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Abstract:

By symbolic logical method, prove the presence of Green’ Theorem in countless discretional simply connected closed curve coordinates (include orthogonal curve coordinates and nonorthogonal curve coordinates), spread double integrals to countless discretional simply connected closed curve coordinates, realize double integrals in discretional free plane region, realize the integral calculation of vector field [plane electric field、plane magnetic field、plane hydromechanical field etc.] and scalar field in discretional free plane region, realize Green’ Theorem at Manifold and Manifold Integral in Engineering Meaning
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[Owing to exorbitant data、calculating and processing workload, the proof、calculation and  tracings follow the format of  Waterloo Maple 11 computer algebraic system: The items starting with ‘>’ are manual input commands; starting with ‘#’ are notes; starting with ‘//’ are analysis of author (red traces); the others  are results of analysis、calculation、tracing which computer algebraic system returned (blue traces), be on the verge of general physical/ mathematical expression] [11]
1.1 Prove Green’ Theorem at Manifold

Green’Theorem  Suppose the boundary curve ‘L’ of plane bounded closed region ‘S’ is composed by numbered smooth or piecewise smooth curves. If exist 1th order continuous  partial derivatives about functions ‘P(x,y),Q(x,y)’[structure plane vector field ‘A’] at plane bounded closed region ‘S’, then:
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Proof:
Define the parametrized expression of discretional (plane) simply connected、closed curve ‘L’:

//Not that ‘Discretional curve ‘L’’, but that ‘Discretional simply connected、closed curve ‘L’’; See also ‘The Proof and Calculational Examples of Divergence Theorem at Manifold’ Introduction 2
 [a cos(t),b sin(t)]    (2)
//In proper meaning, ‘[a cos(t),b sin(t)]’ is the transform expression of ‘Discretional simply connected、closed curve ‘L’’ between ‘2-D Cartesian coordinate’ and ‘Discretional simply connected、closed curve ‘L’ coordinate’
thereinto, ‘a,b’ are nonzero constants or 1th order derivable continuous functions (trigonometric functions with independent variable ‘t’), simply connected、closed curve ‘L’ determines the value of ‘a,b’; set the range of parameters ‘t’ in  [0,2
[image: image2.wmf]p

], make boundary curve ‘L’ closed. (See also Poincare Conjecture: “Every closed n-manifold which is homotopy equivalent to the n-sphere is homeomorphic to the n-sphere”) [10]
//In 2-D Euclidean space that Green’ theorem  refers, the corresponding opinion is that: ‘Every simply connected closed 1-manifold is homeomorphic to the 1-sphere’
// Pending coefficient ‘a,b’ aren’t composed by ‘discretional sine or cosine functions’, the values of pending coefficient ‘a,b’ must obey the topology attribute of ‘simply connected closed curve’; See also ‘The Proof and Calculational Examples of Divergence Theorem at Manifold’ Introduction 2
Calculate the closed curve integral (plane vector field ‘A’ at boundary curve ‘L’):
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// Relative to idiographic 2-D space vector fields that are composed of idiographic Protean 2 variable functions, abstract 2-D space vector field ‘[P(x,y),Q(x,y)]’ is a sort of balanced、symmetrical data structure; In the proof of Green’ Theorem at Manifold, objectively require a sort of balanced、symmetrical abstract closed curve’s expression, match with the abstract 2-D plane vector field above-mentioned; Poincare conjecture was lodged and have been proved, supply the theoretic gist for the realization of abstract closed curve’ expression (Viz. ‘[a cos(t),b sin(t)],t[0,2*Pi]’).

