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Abstract

We derive the hypoelliptic estimates for a kinetic equation of the form
Of+k-Vaof =(—Ag)"h, for (t,x, k) € R x R x 4,

where d > 1, > 0, S is the unit sphere in R*t! and Ay is the Laplace-Beltrami
operator on S¢. Such equations arise in the modeling of high frequency waves in
random media with long-range correlations. Assuming some (fractional) Sobolev
regularity in the momentum variable k € S, we obtain estimates for the fractional
derivatives of f in the (¢, z) variables. Our proof follows the method of [9] based
on the regularization of the momentum variable and on averaging lemmas on the
sphere.

1 Introduction
This work is motivated by the radiative transfer equations of the form
of +k-Vof =Lf,  for (t,x, k) € Ry x R x 8¢, (1.1)

Here d > 1, S is the unit sphere in R and £ is a linear operator acting on the
momentum variable k € S¢, typically of the form

Lf(k) = | K(k,p)(f(p) = f(k))do(p). (1.2)
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Here, and in the rest of the paper, do(k) is the surface measure on S¢. We are interested
in this work in what happens when the collision kernel K (k, p) is singular when k& = p. In
the context of gas dynamics and the Boltzmann equation, this happens in the so-called
non cut-off case [1, 27|, where the particle interactions are long-range. Our interest is
rather in the energy transport of the solutions of the linear Schrodinger equation with a
weak time-independent random potential, in particular, in the effect of the slow decay of
the correlations of the random potential. The starting point is the Schrodinger equation

i00F + %Ama C VRV (@) F = 0.

Here, ¢ is the (small) variance of the random potential V' (z) which is mean-zero and
statistically homogeneous in space. The random Schrodinger equation also arises as the
parabolic (or paraxial) approximation to the propagation of a wave beam in a random
medium [26]. The energy transport at an appropriate macroscopic scale is obtained via
the asymptotics of the Wigner transform [15, 21, 28]: in a certain macroscopic limit we
have

E[jo5 (¢, 2)|] — /W(t,x,k:)dk,

where [E denotes the expectation over realizations of the random medium. The limiting
Wigner measure W is, formally, a solution to a transport equation similar to (1.1), with
the collision operator of the form

aviwy = [ o (BB v - w09

and

K(k,p) = R(k —p)é (@ — @) .

Here, ¢ is the Dirac measure and R is the power spectrum of V:

1 ik-x T
5 /R Rk

There is a large literature on the derivation of kinetic equations using Wigner transforms
when the correlation function R is integrable — see [7, 14, 22, 25], and [16] for the long-
range case with a slightly different scaling, as well as [§].

The Dirac measure in the scattering cross-section in (1.3) decouples the transport
equations for different values of |k|, and we may set |k| = 1, leading to a problem posed
on the unit sphere in the k-variable. When the correlation function R(x) decays only
algebraically:

R(z) = EB{V(z +y)V(y)} =

R(x) 7| > 1,

~ |22
the power spectrum has a singularity at the origin:

A 1
() ~ o

Hence, in that case the transport equation (1.1) will have a singlar scattering cross-
section K (k,p). This singularity is non-integrable when o € (1/2,1) (recall that the
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integration in (1.3) is carried over the d-dimensional sphere), and, essentially, we have
(as |k = [p| = 1)

R(k—p)=R(|k—p|]) = R2V1 —cosf) ~ 072 as 6 — 0,

where § =2a —1 € (0,1) and 6 = k - p. Compared to the classical integrable case, the
physical consequence is that the mean free path, defined (up to multiplicative constants)

as in inverse of ) )
k12 pl?Y 2 _
O — — = | Ro(k — p)dpdk = o0,
Ri+1 JRd+1 2 2

is equal to zero. Hence, the wavefront is instantaneously washed off by the dynamics,
which brings serious complications in applications, such as, for instance, the inverse
problem of a source or a scatterer localization.

In the spirit of [2, 3, 9, 20], our interest is in the hypoelliptic type estimates that
characterize the transfer of regularity from the momentum variable k to the spatial
variable x for solutions of (1.1) with such singular kernels as above. The present paper is
devoted to the derivation of these estimates, while the regularity theory and asymptotic
analysis (such as the diffusion limit, and peaked-forward regime) will be addressed in
the companion paper [17]. Similar issues have been considered in the Euclidean case
where k € R in [9, 20, 3, 2]. The main contribution of the present work is to extend
these results to radiative transfer equations where the momentum is confined to the unit
sphere.

