuy,) - Vu,
< (C+1)De®(Vuy,) - Vi, + De®(Vuy,) - Vu, € L (Qr).
Denote

O :/ I —fm|dz—|—/ lion — tom| da. (3.10)
Qr Q
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‘We know that
lim aym =0.

n,m— oo
Using an approximation argument as above, we conclude that w = T (un — Um)X(0,r) With
t <T can be a test function in (3.9)). From (2.3)), discarding the positive term we get

/ O (tn — (1) dar < / 1 (uom — tom) 4z + [ — fonll 2 c2m)
Q Q

< ||u0n - uOm”Ll(Q) + ||fn - meLl(QT) = Onm-

Therefore, we conclude that

/ o =), f ftn — ul(®)
{Jtn—tm|<1} 2 {ttn—tum |21} 2

< / 101 (1 — )] (t) d < .
Q
It follows that

i — 1| (2) dat = /

{lun—um|<1}

lt — 1| (1) da:—i—/ iy — | (1) e

Q {ltn —tm|>1}

< (/ |, — U |? (1) dx) Emeas(Q)% + 2ap,m
{lun—um|<1}

1
< (2meaS(Q))%aﬁ,m + 200, m.-
Thus we get
|un — wmllco,rii) — 0 asn,m — +oo,
i.e., {u,} is a Cauchy sequence in C([0, T]; L*(£2)). Then u,, converges to u in C([0, T]; L*(£2)).
We find an a.e. convergent subsequence (still denoted by {u,}) in Qr such that

Up — u  a.e. in Qp. (3.11)

Recalling (3.6) and Lemma we may draw a subsequence (we also denote it by the
original sequence for simplicity) such that

VTi(un) — mg, weakly in L*(Qr)
and

/ O(ny)dz < Ck.
Qr

In view of (3.11]), we conclude that n = VT (u) a.e. in Q.

Step 2. We shall prove that the sequence {Vu,,} converges almost everywhere in Qr to
Vu (up to a subsequence).
We first claim that {Vu,} is a Cauchy sequence in measure. Let § > 0, and denote

Ey = {(z,t) € Qr : [Vuy| > h} U{|Vun| > h},
Ey = {(z,t) € Qr : |up, — upm| > 1}
and
B3 = {(x,t) € Qr : [Vuu| <R, [Vup| < h, |up = tm] < 1,[Vug, — Vug| > 0},
where h will be chosen later. It is obvious that

{(l’,t) € Qr: |Vun — Vum\ > (S} Cc F1UFE>;U E;5.
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For k > 0, we can write
{(z,t) € Qr : |Vuy,| > h}
C{(z,t) € Qr : |up| > kYU {(z,t) € Qp : |VTk(uy)| > h}.
Thus, applying , and , there exist constants C' > 0 such that

meas{(z,t) € Qr : |Vu,| > h} < % + %’

when h is large appropriately. By choosing k = Ch%, we deduce that
meas{(z,t) € Qp : |Vu,| > h} < Ch™3.
Let € > 0. We may let h = h(e) large enough such that
meas(E;) < ¢e/3, for all n,m > 0. (3.12)

On the other hand, by Step 1, we know that {u,} is a Cauchy sequence in L'(Qr). Then
there exists Ny (e) € N such that

meas(FEy) < /3, for all n,m > Ny(e). (3.13)

Moreover, since ® is C' and strictly convex, then from Lemma and Definition
there exists a real valued function m(h,d) > 0 such that

(D2(&) — D2(¢)) - (€ = ¢) = m(h,0) >0, (3.14)
for all &,¢ € RY with |¢|,[¢| < h, |€ — ¢| > 4. By taking Ty (u, — u,,) as a test function in

(13.9), we obtain

m(h, §)meas(Es3) < /E [De®(Vuy) — De®(Vun)] - (Vuy, — Vuy,) dz

< / [DeB(Vin) — De®(Vupn)] - VT (t — ttn) d2
Qr

S/ |fn7fm|dz+/ |u0n*u0m|dx:0‘n,ma
Qr Q

which implies that

Qp.m
Fs) < 2 <
meas(FE3) < (8] = €/3,

for all n,m > Ny(e,d). It follows from (3.12)) and (3.13)) that
meas{(z,t) € Qr : |Vu, — Vuy| >0} <e, for all n,m > max{Ny, Nz},

that is {Vu,} is a Cauchy sequence in measure. Then we may choose a subsequence (denote
it by the original sequence) such that

Vu, — v a.e. in Qr.