// In proof of traditional Green’ theorem, ‘Absract plane vector field [P(x,y),Q(x,y)]’ matchs ‘Abstract plane closed curve that constructed by ‘a,b,y=φ1(x),y=φ2(x)’ or ‘x=ψ1(y),x=ψ2(y),c,d’’
  (See also《高等数学(第六版)》(下册) 同济大学数学系 高等教育版 2007 P142-145)
//‘Integral value equals 0’ possesses specific mathematical and physical meaning:

    In mathematical meaning, ‘Integral value equals 0’ is the inevitable result of logic illation, incarnates the logic balanced state between various integral elements;

In physical meaning, ‘Integral value equals 0’ implies that the circumfluent value of ‘Abstract Plane Vector Field at Abstract plane simply connected closed curve’ is constant for ‘0’(immobile and pending) identically; If integral value equals certain a positive/negative number or an expression, it implies that always there is positive/ reverse directional flux or unknown flux about ‘Abstract Plane Vector Field at Abstract simply connected closed curve’, this instance will be unaccountable
Change the character ‘t’(belongs to the parametrized expression of boundary curve ‘L’)to ‘u’, and entirely multiply radius vector ‘r’(suppose r>0), convert ‘curve pararmeters’ to ‘area pararmeters’ at axis ‘x’,‘y’:
[ra cos(u),rb sin(u)]                               (4)

Define and calculate the matrix of partial derivatives ‘M’, obtain the area element coefficient’s general expression of plane bounded closed region ‘S’:
M = 
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  // In proper meaning, the area element coefficient of plane bounded closed region ‘S’ is the ratio of ‘plane bounded closed region ‘S’ coordinate  volume element’ and ‘Plane Cartesian coordinate volume element’
Convert the differential function‘
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’ from Cartesian coordinate to free plane region coordinates:
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 (6)
‘Chain differentiation’ or ‘Coordinate conversion’ ?

If it is ‘Chain differentiation’, according to the principle of ‘multiply in identical chain, plus in subdivision chain’, it ought to be:
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// No matter ‘Chain differentiation’ or ‘Solve the differential function‘
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’’, the question for discussion is ‘How to solve differential coefficient’ or ‘method of differentiation’ about  abstract vector field ‘[P(x,y),Q(x,y)]’; and this step, the question for discussion is ‘How to convert the result of solving differential function‘
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’ from a coordinate to another’; the character and hiberarchy of ‘two questions’ above-mentioned are disparate, it is ‘multiply’, not ‘plus’ – be determined by the 2-D spacial attribute of coordinate
    Double integrals of the product [differential function (6) and the area element of plane bounded closed region ‘S’]in range of ‘r,u’:(7)
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// Be different to ordinary double integrals, in this position, the first integral range is ‘r[0,1]’, and not ‘[0,n] or r[0,∞]’; because of ‘1’, it is possible to hold a correct ratio between ‘a,b,r,u’
Therinto:
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Viz. Suppose double integrals (area element of plane bounded closed region ‘S’ in range of ‘r,u’) can’t be ‘0’; 

Explain visually ,it can be regarded as ‘Suppose plane bounded closed region ‘S’ can’t be ‘0 area’’
Viz. expression(3) = expression(7):
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Above-mentioned equation can be described as:
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  (1), Complete Proof.
1.2 Prove Green’ Theorem in Polar Coordinate
Green’Theorem  Suppose the boundary curve ‘L’ of plane bounded closed region ‘S’ is composed by numbered smooth or piecewise smooth curves. If exist 1th order continuous  partial derivatives about functions ‘P(x,y),Q(x,y)’[structure plane vector field ‘A’] at plane bounded closed region ‘S’, then:
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    (1)
Proof:

Define the parametrized expression of boundary curve ‘L’:

 [cos(t),sin(t)]    (2)
Set the range of parameters ‘t’ in  [0,2
[image: image20.wmf]p

], make boundary curve ‘L’ closed.
Calculate the closed curve integral (plane vector field ‘A’ at boundary curve ‘L’):
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Change the character ‘t’(belongs to the parametrized expression of boundary curve ‘L’)to ‘u’, and entirely multiply radius vector ‘r’(suppose r>0), convert ‘arc pararmeters’ to ‘area pararmeters’ at axis ‘x’,‘y’:
[r cos(u),r sin(u)]                      (4)

Define and calculate the matrix of partial derivatives ‘M’, obtain the area element coefficient’s general expression of plane bounded closed region ‘S’:
M = 
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     Convert the differential function‘
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’ from Cartesian coordinate to plane cycloidal region coordinate:
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    Double integrals of the product [differential function (6) and the area element of plane bounded closed region ‘S’]in range of ‘r,u’:(7)
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Viz. expression(3) = expression(7):
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Above-mentioned equation can be described as:
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  (1), Complete Proof.
1.3 Prove Green’ Theorem at Manifold
 [Version of Waterloo  Maple 11 computer algebraic system]