In the case of the Boltzmann equation, the non-linearity in the collision operator
makes the problem much harder than in our linear situation, see e.g. [4, 5, 18, 19],
but the non-integrability of the collision kernel leads to comparable phenomena. As
mentioned in [5], the operator £ roughly acts as a fractional Laplacian in the momentum
variables, and therefore in our case as a fractional Laplace-Beltrami operator on the
sphere. A standard energy estimate then yields some Sobolev regularity in k, and our
main question here is to figure how this regularity is propagated to the spatial variable x.
Bootstrapping the estimates, we expect the solution to be C* in all variables for any
time ¢ > 0, which is equivalent to saying that the operator

O+k-V,—L

is hypoelliptic. We note that compared to the Euclidean case k € R, the restric-
tion £ € S? brings additional technical difficulties. We will follow the approach of
Bouchut [9] and build the estimates by regularization of the momentum variable and
by using averaging lemmas on the sphere. These latter lemmas were established in
[12, 10, 11, 13] in various configurations, and we will need to generalize them to the case
where the right-hand side in the transport equations involves fractional derivatives on
the sphere.

The paper is organized as follows: in Section 2, we introduce the setting, state our
main theorems, and offer an outline of the proofs. Section 3 is devoted to the proof of
the first theorem, while the proofs of auxiliary propositions and the second theorem are
postponed to Section 4.

Acknowledgment. This work was supported in part by NSF grant DMS-1311903
and an AFOSR NSSEFF Fellowship.



2 Hypoelliptic estimates

2.1 Preliminaries
We consider the transport equation
Of +k-Vaf =(=2a)h, (2.1)

with 8 > 0. This equations is posed in the space of distributions D'(R; x RZ*! x S¢),
and A is the Laplace-Beltrami operator on S?, defined by

Napls) = Ag (i) . ceg
lyll /1,
d+1 d+1 d+1
= <A - Z Z 2i2;0,,0., — dz ziazi> ©(2).

i=1 j=1 i=1
Here, A is the standard Laplacian on R4T!. The eigenfunctions of —A, are the spherical
harmonics Y, ,,,, for n € Nand m =1,--- , M(d,n) where

I'(n+d—1)

M(d,n)=(2n+d— 1)m,

and are associated with the eigenvalues A, = n(n +d — 1). Above, I' is the gamma
function. The Fourier representation of the fractional Laplace-Beltrami operator is
then, for 5 € (0, 00),

o0 M(d,n

)
(_Ad)BQD(k) = Z Z /\2 (@5 Yom)Ynm(k),

n=0 m=1

where (-,-) is the L?*(S%) inner product and convergence is understood in L*(S?). The
Sobolev space HY(S?), for 6 > 0, is defined by

H(s) = {p € I3(s"), (-Anipe L(sh)}.

We will use the following convention for the Fourier transform in R%*+!:

f&) =Ffie) = /R e @)da, F () = (%% /R L ET e,

and introduce the fractional derivative as 07 f(z) = F (&) f(€)](x), with a similar
definition for fractional derivatives involving the time variable.

2.2 Main results

The main result of the paper is the following:



Theorem 2.1 Assume h € L*(R; x R x §), and let f € L*(R, x RIH x S9) satisfy
the transport equation (2.1). For some 6 > 0, suppose, in addition, that

(=A% f € L2(R, x R4 x 7).

Then, for
0

TT o1 +28) + 0
we have 9], f € L*(R, x R x S%) with the estimate

107/ 122 < © (I(=2)% fllzz + | F e + [12llsz)

Above, L? is a shorthand for L?(R; x R x S%), and this notation will be used in
the rest of the paper. Note that there is a lesser gain in regularity compared to
the usual Euclidean case (i.e. when S? is replaced by R%*1), where the obtained 7
equals 0/(1 + 206 + 0) — see [9]. This loss can be attributed to some geometric factors,
as will be made clear in the proof.

A relatively simple consequence of Theorem 2.1 and its method of proof, is a gener-
alization of the averaging lemmas on the sphere of [12] to a r.h.s involving a fractional
derivative with additional regularity for f in the k& variable:

Theorem 2.2 Let ¢ € C®(SY). Under the assumptions of Theorem 2.1, with now
possibly 0 = 0, we have

< C (107, Fllze + IRl 22)

~
Ht,x

. f(a ) k)@(k)da(k>

where v = % when d > 2, and v = % when d = 1.