Thus, from Proposition and VTj(u,) — VTi(u) weakly in L'(Qr), we deduce from
Lemma [2.7] that v coincides with the very weak gradient of u. Therefore, we have

Vu, — Vu a.e. in Qr. (3.15)

Step 3. We shall prove that u is an entropy solution.
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Now we choose v, = Ti(u, — ¢) as a test function in (3.2) for k¥ > 0 and ¢ € C*(Q7)
with ¢[s = 0. We note that, if L =k + [|¢|| = (0,), then

De®(Vuy,) - VI (uy — ¢) dz

Qr

-/ De®(VTr(un)) - VIR (Tr(un) — ¢) dz

and

T
/0 (e Tl = )t + [ De®(VT () - VTUTs () = ) d:

= Tk (un — @) dz.
Qr

Since (un)t = (un — @)t + ¢¢, we have
T
/O (e, T ( — 6)) dt :/Q@k(un o) (T) da — /Q O (i — 6)(0) dz

+ / <¢t7 Tk(un - ¢)> dta
0
which yields that

/Q O (un — 6)(T) di — / O (tn — 6)(0) da + / (60, T (1 — 0)) dlt

+ A De®(VTL(up)) - VIR(Tr(upn) — ¢)dz = A Tk (un — @) dz. (3.16)

Recalling wu,, converges to u in C([0,T]; L*(Q2)), we have wu,(t) — u(t) in L}(Q), for all
t <T. Since O is Lipschitz continuous, we get

/@k(un—¢)(T)dx—>/G)k(u—qﬁ)(T)dx
Q Q
and
/@k(un—q[))(()) dma/@k(uo—qb(o))da:,
Q Q

as n — +o0.
The fourth term on the left hand side of (3.16)) can be written as

o Dg‘b(VTL(un)) . VTk(TL(un) - ¢) dz

= / ng)(VTL(un)) . VTL(un) dz
{ITr (un)—o|<k}

7/ Ded(VTy(un)) - Vo de.
{ITL (un)—0|<k}

From (2.2)), we have
ng)(VTL(un)) . VTL(UH) Z 0,

it follows from Fatou’s lemma and (3.15) that

/ De®(VT(w) - VT (u) dz
{ITL (v)—d|<k}
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< liminf / De®(VT} () - VT (un) d.
{ITL (un)—o|<k}

In view of (3.5)) and , we know that
/ U(Ded® (VT (un))) dz < C. (3.17)
Qr

Applying Lemma Lemma and (3.15)), we conclude that (up to a subsequence)

De®(VTL(uy)) — De®(VTL(u)) weakly in L' (Qr). (3.18)
Denote

§n = De®(VTL(un)), En = {(z,t) € Qp : [Tp(un) — ¢| < k}

and

E={(x,t) € Qr: |To(u) — o] < k}
for simplicity. We can write

/ §n~V¢dz:/£n-V¢)dz+/ &, Vodz =1 + Is.
E, E E\E
From ([3.18)), we have

n—oo

im T, — / Ded(VT}(u)) - Vb dz.
{ITL (u)—|<k}
Recalling Lemma we know that W also satisfies the super-linear condition (|1.2]). Then
for every € > 0, there exists a constant M > 0 such that
|s| <eW(s), forall|s|> M.
It follows that from (3.17) that

L) < C(IVéllL=ar) / Enlxm e dz
T

= C(/ I€nlXEN\E dZ+/ I€nlXEN\E dZ)
{l€n <M} {l€n|2M}

< C(Mmeas(En\E) + 5/{2 U(&,) dz)

