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ABSTRACT

This paper investigates how to take advantage of the
known position of a point at which a single frequency
GPS receiver is located. Using this reference point and a
single frequency receiver, a precise relative positioning

method is developed. This method is particularly suited
for the applications whose accuracy requirements are
relaxed as time passes.

In some circumstances, one requires a far better accuracy
than a single frequency receiver using standalone GPS or
WAAS provides. Further, typical precise positioning
methods such as differential GPS (DGPS), real time
kinematic survey (RTK), and precise point positioning
(PPP) cannot be used due to hardware or cost limitations.
This difficult situation can be overcome with the new
algorithm, precise relative positioning (PRP), described in
this paper.

The PRP method requires raw measurements (e.g. pseudo
ranges, carrier phase measurements, and ephemeris) from
a single frequency receiver. It also requires a reference
point. The reference point can be an initial position of a
receiver (or any position during navigation for post-
processing) that can be obtained by using various
techniques, for example, the use of other sensors. The
PRP has two modes. One is lono-Free (I-F) PRP, the
other one is Carrier-Based (C-B) PRP. The I-F PRP
significantly mitigates the effect of multipath and
ionosphere delays and cancels out user receiver clock
errors by using combinations of pseudoranges and carrier
phase measurements between satellites. On the other hand,
C-B PRP uses only carrier phase measurement as ranging
sources. Therefore, the I-F PRP can achieve better
stability than standalone GPS or WAAS can provide, and
the C-B PRP provides precise position solutions in a
short-time application. The PRP is particularly well suited
to the problems of accurate aircraft position
determinations such as flight inspections. Preliminary
results show a centimeter to decimeter level of stability in
horizontal and vertical planes

1. INTRODUCTION

Precise positioning using GPS has been one of the most
active research areas in the community of navigation
because there have been many applications that require a
high level of accuracy in position. The applications



include automatic aircraft landing, attitude determination,
and autonomous control of land vehicles. Extensive
studies on precise positioning driven by commercial and
academic interests have resulted in successful methods
and products.

One of the popular methods is Real-Time Kinematic
(RTK) survey. RTK typically requires two or more
receivers to cancel out the common errors between them.
It also uses carrier phase measurements as ranging
sources instead of code phase measurements. Therefore, a
RTK system has a reference receiver, whose location is
known, and one or more rover receivers. Also, a RTK
system has a sophisticated integer ambiguity resolution
algorithm in order to use carrier phase measurements as
ranging sources. There are many implementations of
ambiguity resolution. The robustness and effectiveness of
the algorithms are important factors for the performance
of a product [1]. With the help of error corrections from a
reference receiver and the wuse of carrier phase
measurements as ranging sources, current RTK systems
usually achieve a centimeter level of accuracy. In addition
to high accuracy, some RTK systems have the capability
of an instant integer resolution [1] and of effectively
handling cycle-slips [2], which provides robustness in
various situation. Due to these advantages, RTK systems
are widely used in many applications.

Another method is Precise Point Positioning (PPP) using
a dual frequency receiver [3]. Unlike RTK, PPP depends
on external sources like international GPS service (IGS)
in order to mitigate the various errors in code or carrier
phase measurements and orbital errors. Due to these error
corrections from external sources, PPP does not require
multiple receivers but needs a dual frequency receiver for
accurate integer ambiguity resolutions. Using one receiver
permits more flexible operations than RTK. However,
latency or post processing is inevitable since the external
sources are not available in real time. PPP provides a deci
to centimeter level of accuracy in position domain.

Although these techniques can provide a high level of
accuracy in position as well as a robust performance, it is
not possible to use these methods in some applications
such as a flight inspection truth system. The reason is that
the FAA flight inspection truth system not only requires a
high level of accuracy (up to 30cm 95%) but also near
real time processing. In addition to that, flight inspection
procedure can’t afford the additional time in setting up
local reference GPS receivers. Due to these requirements,
RTK and PPP are not suited to this application. Therefore,
in the current FAA flight truth inspection system, a
navigation grade INS has been used as a main sensor with
a radar altimeter and a vision sensor in order to achieve
the requirements.

This paper presents a reference point-based precise
relative positioning method using a single frequency
receiver. It is motivated to enhance and reduce the cost of
the current FAA flight inspection truth system by
eliminating the expensive INS but achieves the same
requirements with a single frequency receiver. In this
method, it is assumed that a user is able to find the
relative coordinates of a receiver to a reference point at
one time during navigation by using other sensors. The
absolute position of the reference point is also assumed to
be surveyed. In a flight inspection procedure, a threshold
on a runway serves as a reference point which is
accurately surveyed. The onboard radar altimeter and
vision sensors are used to find the relative position of an
aircraft over the threshold. Figure 1 illustrates the
procedure of the flight inspection and its position
determination accuracy requirements. It should be also
noted that the flight time is very short (less than 3
minutes) within the tight accuracy requirements. The new
method is especially developed to take advantage of the
known position of a receiver at one time and the short
operation time.