2.3 Outline of the proof

The principle of proof follows the ideas of Bouchut [9]. The hypoelliptic estimates are
essentially obtained in two steps: first by regularization in & so as to exploit the assumed
regularity in the k£ variable, and, second, by using averaging lemmas on the sphere in
order to gain regularity in the (¢, z) variables. More precisely, the regularization is done
by convolution on the sphere with a mollifier as follows: let p be a smooth function
whose properties will be specified later on, and define for ¢ € (0, 1],

fitta) = [ (b k) = Fita.p) ol p)io(p 2:2)
ps(‘S) = gigp(lgs)7 s € [_171]»

where f € L*(R; x R+ x S%) satisfies (2.1). The function f is then decomposed as

f= h+thi+h, (2.3)



where
fittak) = [ £tk piot)
fled) = fean) (1= [ oo pao)

The term f5 is not zero but small as € — 0 since p. will be chosen to integrate to one
in the limit. The term f; will be treated using the regularity assumption

(—Ag)2f € LA(R, x R x §9).

That is, under appropriate hypotheses on p, we will prove in Lemma 3.1 the following
estimate, which holds a.e. in (w,§):

15 (@, &, 2y < Ce2 (= Aa)% f(w, &) 2s0. (2.4)

Above, f(w, &, k) (resp. f£) is the Fourier transform of f (resp. f¢) in the (¢, ) variables.
The term ff is treated using similar techniques of the averaging lemmas: f(w,&, k)
satisfies

A +i(w+E ) f(w & k) = (A0 h(w, & k) + A f(w, & k),

for any A > 0 (the specific choice of A will become important later), so that ff has the
form

re _ (_Ad)ﬂil(wagap) + )‘f(w7€ap)
filw, & k) = /Sd Nt it ED) p=(k - p)do(p)

= (Fy+ F))(w, & k). (2.5)

The core of the proof then consists in estimating the L? norms of Fy and F} in the k
variable, the most difficult term, naturally, being F, because of the fractional Laplacian.
For |w| 4 [£| > 0, with an appropriate choice of A, we will obtain estimates of the form,
for any ¢y > 0,

C
en(|wf + [€])

[/ (w, & ) p2sey < [h(w, &, )lLe(sa) + €ol [ f (w, &, )| L2 (sa)- (2.6)
Here, 71 and 5 are positive coefficients that depend on . The crucial and most difficult
part of the proof is to obtain the best possible exponents vy, 72. Note that due to the
spherical geometry and the presence of the fractional Laplacian, this task is considerably
more technical than in the Euclidean case with integer derivatives. The coefficient 5 is
somewhat direct to obtain, and follows in the same manner as in the averaging lemmas.
Concerning ~;, the parameter ¢ is chosen by optimizing the r.h.s of (2.4) and (2.6), so
that £2t7 = (Jw| + |¢])72, and the lower the 7y, the better the regularity gain in (¢, z).
What to expect for v; when d > 2 is as follows (the case d = 1 is actually simpler): let
us focus on the term Fy and define

1
Ati(w+E-p)

9(w,&p) = (2.7)
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The first step consists in “integrating by parts” and applying the Laplacian to p.g. As
is classical in averaging lemmas, one uses one dimension in the vector p (the coordinate
in the direction £) in order to integrate g and gain some decrease in |w| + |£|, which
leaves (d — 1) free dimensions to integrate in p.. Since p. is of order 5_%, integrating
over (d — 1) dimensions leaves a factor e~2. This is the correct result when k € R*.
However, when k € S?, there is an additional geometric factor coming from the integra-
tion along £ that introduces a loss of £73. After some algebra, this leads to 1, = 1
when f = 0. When g # 0, the proof is much more technical but eventually we
find v, = 1 + 25. Obtaining the latter factor is relatively direct for integer derivatives,
but more difficult in the fractional case. The Fourier representation of the Laplacian
is not very well adapted for this, and we will use an integral representation instead.
Instead of using the integral formula for the fractional Laplacian, it is simpler to use an
auxilary operator that has the same singularity as the Laplacian. Hence, we define the
operator Rz via

Rsp(p) = p.v. /Sd %da(% pes’. (2.8)

Note that in the Euclidean case, as well as when d = 1, R4 is nothing but the integral
representation of fractional Laplacian (up to a constant). Then we write 5 = o + [3]
where [-] is the integer part of 3, and

(—A)°h = (=A) N (Rg, + IRy + 1) (=Ag)*h := (—A)PN (R, + 1)Qh. (2.9)

We will see that the operator Q can be extended to a bounded operator on L?(S?), so
we will focus on the operator (—Ag)P(Rg, + I), which is easier to handle than (—A,)?
since it involves only integer powers of the Laplacian (that can be explicitly calculated)
and the operator Rg,. The term Fj in (2.5) then becomes

pe(k - p)
Ati(w+E-p)

Fo(w, & k) = 5 Qh(w, &, p)(Rs, + I)(—Ag)! ( > do(p) := Fo1 + Foa.

