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Abstract. Previous theoretical (McCartin 1989a) and computational (McCartin 1989b) results on exponential splines are
herein applied to provide approximate solutions of high order accuracy to nonlinear hyperbolic conservation laws. The
automatic selection of certain “tension” parameters associated with the exponential spline allows the sharp resolution of
shocks and the suppression of any attendant oscillations. Specifically, spatial derivatives are replaced by nodal derivatives
of interpolatory splines and temporal discretization is achieved via a Runge—Kutta time stepping procedure. The fourth order
accuracy of this scheme in both space and time (for uniform mesh and tension) is established and a linearized stability
analysis is provided. The Lax—Wendroff theorem on convergence to weak solutions (Lax and Wendroff 1960) is then extended
to spline approximations in conservation form. An implicit artificial viscosity term (Anderson et al. 1984) is included via
upwinding in conservation form in order to assure convergence to the physically relevant weak solution. The efficacy of this
procedure is illustrated on the inviscid Burgers’ equation where the accurate capture of a travelling shockwave is demonstrated.

1 Introduction

In this paper, we take up the application of prior work on exponential splines (McCartin 1981,
1983, 1989a,b) to the numerical solution of nonlinear hyperbolic conservation laws. Many
physical phenomena, particularly in fluid dynamics, are governed by such laws. For reasons to
be discussed subsequently, spline approximations have hitherto not been successfully applied to
such problems.

McCartin 1989a presented the exponential spline as a generalization of the semi-classical
cubic spline in which the presence of certain tension parameters provides for the adjustment of
the tautness of individual spline segments. The interpolant so constructed allows the replication
of convexity and monotonicity properties of the function being approximated, i.e. the interpolant
is shape preserving. A wealth of theoretical results concerning exponential splines can be found
in McCartin 1989a.

The existence of tension parameters fulfilling the shape preservation capabilities of exponential
splines was originally established in a non-constructive fashion. The lack of a suitable tension
parameter selection scheme thus hindered the widespread use of exponential splines. Conse-
quently, with few exceptions (Flaherty and Mathon 1980; Rubin and Graves 1975; Smith and
Wiegel 1980), the subject of the application of exponential splines has been largely neglected in
the literature. However, McCartin 1989b presented such a reliable algorithm. The removal of
this stumbling block has led to the application of exponential splines to a wide variety of
geometric and data fitting problems in computational fluid dynamics (McCartin 1983). A
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thorough treatment of computational issues concerning exponential splines is available in
McCartin 1989b.

Herein, we embark on an investigation of the possibility of using the shape preservation
properties of exponential splines to inhibit the emergence of wiggles and overshoots/undershoots
in the numerical simulation of flows with shock waves, while retaining a high order of accuracy.
The proposed scheme replaces spatial derivatives by derivatives at the nodes of interpolatory
exponential splines and temporal discretization is provided by a Runge—Kutta time stepping
procedure.

We commence with a linear model problem. Here, we demonstrate the fourth order accuracy
of the scheme for uniform mesh and tension. A von Neumann stability analysis provides the
C-F-L condition. The dissipative and dispersive properties of the scheme are then established.

Nonlinearity is introduced via the inviscid Burgers’ equation. At this juncture, we generalize
the Lax—Wendroff theorem (Lax and Wendroff 1960) concerning convergence of approximations
to weak solutions to the case of our spline scheme. As Lax 1973 has pointed out, since there are
in general an infinite number of weak solutions, we need to impose an entropy inequality to
extract the physically correct solution. This is accomplished by the inclusion of an implicit
artificial viscosity term via upwinding in conservation form (Jameson 1978) that is compatible
with the spatial discretization error. The accurate simulation of shock fronts is illustrated
numerically.

The significant achievement of this technique is that the proposed scheme yields a numerical
solution that is third order accurate (fourth order accurate for uniform mesh and tension) in
smooth regions of the flow, while accurately capturing any discontinuities that arise without
introducing significant wiggles or overshoots/undershoots.