< CMmeas(E,\E) + Ce.
Moreover, by the arbitrariness of ¢, we get
Thus we obtain

/ D¢®(VTr(up)) - Vodz — D:®(VTL(u)) - Vodz.
{ITL (un)— <k} {ITL (u)—¢|<k}

Using the strong convergence of f,,, (3.11)) and the Lebesgue dominated convergence
theorem, we can pass to the limits as n — oo in the other terms of (3.16)) to conclude

/Q O(u — 6)(T) da / Or(uo — 6(0)) di + / (6, Tl — ) dt

+ De¢®(Vu) - VIi(u— ¢)dz < fTi(u— @) dz,
Qr Qp
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for all k > 0 and ¢ € C1(Q7) with ¢|s = 0. Therefore, we finish the proof of the existence
of entropy solutions.

(2) Uniqueness of entropy solutions.

Now we prove the uniqueness of entropy solutions for problem by choosing appro-
priate test functions. Suppose that v is another entropy solution of problem (L.1)), we will
show that u = v a.e. in Q7. For 0 > 0,0 < £ < 1, define the function S, . in W?%>(R) by

See(r) =7 if |r| < o,
€ r 1 T 2 .
Sa,a(r):(a+§)—m2—6( —m(a—i-e)) ifo<|rl<o+e,
Smw)zﬁﬁo+g) if r| > o +c.
It is obvious that
S, .(r)=1 if [r| < o,
1
Sf,ys(r) g(0+57|r|) ifo<|rl<o+e,
S, (r)=0 if|r|>a—|—5

Choosing ¢ = S, < ( Un)X(o ¢) as a test function in ) for entropy solution v, we have
/@k v — So.e(un)) dx—/@k ug — So.e(Uop)) dz
4 Tl = S s
// De®(Vv) - VT (v — So o (un)) deds

</ / ST — S c(un)) dids. (3.19)

In order to deal with the thlrd term of (3.19 -, we take Sp, _(un)T5(v — So.c(un))X(0,0) 88
a test function for problem (3.2) to have

/ t<<un>t, ()T — S () ds
// 57 () Tk(v — So.e(n))De®(Vuy) - Vu, drds
/ / O(Vuy,) - VI (v — So.c(uy)) deds

://h%wwﬂw—&mmMm& (3.20)

Combining (3.19)) and -, we get
/ Ok (v — Sma(un))(t) dx — / O (uo — So,s(“On)) dx
Q

//S" (un) T (v — So,c(un))De®(Vuy,) - Vu, deds
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t
- // S, (un)De®(Vuy) - VT (v — Soe(un)) dzds
0/Ja

—|—/t D:®(Vv) - VI (v — Sy e(uy)) deds
0JQ
t
_Sa's n d d
< [ 570 S ) s
- / / FuSt (1) Th(0 — S () s,
0JQ

We will pass to the limits as ¢ — 0, n — oo and ¢ — oo successively. We begin with
€ — 0. Let us denote A; to A7 these seven terms, then we get
A1+A2+A4+A5§A6+A7+|A3|. (321)

Since [O4(0 — Soe(un))(B)] < k(o] + [Ty (wa))(O), Sho(r) < Thr(r) and [VT(v -
So.e(Uun))] < [|VTosrt+1(0)|+|VTrt1(un)|], the four terms of the left hand side and the two
terms of the right hand side in pass to the limit for € — 0 by the Lebesgue dominated
convergence theorem.

Now we estimate |As|. Let R, . be an even function such that R, .(r) = r — S, .(r) for
r > 0. Then we choose R, _(un)X(0,) as a test function in to have

/ R o (u2)(t) der — /Q Ry (tton) d

//R” U ) De®(Vuy,) - Vundxds—//fn (up) dzds.