(2.10)

The term Fp; will give us the leading order.

The proof is organized as follows: we prove first the estimate (2.4) on f§ in Section 3.1
— it is elementary in the Euclidean geometry, but requires more work in the spherical
case. Essentially, all of the rest deals with the “averaging lemma” term f;. We first
prove in Section 3.2 some auxiliary lemmas that will be used throughout the proof and
provide the full proof in the simple case with no fractional derivatives 5 = 0. Next,
we treat the purely fractional (and the most technically involved) case 5 € (0,1) in
Section 3.3, which ends with the sketch of the (minor) modifications needed for g > 1.
The proofs of the main auxiliary technical propositions and of Theorem 2.2 are contained
in Section 4.

Throughout the proof, C' denotes a generic constant independent of the variables of
interest.

3 Proof of Theorem 2.1

We follow the program outlined in Section 2.3, and start with the convolution term.
Note that after an appropriate cut-off and smoothing, it is enough to consider functions
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f and h in C°(R; x RIH! x S9).

3.1 The convolution term f§

Recall that f € L?(R; x R4 x §9), with
(—AQ)Zf € L2(R, x R4 x 7).

We denote N = [¢]+ 1. We construct an explicit mollifier p(s) as follows: for d > 1, we
require that

2d§2|5d_1|/ p(s)sTods = 1, / pls)s = Hds =0, 1=1,-,N=1, (3.)
0 0

where |Sy_1] is the surface area of S*-!. The second condition in (3.1) is only required
for N > 2. More explicitly, we look for p(s) in the form

N-1

p(s) = Z aibi%efs/b", s >0, (3.2)

1=0

with the coefficients b; > 0, and a; to be determined. When N > 2, the conditions (3.1)
yield a linear system of the form Ax = y where

1 1 ... 1 ao z%d|5d—1|—1r(g)—1
b b <o by a 0
A= .0 .1 N 1 oz = '1 ’ y =
A A TN an-_1 0

The matrix A is the Vandermonde matrix, and is invertible provided b; # b;, i # j.
Taking then a vector b; > 0 satisfying the latter condition, we find a;, and therefore
the function p. We will use the explicit form of the mollifier in the proofs of Proposi-
tions 3.4, 3.5 and 3.6, in order to simplify some computations. Recalling that

pe(t) = p((1 = t)/2)/e2,

we have the following lemma:

Lemma 3.1 Assume 6 > 0, ¢ > 0, and consider the function f§ defined in (2.2). With
the mollifier p chosen as above, and f(w,&, k) (resp. fg) the Fourier transform of f (resp.
f¢) in the (t,z) variables with f(w,&,-) € H*(SY), we have the following estimate, (w, €)
a.e. in R x R4FL:

]
2

f(wa £, ')||L2(Sd)'

Proof. Since the variables (w,&) are frozen here, we will omit them in the rest of
proof for notational simplicity. The proof essentially relies on calculating the Fourier

; 0
1/6(w, & Mr2eey < Ce2[[(—Aq)



coefficients of f¢ and using appropriately (3.1) to recover the estimate of the lemma.
We start by decomposing f as

~ A

f(k) = fn,mYn,m(k)a fn,m = (fa Yn,m)-

n=0 m=1

We used here the notation of the preliminaries. Using the Funk-Hecke formula ([6],
Chapter 2, p. 36), we can write

f( )pa(k de Z Z CYnfnm n,m )

n=0 m=1
= [S4_ 1|/ pe(s (1—s )%ds.