2 Review of theory

In this section, we review the theoretical results on exponential splines (McCartin 1989a) that
will be of service to us in the remaining pages. We begin with some notation. Below, first/second
derivative formulation refers to which derivative of the spline is the unknown.

a=x;<--<Xy,, =b = spline nodes
hi=x;,,—x;(i=1,...,N) = spline interval lengths
p;i=1,...,N) = spline interval tensions
= data

s = cubic spline interpolant
T = exponential spline interpolant
b1 =f2h_f1_f/(a)

! (2.1)
bi ____fi+1—fi__fi_fi~l (i=2,--.,N),

h; hi-y

’ - f
brss R OE L L
hx

¢;(i=1,...,N) = cosh (p;h;)
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We then have the second derivative formulation on [x;, x;, ]

7(x) =

2 {rg’ sinh p;(x;+ 1 — X) + T/ ; sinh p(x — x;) }

[f——] x% [fﬂ p“] x;ix" 22)

where t/(i=1,...,N + 1) are the solution of the tridiagonal system

dl‘l',ll + 811’2’ = b1
e,-_lr:-’_l + (di_1 + di)T;’ + eité’ﬂ = bi (l = 2,,N)
ety +dytyer =by+y- (2.3)

In the above, we have used specified first derivative end conditions.
We also have the first derivative formulation on [x;, x;; (]

Xi+1— X — X 1 _fi+1_
W)= S S

,I:Sinhpi(x — Xx;) — sinh pi(x;+1 — X) + Xit1—2X+ Xi]

pis: pih;
, d; sinh pi(x;+1—X) Xiv1—X e [sinhpix—x) x—x
R e 2 |7 2 n 2. By
e; —d; Di Si pihi e; —d; Di Si pini
e sinhpi(x;+1—X) Xi41—X d; sinhp(x —x;) x— xi]}
: L. ! - - . — 2.4
“’“{ef—d?[ pes vih, ] P [ P Tl |

where 7i(i=1,..., N + 1) are the solution to the tridiagonal system

dl €1 ]1_|: 1 :|[ f2_f1:|_ "
[dz_ejrl-'-[d%_e% 2= dy—ey hy o1
€i—1 ’ di—y d; € ;r 1 fi—fi—1
[d e ] “‘+[d I ]T +[d?—e?}"“‘[di_l—ei_l][ By
1 fi+1_fi:||: Y :l [ dy :| / " |: 1 :”:fN+1_fN:|
+ + - - = + .
I:di_ei:”: h; dy — e} w dy, — e R dy—ey hy

(2.5)

In the above, we have used specified second derivative end conditions.

We note that, although the second derivative formulation is more compact, the first derivative
formulation is sometimes preferred. For example, this occurs when using exponential splines to
approximate the solution of a first order differential equation, as is the case in this paper.
Algorithms for the automatic selection of the exponential spline tension parameters are presented
in Appendix A.

3 Stability, dissipativity, and dispersivity

In the following section, we will apply spline approximations to the numerical solution of nonlinear
hyperbolic conservation laws. The stability, dissipativity, and dispersivity properties of such a
scheme can most easily be studied by considering model equations with constant coefficients.
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Therefore, in this section we investigate the prototypical equation
u,+cu, =0, (x,t)e(— 00, o) x [0, 00) 3.1
with u(x,0) = ¢(x). All calculations are to be performed on a mesh with uniform Ax and At.
Consider the Runge—Kutta scheme of fourth order
u'® =y u® =y cAtD u®

cAt cAt
) = 4@ _ D, u'® B OO () D (u® + 2uD) 4 24 4 3y

cAt
u? =y —“="p_yM® uttl =y,

If we use the spline approximation to D, we obtain the expression for the amplification factor
(Vishnevetsky and Bowles 1982) as follows.

Let
. ) At
W=, uitl=getn, E=gAx, l=c—. (3.3)
Ax
Then
g=1-=2pi—2p* +5p%i+3p% (3.4)
where
Md + e)sin
_Md+esing (3.5)
2(ecos & + d)
Thus
lg? = (120" +3p*)* + 4p>(3p* — 1)". (3.6)

The C-F-L condition for stability requires that the magnitude of the amplification factor, g,
be less than unity. Accordingly, we restrict

Pl <2, (3.7)

which requires the following time—step restriction

A< 2./2: %—1. (3.8)
Hence, for the cubic spline (p =0, e/d = 1/2) we have

1Al < 2./%~1.633, (3.9)
while for the linear spline (p = o0, ¢/d = 0) we have

14| <2/2~2.828. (3.10)

Our explicit expression for g can also be used to study the dissipative and dispersive properties
of the spline-based Runge—Kutta scheme. This is accomplished by studying polar plots of its
amplitude and phase versus the frequency, . Complete details of this brand of analysis are
available in Anderson et al. (1984).