The reference point-based precise relative positioning
(PRP) method has two modes. One is lono-Free PRP, and
the other is Carrier-based PRP. The lono-Free PRP
provides stable position solutions with reduced multipath
noise, which wuses both code and carrier phase
measurements and cancels out the ionospheric delays. On
the other hand, the Carrier-based PRP provides very
precise position solutions since it uses only carrier phase
measurements. But, the carrier-based PRP has ionospheric
delays and a large bias in the measurements. These
different error characteristics of the two PRP modes can
be utilized to satisfy the accuracy requirements of the
flight inspection truth system, which will be discussed
later.

This method can be implemented in real time or in post-
processing. However, the relative position of a receiver to
a reference point should be known at the initial time for a
real time processing. For post-processing, the relative
position to a reference point only needs to be provided at
one time during navigation. The overall absolute position
accuracy of this method is limited to the accuracy of the
other sensors that is used to find the relative position to
the reference point.

This paper is constructed as follows. The derivation of the
I-F and C-B PRP will be shown in section 2. Also, the
error characteristics of the two modes will be analyzed in
that section. The results from the test of the two modes
with static data will be shown in section 3. The
conclusion will be followed in section 4.
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2. Derivation of Precise Relative Positioning
Equations

There are two possible precise relative positioning
solutions. One is lono-Free (I-F) precise relative
positioning (PRP), which is free of the ionospheric delays.
The other one is carrier-based (C-B) precise relative
positioning, which uses only carrier phase measurements
as ranging sources.

2.1 lono-Free (I-F) precise relative positioning

The GPS measurement for ranging sources are code phase
measurements (p) and carrier phase measurements (@) ,

which are

pY =1 10T o o(st, - oty + £ (2.1)
@M =™ 1 1T (5, - 5tM)+ ANY + 519 (2.2)

where the superscript (k) indicates the associated satellite.

ris the geometric range between a user and k th satellite.

1) and T™ are the ionospheric delays and the
tropospheric delays respectively in the range

measurements. ot, is the receiver clock error, and 5t£") is

the clock error of the satellite. %) and &l denote the

modeling error, multipath, and unmodeled effects in code
and carrier phase measurements respectively. A4 is the

carrier wavelength on L1, and N is the integer
ambiguity on L1 of the satellite.

The ionospheric delays are cancelled out by summing the
halves of the code phase measurements and the carrier
phase measurements as follows.

y :%p(k) +%<D(k)
=" 1T 4 e(st, —ot™)+ L AN (23)

The tropospheric delays can be compensated from the
current high fidelity troposphere models [4]. Satellite
clock error corrections can be computed by using GPS
ephemeris data or with WAAS data. With these error
corrections, equation (2.3) becomes

y ¥ —T® pesf® = r® 4ot +2ANW
(2.4)
+%gi,k) +%gfpk) + gik) + gt(sk)

where &) and gt(k) stand for the residual errors of the

tropospheric delays and the satellite clock error
corrections. T is the estimated tropospheric delays,
and st is the estimated satellite clock error.

At this point, let us designate a reference point,
P, Whose absolute position is assumed to be surveyed.

The position of a user at any time can be described as the
sum of the position of the reference point and the relative
position to the reference point, 5p, as follows.

puser = pref +5p (25)
where p,,, is the position of a user.

The geometric range between the reference point and a
satellite, r;, can be easily computed since the absolute

position of the reference point is known. It is well known
that when the baseline of the reference point and the

receiver is short (~10km) compared to the distance to the
k th satellite, the difference between the geometric ranges

to the satellite from the user, r*) .and the reference point,
r.¥), can be described as [5]

r) ) = ¥.esp (2.6)

1" s the line of sight vector to K th satellite from the
reference point. This situation is illustrated in Figure 2.