Above, P, is the Legendre polynomial of degree n in d dimensions. Using the latter
decomposition, it follows that

1517200 = > Z | faml?1Bal?

n=0 m=1
1

Bu=1Saal | pe()(1 = Puls))(1 — 52" ds. (3.3)

-1

Since P,(1) = 1 for all n € N, and p.(s) is concentrated around s = 1, we use the
following Taylor expansion for n > 1,

| N

s —1 N
21 PN (A
< Ty BT

We can now decompose 3,, as
N—1 ()
P (1)
_ al 2 . 1 d—1 n
/Bn_/Bn—i_ﬁn? Wlth /Bn_ _|S |Z l‘ Cla nZ 17
=1

and where 32 verifies
S

S ! _
B < S max [PV (7)] / pe(s)ls — 1N (1 = %) T ds. (3.4)
Voore[-1,1] 1

The coefficients ¢; are given by

2

= /_ pe(s)(s — 1)'(1 — 52)‘12;2615 = (=1 /OE p(s>sl+%(2 B 55)%@,

1
0

Splitting ¢; as

LEIN]

(---)ds+/ («--)ds :=c] + ¢,

1
€
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it follows from the definition of p that

cF] = O(e™%). (3.5)

Furthermore, expanding the term (2 — 68)% in ¢/ up to the order N —1, and bounding
the remainder using the estimate

(2—es)T VD < for s €[0,1/e],

we find, with a coefficient C(l,d, p) whose expression is not needed:
=Y C(l,d,p)! / Cp(s)s T s + VYR,

where

o |=

|Re| < C/ |p(3)|3l+%+Nd5 <C.
0

We need some estimates now on the Legendre polynomials and their derivatives to
conclude the proof. For this, the Markov inequality [23] yields first,

P (s)| < P,
s?{‘afi' ' (s)| < n? I?a1><1]| (s)]-

Iterating, and using the fact that maxgej_11]|Pn(s)| = 1, we get

Jax [PO(0)] < n?. (3.6)

Together with (3.4), this gives after the change of variables 1 — s — es:
82| < CeVn2N, (3.7)

Regarding 3!, we find using (3.5) and (3.6),

~1N-1 1
Br + 5471 Z Z C(l,d,p ( )epH /s p(s)st T ds (3.8)
I=1 p=0 0
< CeM T max |PY(1)] < CeNTIRN2,

le{l, ,N—1}

Using now (3.1) and (3.6), we find that the double sum in (3.8) verifies

N-1N-1 0) 1

P, (1 < _
C(l,d,p)%sﬁl/ p(s)s T Pds

I=1 p=0 : 0
PP (1) :

= g C(l,d, p)—=—LePtt [ p(s)s't 5 TPds| < Ce¥ max |PY(1)] < CeVNpN 2,

Sy [! 0 1<I<KN-1
p>

This yields, together with (3.7),
18,| < CeMnN. (3.9)

10



Since max,e[—1,1) | P, (t)| = 1, we have as well the straightforward estimate:
18, < C. (3.10)
Recalling that N = [4] 4 1, and interpoling between (3.9) and (3.10) finally yields,

|8,| < Cetn?.

We conclude the proof by going back to (3.3) and remembering that )\, ~ n? as n — oo,
as well as the fact that fy = 0 since Py(t) =1. O

3.2 Proof of Theorem 2.1 when =0

We first consider the case = 0 which is significantly less involved than g > 0 that will
be considered further.

3.2.1 Preliminary lemmas

We will need a couple of auxiliary results in the estimates for f;i. The first lemma is
a slight generalization of that in [12] and is at the computational core of the averaging
lemmas on the sphere.

Lemma 3.2 Let 7 >0, v € [0,1) and o > 1/2, and set

! ds
he,m) = /_1 (T + (w—78)2)(l — 527

We have the estimate

__c
(T + 77

Proof. We only treat the case w > 0, the converse situation follows by symmetry.
Let

IV(WJ T) S

(7 = 1 ds
fon =+ [ o

Since I < If, we focus on I7. Suppose first that 7 < w < 27, so that

w—T1s>71(1—235).

After the change of variable 7(1 — s) — u, we get

fons [«
TR T oy o (T4 w?)euwr (2 —u/T)Y T orer

Assume next that 0 < w < 7. The change of variable w — 7s — u leads to

IHw, ) = L /w du
v o2 ) (T4 u)e(trw —u) (T —w )

IN

1 /“ du n 1 /T” du
= Jo (T+u?)ewr 7720 Jo (1+u?)*(t+w+u)' (7 —w —u)Y

IN

C n 1 /T‘” du < C
= = (14 (u—7+w)?)ur = 717

11



It remains to treat the case 27 < w, for which we have
w—T8>w(2—s)/2.