Figure 1 displays the locus of the amplification factor, g, in the complex plane as the frequency,
&, varies. Curves are shown for both maximum and mid-range Courant numbers (the curves
overlap). We observe that the mid-range choice clearly results in less numerical distortion of the
initial wavefront.
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Figure 2 presents the maximum Courant number as a function of normalized tension. Note
that the addition of a small amount of tension substantially improves the maximum permissible
time step and that the combination ph is the relevant parameter. However, for ph > 5 we have

clearly reached the point of diminishing returns.

Figure 3 is a polar plot of the modulus of the amplification factor as a function of frequency
for various values of applied tension. The dissipative properties of our scheme are readily apparent.
Firstly, we again see that the mid-range Courant number prevents heavy damping of the
Fourier modes. Secondly, we observe a shift of the damping to lower frequencies as the tension

is increased.
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Figure 4 is a corresponding plot of the phase error. The dispersive properties of our scheme
are thus revealed. Firstly, the upper-range Courant number results in leading phase errors while
the mid-range produces strictly lagging phase errors. Secondly, we see that increased tension
results in increased phase error in the low frequency modes.

The above results are not too surprising since at the nodes (Appendix B)

h4
Dxr = Uy + —(pzuxxx - uxx.xxx) + O(h6)7 (311)
180
so that approximation by spline derivatives is seen to be primarily dispersive as is evidenced by
the leading order odd derivatives in the truncation error (Anderson et al. 1984).

Because of the accuracy (fourth order temporal and spatial on a uniform mesh with uniform
tension) and stability of this exponential spline/Runge~Kutta scheme, it is used exclusively in
our subsequent calculations. In addition, no modifications are needed at the boundaries since
the spline is fourth order accurate over the full range of interpolation and no loss of accuracy
results.

4 Convergence

Consider the scalar conservation law (Lax 1973)

u,= f(u 4.1)
subject to the initial condition
u(x,0) = ¢(x). 4.2)
This can be rewritten as
u,=au, (4.3)
with
df
a=—. 4.4
du 4.4)

As such, we recognize it as a nonlinear analogue of the linear model problem of the previous
section.

Since f(u) is in general nonlinear, we cannot guarantee the existence of a smooth solution
for all time. Instead, we seek weak solutions satisfying

T ] wu—wNdxde+ | wix,0p(x)dx =0, 4.5)

for all smooth test functions, w, which vanish for | x|+ ¢ large enough.

One must consider whether a numerical solution technique has the capability of capturing
such a weak solution. We next present the following convergence result which is a generalization
of a theorem of Lax and Wendroff 1960. First, recall that the exponential spline, 7(x), can be
defined in terms of its first derivatives at the knots. These values are determined by the tridiagonal
system of linear algebraic equations

Ai‘C;_1+BiT;+CiT,~ _ai'fi+;l_fi+ﬁi'fi;fi_l
i i—1

it1 7
where A4;, B;, C;,a;, B; were provided in our review of theory. What is of key importance to us
here is that
Ai+Bi+Ci=OCi+Bl=1. (4.7)

In what follows, we use the notation Ag"=g"*! — g" and avail ourselves of the summation by

(4.6)
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parts formula

= 2y

Y u'Av” = —u —ZAu"" (4.8)
n=0 n=0
Theorem 4.1. If we approximate u,= f, by

A"
k

n

=1, 4.9)

and if v converges boundedly almost everywhere to some function u(x,t) as k=max; k; and
h = max; h; tend to zero with uniformly bounded tension parameters, then u(x, t ) is a weak solution.

Proof. We have by assumption

vn+1 n
N T (4.10)
ky
and hence
nt+tl _ .n ntl ___ .n n+t1 _ .n n __ {n n__ {n
A::|:Ui—1 vi—ljl_}_B:llivi Ui:|+C?|:vi+1 Ui+1:|=a;l. i+1 i+ﬂ?.fi fi—1_ (4.11)
kn kn kn hi hi—l
Multiplying both sides by wik,((h;_, + h;)/2) and summing over all grid points yields
> 33 L Anwr =) 4 Bt — o) e — o2, (e + )
n=0i=—oo
v v nk 1+1 7 n,f?_ ?—1
=2 X o + B (hi—y +hy) 4.12)
n=0i=-w 2 hi hi—l
or LHS = RHS for convenience.
& hl 1+h n An npn n
LHS =¥ e Y [(wi4; NAVE_ |+ (w!B)AV! + (Wi CHAV! ]
i=—w n=0
2 h_ +th 1+h = +1 +1
=-Y Z [AW;ADVIT !+ AW!B)Y! 1 + AW Chvr ]
© h_,+h
_ Z _1—( 0 A90_, + wPB20? + w2, ,). 4.13)
Thus,
LHS— — | | wudxdi— | wix,0(x)dx. (4.14)
0 —o — o0
© k, @ hi_+h " " h;
RHS=Y * ¥ [w;‘ag =1t ’f:‘+1+w;'<i—9‘i>(hi_1+h,-)f w; B} Pt ——fi 1}
n=02i=—oo i hi—l hi hl 1
© k, « h,_,+h,_, < B oc") h;+h,
= -z lwt gt 2o imly h._ . +h T i |
nz:ozi:Z_wfll: i—-17i—1 hi__l hi_1 hi (1—1 ) l+1'81+1 hi
4.15)
As shown in Appendix B, as h— 0 with uniformly bounded tension
h; h.
f>—:, fro——1—. 4.16)