  Symbol System:

  Discretional (plane) simply connected、closed parametrized curve ‘CO’ (closed),

  Plane vector field ‘PV’,

 The differential function ‘dPV1,dPV2’ of plane vector field ‘PV’,

 Plane bounded closed region ‘S’ that curve ‘CO’ surrounded,
  The general expression of plane bounded closed region ‘S’s area element coefficient ‘J’
> restart; # Reset computer algebraic system
> with(linalg): # Load ‘linear algebra’ package
> CO:=[a*cos(t),b*sin(t)];

 # Define the parametrized expression of discretional (plane) simply connected、closed curve ‘CO’; ‘a,b’ are nonzero constants or 1th order derivable continuous functions (trigonometric function with independent variable ‘t’), simply connected、closed curve ‘CO’ determines the value of ‘a,b’. [10]
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> rgt:=[0,2*Pi]; # Set the range of parameter ‘t’,make curve ‘CO’ closed
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> PV:=[(P)(x,y),(Q)(x,y)];
# Define discretional plane vector field ‘PV’ (Suppose Vector Field ‘PV’ possesses 1th order continuous partial derivatives in plane bounded closed region ‘S’ that curve ‘CO’ surrounds)
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> Diff(PV[2],x)-Diff(PV[1],y);dPV:=%;

# Calculate the differential function of abstract plane vector field ‘PV’, the result is abstract differential function ‘dPV1’ (2 variable function)
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> x:=CO[1];y:=CO[2];
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> Int(PV[1]*Diff(CO[1],t)+PV[2]*Diff(CO[2],t),t=rgt[1]..rgt[2]);

# The closed curve integral (plane vector field ‘PV’ at plane closed        curve ‘CO’)
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> value(%); 
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# Import ‘a*cos(t),b*sin(t)’ to abstract vector field ‘[P(x,y),

Q(x,y)]’, obtain insoluble result, abnegate it
> x:='x':y:='y':
> Int(PV[1]*Diff(CO[1],t)+PV[2]*Diff(CO[2],t),t=rgt[1]..rgt[2])

=Int(PV[1]*diff(CO[1],t)+PV[2]*diff(CO[2],t),t=rgt[1]..rgt[2]);
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# The closed curve integral about vector field ‘PV’ at curve ‘CO’
[reserve the original form of abstract vector field ‘P(x,y),Q(x,y)’]
> alpha:=rhs(value(%));
# Calculate the value of plane closed curve integral
[image: image44.wmf] := 
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0

  # Obtain a constant ‘0’

> x:='x':y:='y':
> COc:=subs(t=u,CO);
# Change ‘t’ to‘u’ in the expression of curve ‘CO’
[image: image45.wmf] := 
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> x:=r*COc[1];y:=r*COc[2];
# Entirely multiply radius vector ‘r’, Convert ‘curve parameters’ to ‘area parameters’ at axis ‘x’ and ‘y’
[image: image46.wmf] := 
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[image: image47.wmf] := 
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> matrix(2,2,[Diff(r*COc[1],r),Diff(r*COc[1],u),Diff(r*COc[2],r),
Diff(r*COc[2],u)])=

matrix(2,2,[diff(r*COc[1],r),diff(r*COc[1],u),diff(r*COc[2],r),
diff(r*COc[2],u)]);m:=rhs(%);

# Define and calculate the matrix of partial derivatives ‘m’, obtain the general expression of plane bounded closed region ‘S’ area element coefficient
[image: image48.wmf] = 
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> det(m);
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> J:=simplify(%);
# The general expression of plane bounded closed region ‘S’  area element coefficient
[image: image51.wmf] := 
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> x:='x':y:='y':
> Diff(PV[2],x)*Diff(r*COc[1],r)*Diff(r*COc[1],u)
-Diff(PV[1],y)*Diff(r*COc[2],r)*Diff(r*COc[2],u);
# Convert ‘dPV1’ from Cartesian Coordinate to plane bounded closed region ‘S’ Coordinates
# Reserve the original form of abstract vector field ‘[P(x,y),
Q(x,y)]’ and its partial derivatives (insoluble), calculate the partial derivatives of ‘r*a*cos(u),r*b*sin(u)’(computable), obtain a new differential function ‘dPV2’.