After the change of variables w(2 — s) — u, we find

2w
If(w, 1) < —C / du

wl=2v (1+u?)*(u — w)? (3w — u)”

1 /“’ du C
< < .
w7 o (T4 (u+w)?)uwr = w7
This ends the proof. D

Let us introduce the following function

( 1
— - when d > 3,
€M5(Iw1|+|£!)5
g, )\, W, = 1.1 1o when d = 27 3.11
Bae M) =) T (311)
— -, when d=1.
( eaAi(Jw] + (]

The next lemma builds on Lemma 3.2.

Lemma 3.3 Let G.(s) = G((1 — 5)/e)/e¥?, with G € S(R) (the Schwartz class), and

set

Ty(w, &) = /Sd 9(w, & p)[*Ge(k - p)do(p),
with g defined in (2.7). Then, for d = 1,2 we have
[ Za(w, )] < C($a(e, A, |, €)%,
while for d > 3 we have
[ Za(w, &) < C(ale, Al [€D)*/ VT =72,
where 7 = (k- €)/|€].

Proof. Let us start with the case d > 3. We may assume without loss of generality
that k =e; = (0,...,0,1), and write

p:<V1_52u7S)7 £:|£|(V1_T2U7T>7
with r, s € [-1,1], and u,v € S*!. We have

op G.(s)
nw o= [, [, A i(w + 7l + VI = 2VI = 2 (u-v)) 2

(1-— 52)%dsda(u).

12



Defining further z = u - v, we get

d—3

s)(1—s) T (1-22)%
alwn£) = 15a- 2|/_1/_1 |/\+z w+sr|§|+|§|\/1—r2\/1 522)|2 dzds

|Sa—2] / / P (o)1 —s )d23 dzds
- m (1— 52)(1 2 |>\—|—Z(UJ+ST|§| + |€| )|
d—3

s)(1—s%)"2
W_ﬂ/ /1 \)\+zw+sr|£\+\€| e deds:

We obtain, using Lemma 3.2 with v = 0,

(s)]

259
Am rsr|£\+w\+|§|>“ s) e ds

| Za(w, €)| <

1—5 Egds
)\\/1—7"2 |w|+|§| /| )

T T

The second line above is straightforward when [£| > |w]|, and follows when [£| < |w|
from the inequality

|s71€] + w| + €] = [w| = [sr|l€] + €] = |w].

The last line is obtained after a change of variable 1 — s — ¢s.
When d = 1 and d = 2, we bound G, directly by Ce™%2, which gives, using
Lemma 3.2 with v = 0 and v = 1/2, respectively:

C (1 - 2%
Bl < g [ ateenton < o [ S
C

—_— when d=2,
B Y A)

ex 2 (o] + 1))

This concludes the proof of the lemma. 0O

when d=1.

3.2.2 The term f}

We focus mostly on the term Fj in decomposition (2.5), since F} is very similar. We
recall that Fy and F} are

[ h(w,&p)p(k D) B f(w, & p)pe(k - p)
FO(“’g’k)_/Sd At p) oWl Rlw Sk =X e W

The Cauchy-Schwarz inequality gives, with & = £/[¢],

| Fow: &, Mliaen < T() sup (1= (k- ) T(w, &, k)]

keSd
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where

T6h) = [ ot &p)Flputk - p)ldo(p

- @) Plock-p)] oo
76 = [ [ e et (312)

We set above o = 1/2 when d > 3, and @ = 0 when d = 2 or d = 1 and omit the

dependence of h on (w, &) for simplicity.
The term Z is treated using Lemma 3.3 and yields

I(wafa k) < 0(1 - (k ’ é)2>7a<ﬁd(5?>‘> |w|? ’6‘))2

Let us now consider the J term. When d > 3 (and thus a = 1/2), there is a loss of a
factor £71/2 because of the geometric term (1 — (k- £)?)~'/2. Indeed, we have

3 Pe k Y do(k
TE) < [hlEae sup/ A ek pldoth)
pest Ja-kér<e2 (1 — (k- €)2)V

+||h||L2 (S4) Sup/ ‘pg(k ~p)‘fia(/€)
pest J(1-(g)2)1/25e1/2 (1 — (k- €)2)1/2
1

- 1—s2)%ds \’
C h 2 / <— su ..
I ”L?(Sd)( e (1= 52) pegnge(p M z2se)

+Ce 21720 sup [lpz(p - )llzren) < Ce™ 2| 1hl 22 g0,
pe

IN

When d =1 and d = 2, there is no geometric factor and we find directly

J() < ||h||%2(sd) sup [|pe(p - )| L1 (se) < C||h||i2(sd)-

peSd

Combining our estimates on Z and J leads to

||F0<w7 57 ')||L2(Sd) < Cg_%ﬁd(67 /\7 |w|7 |§|)||H<w7 67 ')||L2(Sd)' (313)
In the same way, we find for Fj,
1Fy (@, €, M2ty < CAe™ 2 9a(e, A [wl, (€D F (@, € )l 22se)- (3.14)

3.2.3 The term f;

Let us consider now the term f5:

it ) = 52, (1= [ othepyiot).