By + by
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Thus,

RHS—— | | fw.dxd. 4.17)
0 —w

That is, u(x,t) is a weak solution. O

5 Inviscid Burgers’ equation

In this section, we provide our treatment of nonlinear hyperbolic conservation laws using splines.
The subject of discussion is a nonlinear analogue of our model problem, namely the inviscid
Burgers’ equation (Sod 1985)

u,+uu, =0, (x,t)e(— 00, 00) x [0, 0). 5.1)

This equation, which is in quasilinear form, can be put into the conservation form

u, + <u§> =0. (5.2)

This equation admits travelling shock wave solutions (Lax 1973). We consider the following
initial data

1, x<0
px)=4¢1—x, O<x<1 (5.3
0 , 1£x
This wave front steepens until at t =1 a discontinuity develops. Specifically, for t < 1
1 , x=t
u(x,t) = t—_—l, t<x<1 (5.4)
0 , 1Zx

while for t > 1

141t
1, X< —
2

u(x,t) = it (5.5)
0, —<x
2

The physically relevant solution is the one satisfying the so-called entropy inequality. This
condition stipulates that the characteristics issuing from either from either side of the discontinuity
curve in the direction of increasing ¢ should intersect the line of discontinuity.

The task before us is now clear. We must devise a numerical scheme that will capture
discontinuities as well as select the physically relevant solution from the, generally infinite,
collection of weak solutions to an initial value problem.

This is accomplished by adding a suitable implicit artificial viscosity term (Jameson 1978) to
the exponential spline/Runge—Kutta scheme as previously applied to the model problem. This
is achieved by shifting the spatial derivative evaluation upstream thus modelling the correct
domain of dependence while prohibiting expansion shocks.

Specifically, we solve

U, = f(u(x + sgn(f'(u))eh, t)) (5.6)
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u
1 £= 0 .05 1015 202530
exact
<reeeeene PP FOXimMate
O T I I
-1 0 1 2 3 x Fig. 5. Shock wave computation
where
e=min (ah>[u |* + Bh3|u %, 1/2). (5.7
Expansion in Taylor series reveals that
U= [o(u) + sgn(f'W)ehf (u) + O(?). (5.8)

Several observations should be made. Firstly, the artificial viscosity so introduced is O(h*)
so that fourth order accuracy is retained. Secondly, the modified equation is still in conservation
form so that weak solutions are still captured. Thirdly, the specific form for ¢ was selected to
switch on in regions of high gradient or curvature and the diffusion parameters o and 8 were
included to allow control of the width of the shock transition region. Finally, the above scheme
should reduce the dispersion errors previously observed since the artificially induced diffusivity
should serve to attenuate the higher order modes.

Figure 5 shows our computed solution together with the exact solution. In this calculation,
values of At = Ax = 0.02 were used. These parameters were selected to be compatible with those
of Sod 1985 where several other schemes are presented for comparative purposes. Also, « = f = 0.5
were used. Evident from these numerical results are the correct shock location, the sharp shock
resolution, and the conspicuous lack of overshoots and undershoots at the shock.

6 Conclusions

Building upon previous theoretical and computational work on exponential splines, we have
introduced a numerical scheme for highly accurate approximation to nonlinear hyperbolic
conservation laws. In addition to its high order of accuracy, this scheme provides numerical
simulation of discontinuities without any attendant oscillations. Numerical results have been
presented illustrating the efficacy of this technique.

The analysis presented in this paper can be extended to systems of conservation laws. McCartin
1981 presents such an extension and applies the technique to the shock tube problem. Furthermore
these results can be extended to multiple spatial dimensions. McCartin 1981 presents this
extension and applies the method to transonic channel flow. Both of these topics will be the
subject of separate publications.