Figure 2: Geometry of a receiver and a reference point

Therefore, if r")is subtracted from equation (2.4), then
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Let us subtract §'” from §* in order to cancel out the
receiver clock error, then

y(k:i) — y(k) _ y(i)
= (1% +19)esp+ L ANKD (2.8)
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where (-)(k’j) denotes (-)(k) _(.)“)_

There are two unknowns, 5p and N | in equation (2.8)
except the noise terms. Since it is assumed that op is
known at one time during navigation, it is possible to

approximately evaluate N at that particular time. Let
us denote the estimated relative position to the reference
point from other sensors as & p, . Then, the integer

ambiguity terms can be approximated as

%ﬂN(k’j) _ y(k:i) _(_1(k) +1(J)),§ﬁs
= (1% +19)eb, + 2 AN (2.9)
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where b, =6p,—dp. b, isthe error in & p, caused by the
other sensors which is used to find the relative position to
the reference point. Therefore, the value of b, depends on
the accuracy of the other sensors. N is the estimated
integer ambiguity terms. N has offsets because of

b, and the noise terms. Therefore, AN can be
described as

LIN®D =2 aN®D 4 p (2.10)

N(ki)

where b, is
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wa is the bias in the estimated integer terms, and it is

closely related to the position error characteristics. This
issue will be discussed in the analysis of the error
characteristics of the I-F and C-B precise relative
positioning solutions.

Now, it is possible to solve for & p by subtracting
1 2N from equation (2.8) as follows.

y(kvi) _%ﬂ,\](k,j) — (_1(k) +1(J)),5p+g[(kvi) (2.12)

otal

where

(ki) _ 1 (ki) 1 (k) (k.J) (k.J)
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(2.13)

It is easy to construct a system of linear equation by
implementing the same procedures for the other satellites
in order to solve for & p in the least square sense. But,

rather than solving the system of equations similar to
equation (2.12), it may be better to further reduce the
multipath noise by using a Hatch filter. In this case, the

carrier smoothed pseudo range, pﬁ") (t, ) , can be used in

stead of p™(t,) , which is

ps(k) (ti ) = ﬁp(k) (ti ) + %[pik) (ti—l ) +
2.14)
(@ (t) - (1))
where M is the number of epochs of the measurements
that are used for smoothing. The use of o (t;) makes

equation (2.3) invalid because the ionospheric delays are
not exactly cancelled out. Therefore, a small number for
M is desirable in order for the derived equations to be



reasonable. The value of M may vary with respect to the
activity of the ionosphere and multipath.

With the determined integer ambiguity terms and the
smoothed pseudo ranges, the I-F precise relative
positioning equation for K number of satellites can be
described in as

g 1N T g0 g0 Euas

G _1 @0 || 4@ 440 (2

v -3 ST spty+| e | (215)

yﬁk'j)—%lN(k'j) t —1® 41D ) gt(o’;f’)s 1
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Y (t) H(t)

where the subscript s denotes the carrier-smoothed
measurements. There is no combination of the same

satellite, such as(-)“'j) )

Various weighting matrix can also be constructed for the
equation (2.15). Then, the relative position with respect to
the reference point can be estimated with weighted least
squares as follows.

5B ()=(HTOW®OH®) HTOWOY®)  (216)

The error characteristics of & p,. will be discussed in the
later section.

2.2 Carrier-based (C-B) precise relative positioning

Since the integer ambiguities, N7 | are solved in the
process of I-F precise relative positioning, it is possible to
use only the carrier phase measurements as ranging
sources. The similar procedures to the I-F precise relative
positioning algorithm can be applied for the C-B precise
relative positioning as follows.

At first, let us apply the troposphere and the satellite clock
error corrections to the carrier phase measurements. Also,

Subtracting r “) from the carrier phase measurements
results in

209 = @) _p) _F 0 4 570
~1%esp—1¥ +cst, + ANV (2.17)
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Then, the difference between 7" and 2
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Now, let us apply the estimated integer terms to the above
equation. Then,

73 _ 2N D) ( 10 +1(j)).5p_ (D)
‘ . (2.19)
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A system of linear equations similar to the equation (2.19)
for the other satellites can be described as

@D _ NGED 10 1) 5{(;;")’(1)
7(2.1) (2.1) _1@ 1) (2.1)
.ﬂVN T Spy+| Fedle | (2.20)
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where
&(;Af,)a» =) —2bNM +€g<’j) +5§k'j) +5t(sk'j) (2.21)

Of course, there in no combination of the same satellite.

The relative position with respect to the reference point
can be solved from

5P () =(HTOWOH®) H OW®Z®) (222

The error characteristics of & p.; will be discussed in the
next section.

2.3 The error characteristics of I-F and C-B precise
relative positioning solutions

I-F and C-B precise relative positioning (PRP) solutions
have different error characteristics. These different error
characteristics imply when to use either I-F or C-B
position solutions.