The analysis is straightforward:

1 —
/ pe(k - p)do(p) = ls‘;—;;' p (1 S) (1 — %) =272
—1

3

o(d— 2)/2‘5 1|/ (d 2/2 )(d—z)/zdsz/s
0

14

|—=

2

(...)ds_l_\/s(...)ds‘

1
£



Due to the exponential decay of p, the second term above is an O(e‘g), while the first
one, using the first condition in (3.1) and a Taylor expansion, is equal to 1 + O(e).
Hence, there exists gy € (0, 1), such that for all ¢ < g,

1
/2] < 511 (3.15)

3.2.4 The end of the proof for 5 =0

In order to conclude the proof for 5 = 0, we choose € that depends on ¢ and w:
e(jwl, [€]) = (|l + [e]) =0, (3.16)
and write (recall that the expected regularity gain is v = 6/(2 + ) for 5 = 0)

[ el vieh® ||fw e, dods= [ odwdgr [ (o dwde
Rd+2 L2(s%) e(lwl, €N <eo e(lwl,I€))>e0

The second integral above is directly bounded by C||f||z2. For the first integral, we
put together the result of Lemma 3.1, and estimates (3.13), (3.14), (3.15) and (2.3) to
obtain, when € = e(|w|, [£|) < ep:

f(w7€7'> L

0
2

< Cet||(~Ay)

o Flr 6. Moo

+0=7E85u(e, M el 16D) (A, Mz + 1, €, 2 )
We treat separately the cases d > 2 and d = 1. We start with d > 2. Choosing
||h(w & )2 (say

£
Alekieh = 1 (@, &)l z2se)

(3.17)

yields
: e Ol Fw, €, oy e, € M 2o
w, &, - < Cezl|[(=Ay)?2 f(w 2(gd) + - - ,
| #.6]]1gn < CF =208 F 0.6 e E
which leads to
. . C R
: < Cet(—Ay)? M g2 L IA(w, &, ) || sy (318
(wvgv ) L2(sd) € H( d) f(wvgv )HL (S%) + €(|w| + |£|)H (M,f, )”L (S%) ( )

The parameter £(|w|, |£]) was chosen so as to balance the two terms above, it follows
that

/R (ol + 1607 || flwre, ||

This proves the result when d > 2. When d = 1, we have, with the same A as above:
0 02
< Cezf[(=A1)2 flw, & ) llzzsy

C 3 N 1
+ﬁ”f( M L@y 1@, &) F2 ety
et (Jw| + [€))3 FED wE

which leads to (3.18) as well, via Young’s inequality, and concludes the proof in the
case 8 = 0.

2 g2 2
ooy 1€ < € (712 + (=20) 37132 + 1112
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3.3 Proof of Theorem 2.1 when § € (0, 1)

We continue with § € (0,1), postponing the case 5 > 1 for later. The previously
obtained estimates for f§ and f5, as well as for Fi, still apply (though in the end we
will choose different € and \), hence we focus on the term Fj.

Let us suppose momentarily that § = 1 — this is, strictly speaking, outside of the
range 5 € (0,1) but will give us an idea what estimates to expect compared to 5 = 0.
In this case, we have

For&) = [ 1€ p)Aulg(w,6p)p. (k- p)do (o).
S
If we choose k as the North pole, and write p = (v/1 — s2u, s), where u € S ! and s €
[—1,1], the Laplacian is:
2
1
Ad:(l—SZ)a——dsa

052 @—i_ 1 — g2 4t

In particular, the spherical Laplacian applied to p.(k - p) gives

02 0
Agpe = <(1 — 82)@ — ds%> Pe- (3.19)

The two derivatives in p. bring a factor e72. As p, is localized around s = 1, the

factor 1 — s? in front of the second derivative cancels one of the ¢, so that, roughly
speaking, Agp. is more singular than p. by a factor e~'. Things are different for Ag:
the function ¢ is not localized around s = 1, and A4g is more singular than g by a factor
of (|¢]/A)?. Interpolating to fractional values of 3, we can expect that Fy will have two
terms: one more singular by a factor e, and another by a factor (|¢|/)\)?*, compared
to the case 5 = 0.