A) Tension parameter selection algorithms. The following algorithms provide for the automatic
selection of the exponential spline tension parameters. Algorithm COCONVEX incorporates
convexity constraints while Algorithm COMONOTONE incorporates monotonicity constraints.
Convexity and monotonicity constraints can be enforced simultaneously by taking the pointwise
maximum of the tensions supplied by Algorithms COCONVEX and COMONOTONE
individually. Complete details are available in McCartin 1989b.
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A.l1) Algorithm COCONVEX

do i« 1(I)N
pi < pi
end do

if 1/'b; <0 then

- by}, di|7y’ T 5 P, p
max(| 1| 1|tl I), ﬁ«maX((lhO'l/zv pl); pld—maX(Py pl)

A~ 172” ‘
end if
do i« 2(1)N

if i’ =0 then

Pi-1 + max(p;-1 +€, Pi-1)
end if
if ©i'bi<0

- max(|bi}, (di-1 +d)|Ti’])
M T2max(lrd) ), lted)

p + max((thi-1) V2, pir);  Di-1 + max(P, pi-1)

p < max((dh) /2, py); pi + max(p, p;)

end if
end do

if  7yi1 baey <O then

Te max (b1, dn|Tnia])
15NN

; P+ max((Ahn) V2, pn); Pn + max(p, pn)
end if
do i< 1(1)N

pi « pi + o(Pi - py)
end do

A.2) Algorithm COMONOTONE

do i< I(I)N
Pi< P
end do
do i« 2(1)N-1
if mom; =20 and m; «emy, = 0 then
if i * m; <0 then

if pi-1 =0 then

pi-1+ 0
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else N ., N
~ T+pighiy  2max(rl] o] )
Pi-1hi-s Imy_ g + my
Pi-1 + max(p, pi-1)
end if
if p; =0 then
pi+ 0
else
= 1+phi  Zmax(r] Lm0 o5
pih; |mi-l + mi|
Pi += max(p, p;)
end if

end if

if T4 *my; <0 then

if pi =0 then
pi+ 4
else
=1+ pihi | 2 max(|z;"’'|, |ty |, Tied) o
pih; fm; + my,|
p.i « max(§$ f)l)
end if
if pir1 = 0 then
Dis1 + O
else
= o 1+Ppimhiyy | 2max(lr,’ |, |tivd,  |Tivd)
pi+1h1+l ]mi + mi+1|
piﬂ s max(ﬁ, piﬂ)
end if

end if

if i em; =20 and 1}y my; = 0 then
if Ci>0 and D;<0 then
if m; < 0 then

p-i i max(pi: px)
P+ -B/2/-CD)+6
Pi « max(p, p)

else

end if
end if

if Ci<0 and D;>0 then
if m; = 0 then

pi < max(p;, pi)

+90
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else
p+ B/(2/-CDj) +6
pi « max(p, pi)

end if

end if
end if
end if
end do

do i« 1(1)N
pi + pi+ w(p;i - ps)
end do

B) Expansion of exponential spline derivatives. Before tabulating power series expansions for
exponential spline derivatives, we assemble the following expansions for the spline coefficients
themselves. The complete derivation of all ensuing expressions is contained in McCartin 1981.

e=‘2[1—g%p2h2+%p4h4+0(p6h6)]

‘= g“ —15P"h* + 3350 h* + 0(p°h°)]

1 1
= [6+50°h — doph* + 0(p°°)]
1 1 1,232 1,474 61,6
i EA e A )
1 1
hd—e) P[6 + 5 p2h? — hsp*h* + 0(p®h®)] (B.1)
1 1
=l 12 507K —gep*h + 0(p°h°)]
e 1
d? —e? =E[2 —36P° 1 + 1556 h* + O(p°h°)]
d 1 2 27,2 11 474 6},6
A AP —asp ht + 0P k)]

B.1) First derivative. We require the following parameter definitions in order to describe the
accuracy of spline first derivatives.