Since Ry (r) > 0, Ry c(r) < |r| on the set {|r| > a} and |S] _(r)| = R .(r), we obtain that

S - (un)|De®(Vuy,) - Vuy, deds = R” (un)De®(Vuy,) - Vu, drds
13 3

g/ | frnldz —|—/ |won |dx.
{|un\>o'} {luO'n|>‘7}

Ag] < k(/ fuldot g/ o d).
{lun|>0} {luon|>c}

Recalling that ® is a C'! nonnegative convex function and 0 is the minimum point, we
conclude that D®(0) = 0 and T (u,)De¢®(Vu,) = De®(VI,(uy)). Then by letting e — 0
in (3.21)), we obtain

/ Ok (v — Ty (un))(t) d — / Ok (1o — T (1)) dar
Q Q

Thus

Jr/O/Q(DgID(Vv) — De®(VT,(un))) - VIk(v — To(uy)) dads
< [ = FuTsu ) Beto = T ) dads

+k:(/ | fo| dexdlt + / [uon] dz).
{lun|>a} {lwon|>0c}
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Thanks to the fact that VT, (u,) — VT (u) a.e. in Qp as n — oo, Fatou’s Lemma and the
Lebesgue dominated convergence theorem, sending n — oo in the above inequality, we have

/ Ok (v — T (u))(t) do — / Ok (o — T, (1)) da
Q Q
+ /0 /Q(Dg@(Vv) — De®(VT,(u)) - VIg(v — Ty (w)) dzds

< / / F(L = T () T(v — Ty (u)) dads

+k(/ |f|dz—|—/ |u0|d33).
{lu|>o} {luo|>c}

Now we let 0 — 0o. Since
Ok (v — To(w) ()] < k()] + [u(t)]), [Or(uo — To(uo))| < Kluol,

by the Lebesgue dominated convergence theorem, we obtain

/Q@k(uo—TU(uo))dxHO, /Q@k(v—Tg(u))(t)d:v—>/Q®k(v—u)(t)dat
d

/ |f|dz+/ luo| dz — 0.
{lul>0c} {Juo| >0}

Therefore, we deduce that

/ O (v —u)(t)dx + /t/ (De®(Vv) — De®(Vu)) - VIR(v — u) deds < 0,
Q 0Jo

which implies that

/ O(v —u)(t)dr + / (De®(Vv) — De®(Vu)) - V(v — u) dads < 0.
Q {lul<5,lvI<5}

arn

Using the nonnegativity of the two terms in the above inequality, we conclude that u = v
a.e. in Qp. Therefore we obtain the uniqueness of entropy solutions. This completes the
proof of Theorem [T.3] O

Next, we begin to prove the comparison result.

Proof of Theorem [1.7] First, we suppose that ug,vg € L?(2) and f,g € L?(Qr). Then
we use an approximation argument. By Remark we can obtain two weak solutions u
and v under Definition for problems (|1.1)) and

Ve — le(DgCI)(VU)) =g in QT,
v=0 on X, (3.22)
v(x,0) = vy (z) on .

Making use of the approximation argument, we choose (u — v)* X(0,¢) as a test function and
subtract the resulting equalities to get

/Ot/ﬂ(u —0)¢(u — )t dads + /Ot/Q(DgI)(Vu) — De®(V0)) - V(u —v)* dads
Z/Ot/ﬂ(f—g)(u—v)*d:vds <0.
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Moreover, from (2.3)) we have

3/ /Q Gllu= o) dads = 5 [ [(w=0) @) dn = 5 [ [fwo ~ ) P o <0,

Recalling uy < vg, we conclude that
(u—v)t =0 ae. in Q7.

Thus we obtain v < v a.e. in Q.

Now we consider v and v as the entropy solution of problems and with L!
data. Find four sequences of functions {f,},{g.} C C§°(Qr) and {uon}, {von} C C3C(2)
strongly converging respectively to f,g in L*(27) and to ug,vo in L' () such that

fn S 9n, Uon S Von,
| frllor @y < fllzv@eys  Ngnllzr@r) < gl @),
[uonllri) < lluollzr@)s  lvonllLi@) < llvollzr (-

Thus we use Theorem to construct two approximation sequences {u,} and {v,} of
entropy solutions u and v, and apply the comparison result above to obtain u,, < v, a.e. in
Qr. Moreover, by the uniqueness of entropy solutions, we know u,, — u and v, — v a.e. in
Qr. Therefore, we conclude that v < v a.e. in Q7. This completes the proof of Theorem

L4l O
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