Equation (2.13) shows the various error terms in the
measurements for the I-F PRP. Let us restate equation
(2.13) as a function of time as follows.

el (0 =40 (O + 2o () o (1)

_ (2.23)
+6 (t)=b ., (0)

where



b (0) = ~(-1 +17)b, (0) +-37 (0)
+1e0” (0)+47 (0)+2(0)

The time, t, indicates the elapsed time from the time, O,
when the differenced integer terms are resolved. In

equation (2.23), &I” (t)and &) (t) do not significantly

(2.24)

change over time [5]. Therefore, &7 (0) and &/ (0)in
bN(M) (0) actually mitigate the residual tropospheric delays

and the satellite clock errors over short time (~tens of
minutes). %gfbk'“ () can be ignored since it is very small

compared to the other terms. Therefore, equation (2.23)
can be approximated over short time as follows.

(0= 362 0+ (14100, (0)-2610(0)
2

where b, is the bias due to inaccurate determination of
the relative position to the reference point and multipath
when the integer terms are resolved. Of course, gk (t)

total

will have a larger but fixed bias when time increases such
that /") (0) and &* (0) do not effectively mitigate
&V (t)and &7 (t). The magnitude of b, depends on
the multipath and the accuracy of other sensors which are

used to find the relative position to the reference point.
oy, can be approximated as follows.

Oy, ~ 420, +50, (2.26)

where o, is the rms of other sensors, and o, the rms range

error due to multipath. Therefore, the preciseness of the |-
F PRP depends on the accuracy of the other sensors and

multipath. The rms of £/ (t) is quite small compared to

total
the rms of the errors the code phase measurement. This is
mainly due to the eliminated (or nearly eliminated if
carrier-smoothing is used) ionospheric delays and the
reduced multipath effect.

On the other hand, the equation (2.21) shows the error
terms in the measurements for the C-B PRP. Let us restate
the equation (2.21) as a function of time as follows.

g‘("k‘;?‘b (t) =-1) (t) N 2bN(qu) (0) + 8((11(’” (t)
AR

s

(2.27)

Equation (2.27) can be approximated over short time
(~tens of minutes) as follows.

gtgié{?w (t) ~ -1 (t) + 2(_]_(k) +1(j))-b
_g/(Jk,j) (0)_4&1) (0)_51(k'j) 0) (2.28)
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where b, is the bias caused by inaccurate determination
of the integer ambiguities. &%), (t) will be larger but
fixed as time increases like &%) (t). o, can be
approximated as follows.

o, * \/BJpr +20° + 207 + 20} (2.29)

Apparently, gmal » (t) is much lager than gkl (t).

Therefore, it is highly likely that the measurements for the
C-B PRP may have a lager bias than I-F PRP. It is proved
in the analysis that the quality of other sensors used to
find the relative position to the reference point effects the
performance of I-F PRP and C-B PRP since any offsets
caused by the other sensor will remain as a bias in the
range measurement.

It is clearly shown that I-F PRP provides better
performance the C-B PRP. The main drawback of the C-B
PRP is that the uncompensated ionospheric delays and the

large bias in the measurements, b , may introduce drift-

like errors in position domain in a few tens of minutes.
However, the C-B PRP results in smooth solutions since
there is little multipath in the measurements. Furthermore,
the C-B position solution is more precise closer to the
beginning. This is mostly due to that the differential delay
of the ionosphere does not rapidly change over time.
Therefore, it could be desirable to use the C-B PRP
solution near the beginning of the operation time and use
I-F PRP later. The transition time to C-B PRP to I-F PRP
can be determined from the field test, but it won’t be
discussed in this paper.

It should be noted that the C-B relative position solutions
do not match to the surveyed relative position to the
reference point when the operation time is 0. This is
caused by the remaining error terms in the equation (2.28)
when the time is 0. The offset can be computed from the
C-B relative position solution and the surveyed relative
position at time 0. This offset will be calibrated for the
entire C-B relative position solution.

2.4 Satellite constellation change and cycle-slips

Itis likely that a new satellite comes after the resolution

of the difference integer terms, N7/ | at the initial time.
At this time, the accurate relative position from a receiver
to the reference point may not be available. One possible



option to deal with a new satellite is to use §p instead of
S P,
5P is that the new N is more likely to have a larger
bias than other differenced integer terms. It also may
cause a sudden jump in the position domain, which is not
desirable for the purpose of precise positioning. One trick
to avoid the sudden jump is to compute positions with and
without a new satellite at this particular epoch. The
difference between the two position solutions is defined to
be a calibration factor. The position solution with the
new satellite in the future will be calibrated to the
calibration factor. It is also possible that a satellite
disappears during the navigation period. Usually, a
sudden jump in position domain is also observed when a
satellite disappears. What needs to be done in this case is
to re-compute the position at the previous epoch with and
without the lost satellites and compute the calibration
factor. Then, the calibration factor will be applied to the
future position solutions. Another possible situation is a
cycle-slip. A cycle-slipped satellite can be treated like a
satellite that disappears and comes back immediately. It
should be noted that this simple calibration technique is
particularly useful for a short time operation because the
jump acts like a bias in short time. The overuse of this
calibration technique for a long time may degrade the
performance of the I-F PRP and C-B PRP.