1 1
o =64 )4 (0 b+ 07—l B+ IR+
i-1 i

i
a4 z%(piz—lhiz—l _pizhiz)_ 1216300(p?—1h?—1 ——p?hf) + 0

ay=(h,_, +h) _‘616(pi2—1hi3—1 +pi2hi3) + 2512300(p?—1hi5—1 +p?hi5) + 00

az= —%(hiz—l - hzz) +W}o(pi2—1h?—1 _pizh?)_ 7516300(17?—1’1?—1 —p?h?) + 00 (B.2)

41,7
a4=ﬁ(hi3—1 +hi3)—%6(pi2—1hi5—1 +pi2hi5)+ 30;200(p?—1h;7—1 +pihi)+ 0

8 478
as = —golhi_, — h}) + 3566(P7- 1hi- 4 — PPhY) = 1515000t Pi- 1 Py — PR+ -0
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1
b0=“‘
ao
blz_a_;
a,
2
a: a
S
a, a,
3
a’ 2a.a, a
by= -2+ —2_—2 (B.3)
a4 a, ay
b =a_‘;’ 3ata, a2+ 2a,a;, a,
MR a* a’ a?
0 0 0 0
a a a a a
bs=—by——by—=2—b,—>— 1——bo=>
do aq do 0 ag
€1 =0qg
€= (p: o — 'Zhiz)"'zsoo(p:t 1h:t 1 4h4)+---oo
c3=(hi_1+hi)+ﬁ(pi_1h?_1+pi2h?)—m(p? B PR+ 0 (B.4)

—2hi —h}) = 5P} 1h4 1 —PPhY) + 33g00(pi- By —pihf)+ o0
¢s =g5(hi_ 1 + 1) + THoo(P7- 1B + P7h) — remoes (Pl Bl +p/h])+ - o0,
In terms of these parameters, we may express
;= [(boc,)D + (bycy + bocy)D? + (byey + byc, + bocs)D? + (bscy + byc, + bycy + byc,)D*
+(b4cl +b302+b203+b1C4+b065)D5+ "']fi, (B.S)

where D is the differentiation operator, Df; = f'(x;). Note that byc, = 1.
We p;h; = ph for all i, we have

blcl +b062=0, bzcl +b162+b063=0(h4), b3cl +b2C2+bIC3 +b0C4=0 (B.6)

while all succeeding terms are O(h*). That is, for uniform tension and mesh width, the spline
first derivative is a fourth order accurate approximation to the first derivative of the approximated
function (at the nodes).

B.2) Second derivative. We next proceed to study the accuracy of spline second derivatives for
which we need the following parameters.

aO:%(hi—l"'hi) 24(1’: s 1+p2h3)+24o(171 hi 1+p4h5)+ " 00
_%(hiz h2)+360(p1 iy — 'tht)_wlzo(p: 1hz6 17 f‘;"6)"""00
azzﬁ(h?ﬂ'*'his)_no(pz i 1+p2h5)+30240(pl s 1+p4h7)+ "0

a3 = — 35, — ) + 5755 (Pl (B — PPHY) — osg(PE Y- — PPRE) + - 00
=1aah_ + 1)) — 5dho(p2 b +p2h7) + 3e38m0(Pi— 1 Bi_y +PIR)) 4 e 00
as= "7;_0(}','6 —h)+ 43200(P1 7oy _pizh?) 1814400(P? 1h;101 _p?hilo) + 00 (B.7)

Cz =é—(hi—l + hl)
= _‘%(hiz—l _hiz)
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=L, +h) (B.8)
¢s = —q3e(hi_; — )
With the b’s as previously defined, we have
1) = [(boc,)D? + (bycy + boc3)D? + (bycy + byes + bocy)D* + -1 f; (B.9)
When p;h; = ph for all i, we have
p? 1
1 =D, + [12 f,—ED4fi]h2+0(h4). (B.10)

We see that the uniformity conditions do not yield the increase in accuracy encountered in our
analysis of first derivative approximation.
In spite of this, the above expansion can be exploited, producing

12 [ f1+1 2fi+ fi-
24 + (ph)? h?

which is a fourth order accurate approximation. Note that for the cubic spline (p = 0) this reduces
to the arithmetic mean.

1] = D’*f, + O(h*) (B.11)

B.3 Fourth derivative. The above expansions also yield the following second order accurate
approximation to the fourth derivative.

1212 h)? 2d 24 h)?
D*f;= 2{_@[ - +(1+ —M)r ¢ ;+1]}+0(h2) (B.12)
h? (24 + (ph)*Lh h 124 (ph)? h
Note that in the case of the cubic spline (p =0, e = h/6, d = h/3) this reduces to
2 "
D, = ht Tl o), (B.13)
that is, a central differencing of t”(x) at x = x;.
Also,
D*f; = —[‘L’l_ L+ (ps —20)t) +1iy ]+ O(h?). (B.14)

Hence, we have yet another second order accurate approximation to the fourth derivative.
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