> dPV2:=value(%);
[image: image52.wmf]æ

è

ç

ç

ö

ø

÷

÷

¶

¶

x

(

)

Q

,

x

y

æ

è

ç

ç

ö

ø

÷

÷

¶

¶

r

(

)

r

a

(

)

cos

u

æ

è

ç

ç

ö

ø

÷

÷

¶

¶

u

(

)

r

a

(

)

cos

u

æ

è

ç

ç

ö

ø

÷

÷

¶

¶

y

(

)

P

,

x

y

æ

è

ç

ç

ö

ø

÷

÷

¶

¶

r

(

)

r

b

(

)

sin

u

æ

è

ç

ç

ö

ø

÷

÷

¶

¶

u

(

)

r

b

(

)

sin

u

 - 


[image: image53.wmf] := 
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>Int(Int(dPV2*J,r=0..1),u=rgt[1]..rgt[2])=Int(int(dPV2*J,
r=0..1),u=rgt[1]..rgt[2]);

# Double integrals of the product (differential function ‘dPV2’ and ‘plane bounded closed region ‘S’ area element’) in range of ‘r,u’
[image: image54.wmf]d
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> beta:=rhs(value(%));
# Calculate the value of plane area element integral
[image: image56.wmf] := 
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 . # Obtain a constant ‘0’
Viz:
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The Value of ‘Closed Curve Integral’ is equal to ‘Plane Area Element Integral’, Complete Proof
2. The Calculational Examples of
 Green’ Theorem at Manifold
Example 2.1:
> restart;
> with(plots):with(linalg):
> CO:=[cos(t-1)+sin(5*t-1)/5,-t*sin(t)];
# Define the parametrized expression of discretional (plane) simply connected、closed curve ‘CO’
[image: image59.wmf] := 
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> rgt:=[0,2*Pi];
# Set the range of parameter ‘t’, make plane curve ‘CO’ closed
[image: image60.wmf] := 

rgt
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]

,
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p


> plot([CO[1],CO[2],t=rgt[1]..rgt[2]],scaling=constrained,
color=blue,numpoints=1000);g1:=%:
[image: image61.png]i




Figure 1  Asymmetrical、Irregular Discretional Simply Connected
Closed Curve ‘CO’
> PV:=[(x/3+y/5+x*y/15)^2-x*y^2/3-y^3/6,(x/4-y/5-1/9)^2/5-x^2/5

+x*y^2/3]; # Define discretional plane vector field ‘PV’ (Suppose Vector Field ‘PV’ possesses 1th order continuous partial derivatives in plane bounded closed region ‘S’ that curve ‘CO’ surrounds)
[image: image62.wmf] := 
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> rgx:=[-3.5,3.5];
[image: image63.wmf] := 
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> rgy:=[-2,5]; # Set the drawing range of plane vector field ‘PV’
[image: image64.wmf] := 

rgy
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> fieldplot(PV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],arrows=SLIM,

color=blue):g2:=%: # Draw plane vector field ‘PV’
> Diff(PV[2],x)-Diff(PV[1],y); 

# Calculate the differential function of idiographic  plane vector field ‘PV’, the result is an idiographic differential function ‘dPV’
(2-variable function) [image: image65.wmf] - 
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> dPV:=value(%);
[image: image66.wmf] := 
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> implicitplot(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],color=red,

thickness=1,numpoints=5000):g3:=%:
# Draw the contour curve of differential function ‘dPV’
> display(g1,g2,g3);
# Plane closed curve ‘CO’, plane vector field ‘PV’, contour curve of ‘dPV’, three figures synthesized
[image: image67.png]\
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Figure 2  Plane Parameterized Closed Curve ‘CO’
Vector Field ‘PV’ and the Contour Curve of ‘dPV’
> plot3d(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],projection=0.9,

axes=normal); # Drawing differential function ‘dPV’ in 3-D space
[image: image68.png]