in order to obtain a new N* . The effect of using

3. RESULTS

The proposed algorithms are processed with static
receiver data. The data were taken with a Novatel
antenna at Stanford University in March, 2005. The
reference point is set to be the position of the antenna
whose position is accurately (better than a few
centimeters) surveyed. The sampling rate of the data was
1 second, and 20 seconds of carrier-smoothing is used for
the 1-F PRP. The I-F PRP and the C-B PRP performances
for the 10 minutes of operation time are compared. Then,
I-F PRP is processed for 1 hour operation time, and it is
compared with the standalone GPS.

3.1 Comparison of the performance of I-F PRP and C-
B PRP for 10 minutes operation time

The I-F PRP and the C-B PRP algorithms are processed
with 40 data sets of 10 minutes operation. Also,
standalone GPS position solutions are processed for these
tests. Figure 3 and 4 shows the horizontal and vertical
position errors.
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The position solutions from standalone GPS are calibrated
to the position of the reference point at the initial time in
order to compare the stabilities of standalone GPS and
PRP algorithms. The I-F PRP provides noisier position
solutions than C-B PRP but it is more stable than C-B
PRP over time. I-F PRP solutions are less noisy than the
calibrated GPS position. The distinct error characteristics
of C-B PRP is that the position error is quite small near to
the beginning and becomes larger as time passes, which is
expected from the section 2.3. Overall, C-B PRP provides
the best performance among the three position solutions
over 10 minutes of operation time. The number of
satellites remains the same, and no cycle-slips are
observed for each operation.

3.2 The performance of I-F precise relative positioning
for 1 hour operation time

The results in horizontal and vertical of the I-F PRP and
standalone GPS with 11 data sets of 1hour operation time
are shown in Figure (5) and (6). The number of satellites
is shown in Figure (7), and no cycle-slip is observed.
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It is clearly shown in figure (5) and (6) that the I-F PRP
provides significantly better stability than standalone GPS
over 1 hour operation time. The position errors most of
time are less than 1m both in horizontal and vertical. The
mean, variance, and root-mean-square (RMS) values for
the positioning errors of standalone GPS and I-F PRP in
figures (5) and (6) are shown in figures (8), (9), (10), (11),
(12) and (13).
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Figure 11: Mean of standalone GPS in 11 data sets
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Figure 12: Variance of I-F PRP in 11 data sets

for 1 hour operation
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Figure 13: Variance of standalone GPS in 11 data sets
for 1 hour operation

CONCLUSION

In this paper, a reference point-based precise relative
positioning method is developed. It is assumed that a user
can be equipped with only a single frequency receiver but
can use other sensors in order to find the relative distance
to a reference point at least one time during navigation.
The absolute position of the reference point is assumed to
be known to a user. In order to make the most of the
known position of a receiver to the reference point, the
two algorithms, I-F PRP and C-B PRP, are developed.
The derivation of the two methods and the analysis of
their expected error characteristics are discussed. Then,
the two precise relative positioning methods are tested
with the static data. The results of the tests show that the
performance of C-B PRP, most of the time, is better than
I-F PRP for 10 minutes of operation. Especially, C-B PRP
supercedes I-F PRP near the beginning with less than
30cm position error in horizontal and less than 50cm in
vertical for a few minutes of operation. I-F PRP provides
better stability than standalone GPS for 1 hour of
operation. The satellite constellation changes do not
significantly degrade the performance of I-F PRP for the
operation time. The rms of I-F PRP for 1 hour of
operation is less than 50cm in horizontal and less than 1m
in vertical.

These position errors do not take into account the offsets
caused by other sensors when determining the relative
position of a receiver to the reference point. Therefore,
the overall accuracy of this method is the sum of the
accuracy of the PRP and the accuracy of the other sensors.
Since these results are obtained from the tests using the
static data, a dynamic user may have slightly different
results. This is especially true that if the short baseline
assumption between a receiver and a reference point does
not hold. It is also expected that the airborne users may
have better results since multipath is usually less in the air



than on the ground. Users in an urban canyon will have
worse results due to the severe multipath. It is promising
that the combination of I-F PRP and C-B PRP can replace
the expensive navigation grade INS in the current flight
inspection system with a single frequency receiver.
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