Figure 3  The Space View of Differential Function ‘dPV’
> x:=CO[1];y:=CO[2];
[image: image69.wmf] := 
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[image: image70.wmf] := 
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> Int(PV[1]*Diff(CO[1],t)+PV[2]*Diff(CO[2],t),t=rgt[1]..rgt[2]);

# The closed curve integral (plane vector field ‘PV’ at plane closed        curve ‘CO’)
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> alpha:=value(%);delta:=evalf(alpha);
# Calculate the value of plane closed curve integral
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> x:='x':y:='y':
> COc:=subs(t=u,CO);
#Convert character ‘t’(belong to the expression of curve ‘CO’) to ‘u’
[image: image79.wmf] := 
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> x:=r*COc[1];y:=r*COc[2];

# Entirely multiply radius vector ‘r’, Convert ‘curve  pararmeters’
 to ‘area pararmeters’ at axis ‘x’and ‘y’
[image: image80.wmf] := 
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> matrix(2,2,[Diff(x,r),Diff(x,u),Diff(y,r),Diff(y,u)])=

matrix(2,2,[diff(x,r),diff(x,u),diff(y,r),diff(y,u)]);m:=rhs(%);

# Define and calculate the matrix of partial derivatives ‘m’, obtain the general expression of plane bounded closed region ‘S’s  area element coefficient
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> det(m);
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> J:=simplify(%);
# The general expression of  plane bounded closed region ‘S’s area element coefficient
//Different idiographic plane bounded closed regions (Possess Different geometry topology shapes), correspond to different plane bounded closed regions’ area element coefficients
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> Int(Int(dPV*J,r=0..1),u=rgt[1]..rgt[2]);
# Double integrals of the product (differential function ‘dPV’ and
‘plane bounded closed region‘S’s area element’) in range of ‘r,u’
// Be different to abstract differential function ‘dPV1,dPV2’ that

‘Proof’ refers to, in ‘Calculational Examples’, be able to input

 idiographic values ‘x=r*COc[1], y=r*COc[2]’ to idiographic
 differential function ‘dPV’, then calculate the product of
 idiographic differential function ‘dPV’ and area element, complete
 double integrals
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> beta:=value(%);epsilon:=evalf(beta);
# Calculate the value of plane area element integral
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> alpha;beta; # Two analytic values are equal
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> delta;epsilon; # Two float values are equal
[image: image101.wmf]-22.36181792
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Example 2.2:
> restart;
> with(plots):with(linalg):
> CO:=[cos(t-1/2)+sin(5*t-2)/5,t*sin(t)-cos(2*t)/3];
# Define the parametrized expression of discretional (plane) simply connected、closed curve ‘CO’
[image: image103.wmf] := 
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> rgt:=[0,2*Pi];
# Set the range of parameter ‘t’, make plane curve ‘CO’ closed
[image: image104.wmf] := 

rgt
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> plot([CO[1],CO[2],t=rgt[1]..rgt[2]],scaling=constrained,
color=red,numpoints=1000);g1:=%: [image: image105.png]05




Figure 4  Asymmetrical、Irregular Discretional Simply Connected
                 Closed Parameterized Curve ‘CO’
>PV:=[(x/3-y/5-x*y/15)^2+x*y^2/3-y^2/6,

(x/4-y/5)^2/5-x^2/5-x*y^2/3-x];
# Define discretional plane vector field ‘PV’ (Suppose Vector Field ‘PV’ possesses 1th order continuous partial derivative in plane closed region ‘S’ that curve ‘CO’ surrounds)
[image: image106.wmf] := 
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> rgx:=[-3.5,3.5];
[image: image107.wmf] := 
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> rgy:=[-5,2];
[image: image108.wmf] := 
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> fieldplot(PV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],arrows=SLIM,

color=blue):g2:=%:
> Diff(PV[2],x)-Diff(PV[1],y);
# Calculate the differential function of idiographic  plane vector field ‘PV’, the result is an idiographic differential function ‘dPV’
(2-variable function )
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> dPV:=value(%);
[image: image110.wmf] := 
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> implicitplot(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],color=navy,
thickness=1,numpoints=5000):g3:=%:
> display(g1,g2,g3);
[image: image111.png]VA
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Figure 5  Plane Parameterized Closed Curve ‘CO’
Vector Field ‘PV’ and the Contour Curve of ‘dPV’
> Plot3d(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],projection=0.9,
axes=normal);

[image: image112.png]



Figure 6  The Space View of Differential Function ‘dPV’
> x:=CO[1];y:=CO[2];
[image: image113.wmf] := 
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> Int(PV[1]*Diff(CO[1],t)+PV[2]*Diff(CO[2],t),t=rgt[1]..rgt[2]);
# The closed curve integral (plane vector field ‘PV’ at plane closed        curve ‘CO’)
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> alpha:=value(%);delta:=evalf(alpha);
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[image: image124.wmf] := 
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> x:='x':y:='y':
> COc:=subs(t=u,CO);
#Convert character ‘t’(Belong to the expression of curve ‘CO’) to ‘u’
[image: image125.wmf] := 
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> x:=r*COc[1];y:=r*COc[2];
# Entirely multiply radius vector ‘r’, Convert ‘curve  pararmeters’

 to ‘area pararmeters’ at axis ‘x’and ‘y’
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> matrix(2,2,[Diff(x,r),Diff(x,u),Diff(y,r),Diff(y,u)])=

matrix(2,2,[diff(x,r),diff(x,u),diff(y,r),diff(y,u)]);m:=rhs(%);
# Define and calculate the matrix of partial derivatives ‘m’, obtain the general expression of  plane bounded closed region ‘S’s area element coefficient [image: image128.wmf]é
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> det(m);
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> J:=simplify(%);
# The general expression of  plane bounded closed region ‘S’ area element coefficient
[image: image133.wmf]J
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> Int(Int(dPV*J,r=0..1),u=rgt[1]..rgt[2]);
# Double integrals of the product (differential function ‘dPV’ and
‘plane bounded closed region ‘S’s area element’) in range of ‘r,u’
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> beta:=value(%);epsilon:=evalf(beta);
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> alpha;beta; # Two analytic values are equal
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> delta;epsilon; # Two float values are equal
[image: image153.wmf]-26.51970580
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Example 2.3
> restart;
> with(plots):with(linalg):
> CO:=[(1+cos(t)/2)*cos(t/7-sin(2*t)/16-1/3)-cos(t)/15,
(1+cos(t)/2)*sin(t/7-sin(2*t)/16)+cos(t)/7];
# Define the parametrized expression of discretional (plane) simply connected、closed curve ‘CO’
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> rgt:=[0,14*Pi];
# Relative to the parameter range ‘[0,2*Pi]’ of abstract simply connected closed curve, the aberrant range of current curve is ‘[0,14*Pi]’
[image: image156.wmf] := 

rgt
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> plot([CO[1],CO[2],t=rgt[1]..rgt[2]],scaling=constrained,
color=red,numpoints=1000);g1:=%:
[image: image157.png]05





Figure 7  Asymmetrical、Irregular Discretional Simply Connected Closed Parameterized Curve ‘CO’
> PV:=[y*cos(x-y),x*sin(y)-1/2];
# Define discretional plane vector field ‘PV’ (Suppose Vector Field ‘PV’ possesses 1th order continuous partial derivative in plane closed region ‘S’ that curve ‘CO’ surrounds)
[image: image158.wmf] := 
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> rgx:=[-1.5,1.5];
[image: image159.wmf] := 
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> rgy:=[-1.35,1.65];
[image: image160.wmf] := 

rgy
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> fieldplot(PV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],arrows=SLIM,

color=blue):g2:=%: # Draw plane vector field ‘PV’
> Diff(PV[2],x)-Diff(PV[1],y);
# Calculate the differential function of idiographic  plane vector field ‘PV’, the result is an idiographic differential function ‘dPV’
(2-variable function)
[image: image161.wmf] - 
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> dPV:=value(%);
[image: image162.wmf] := 
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> implicitplot(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],color=navy,
thickness=1,numpoints=5000):g3:=%:
 # Draw the contour curve of 2-variable function ‘dPV’
> display(g1,g2,g3);
# Plane closed curve ‘CO’, plane vector field ‘PV’, contour curve of ‘dPV’, three figures synthesized
[image: image163.png]e e e





Figure 8  Plane Parameterized Closed Curve ‘CO’
Vector Field ‘PV’ and the Contour Curve of ‘dPV’
>plot3d(dPV,x=rgx[1]..rgx[2],y=rgy[1]..rgy[2],projection=0.9,
axes=normal); # Drawing differential function ‘dPV’ in 3-D space
[image: image164.png]



Figure 9  The Space View of Differential Function ‘dPV
> x:=CO[1];y:=CO[2];
[image: image165.wmf] := 
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> Int(PV[1]*diff(CO[1],t)+PV[2]*diff(CO[2],t),t=rgt[1]..rgt[2]);
 # The closed curve integral (plane vector field ‘PV’ at plane closed        curve ‘CO’)
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> alpha:=evalf(%); # Calculate the value of plane closed curve integral
[image: image172.wmf] := 

a

-1.801423627


> x:='x':y:='y':
> COc:=subs(t=u,CO);
#Convert character ‘t’(belong to the expression of curve ‘CO’) to ‘u’
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> x:=r*COc[1];y:=r*COc[2];
# Entirely multiply radius vector ‘r’, Convert ‘curve  pararmeters’
 to ‘area pararmeters’ at axis ‘x’and ‘y’
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> matrix(2,2,[Diff(r*COc[1],r),Diff(r*COc[1],u),Diff(r*COc[2],r),
Diff(r*COc[2],u)])=

matrix(2,2,[diff(r*COc[1],r),diff(r*COc[1],u),diff(r*COc[2],r),
diff(r*COc[2],u)]);m:=rhs(%);
# Define and calculate the matrix of partial derivatives ‘m’, obtain the general expression of  plane bounded closed region ‘S’s area element coefficient
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> det(m);
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> J:=simplify(%);
# The general expression of plane bounded closed region ‘S’s area element coefficient
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> Int(Int(dPV*J,r=0..1),u=rgt[1]..rgt[2]);
# Double integrals of the product (differential function ‘dPV’ and
‘plane bounded closed region‘S’s area element’) in range of ‘r,u’
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> beta:=evalf(%); # Calculate the value of plane area element integral
[image: image218.wmf] := 

b

-1.801423627


> alpha;beta; # Two float values are equal
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Conclusion
Green’ theorem is one of the hard core in modern mathematical and physical system [1][3][4][5][6][7][8][9]. Prove the presence of Green’ theorem in countless discretional simply connected closed curve coordinates
(include orthogonal curve coordinates and nonorthogonal curve coordinates), realize double integrals in free plane region (indeed realize artistic integral interval), seek the integral calculating approach route and associate relation of vector field [plane electric field、plane magnetic field、plane hydromechanical field etc.] and scalar field in discretional free plane region, seek the direct joint points between calculus 、topology and engineering calculation, realize Green’ Theorem at Manifold and Manifold Integral in Engineering Meaning, realize much more vast and free physical、mathematical explorations and engineering practices.
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流形上的Green公式证明和计算实例

杨科
四川 成都 610017  18280169713
E-mail: more2010e@sina.com
摘 要:

用符号逻辑的方式,证明在无穷多个（平面）任意单连通闭合曲线坐标系[包括正交曲线坐标系和非正交曲线坐标系] Green 公式的存在, 将二重积分推广到无穷多个任意单连通闭合曲线坐标系,实现任意平面区域二重积分,实现向量场(平面电场、平面磁场、平面流体场等) 和数量场在任意自由平面区域的积分计算, 实现流形上的Green 公式和工程意义上的流形积分.

关键词:

微积分学 拓扑学 物理学 向量场 数量场 单连通闭合曲线坐标系(平面)

流形上的Green公式 工程意义上的流形积分 证明 计算实例
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