For a general § € (0,1), as we have mentioned in the outline of the proof, it is
convenient to introduce the operator Rz via

e(p) — »(q) d
R = .V./ do(q), S
Bg&(p) p . |p — Q|2’B+d <Q) p

and make a decomposition (which defines the operator Q)
(—A)°h = (Rs+1)Qh, Q= (Rs+1)"'(-Ay)".

This leads to

FO(W,f, /{Z) _ / (_Ad)BiL(wvf)p)

AT i@t E D) p(k - p)do(p) = For(w, &, k) + Foa(w, & k),

with
. (k-
FO,1<W7€7 k) = /Sd Qh(W,f,p)Rﬁ ()\ +p2(i) +p€) p)) dO'(p),

FO,Q(wag’ k) = S Qﬁ(w,{,p) (

and
pe(k - p)
A+uw+£m0ddm'
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The main contribution will come from Fj; and we look at it first. Let us split the
operator Rz as

Rs(peg) = 9(Rape) + p=(Rpg) + Alg, pe), (3.20)
where A is defined by

Alg, p)(w.E.K.p) = pov. /Sd (9w, & p) — g(wi]f,_cz);fzgi(dk @) =k -p)) gy

Using (3.20), and setting h = Qh, we write

Foq = /d Aﬁg(Rﬁpg)da(p) + /d Eﬂs(Rﬁg)dU(P) + /d EA(%PE)CZU(?) = Fo+F1+F.
S S S

The aforementioned heuristic argument for § = 1 indicates that we can expect
that F, will be more singular by a factor e# compared to the case 8 = 0, while F;
will be more singular by a factor (|¢]/\)?’. This is confirmed in the following two
propositions, proved in Section 4.

Proposition 3.4 Suppose that € < 1/8. Then, we have the estimate
||f0(w7£7 ')HL2(Sd) < Cgiﬁ@d(gv )\7 ’(’u'u |€|)||E(w7£> ')HL2(S‘1)7 (321)

where, for any 6 € (0,1 — f],

IQ

1 e ¢

Sale, A Jol, Je) + S,

1
§+gﬁd(57 )" |w|v |€|)a when d<2.

€

when d>3

1
1

™M

Bale, Ml [€]) = (3.22)
We will see that F; dominates both Fy and F>. Regarding F;, we have the estimate:

Proposition 3.5 We have

C 2 )
10,6 iz < o (1 +(5) ) (e, Al D, €, )00,

where a = 1/2 when d > 3 and a = 0 otherwise.

The term F5 can be seen as an interpolation term between Fy and F; but we will
simply control it in the same fashion as J;. The most direct result is the following:

Proposition 3.6 Suppose that (|| + |w|)e/A > 1, then

C + |w\** -
IPafe0.6 Mz < o7 (1 + (S5 )mm o D e €, Mo

where a = 1/2 when d > 3 and a = 0 otherwise.
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We have everything now to conclude the proof. Let first g) = g9 A 2 5, Where g¢ is
chosen to guarantee (3.15) for 0 < ¢ < gg. We will now choose ¢ and A as

R XCEN I 2
A= Aw, &) = (|¢] + |w]) 55 LES Lo e(w,€) = (|w| + |€])" T, (3.23)

ol

L2 (Sd)
Note that this choice agrees with (3.16) and (3.17) when § = 0. Recall that the expected
regularity gain is

1+2ﬁ

0
Tt 28+ 0
and write
260 A
= || f(w, €, - dwd )sFvas ’ dws,
[ (e w6, ., dude = 2/ (ol +e) 7 | g, )], ., dude
where

QO = {(w,&) e R™ £(w,§)
={(w,&) eR™?, ¢(w,¢)
Qz {(w,§) eR™*, e(w,&) > e}

The domain €2 is introduced to handle the case where the constraint (|¢] + [w|)e > A
of Proposition 3.6 is not satisfied. The integral over Q) is directly bounded by || f||zz.
Also, the condition

e(w, )¢l + |wl) > AMw, &)}
e(w, &)(€] +|wl) < Mw, &)}

<
<

QY
o~ o~

(€] + |w)e(w, §) < A(w. &) (3.24)
implies
(ol + ¢y ==

w6,

L2(s4) = HE(W’& )’

L2(s9)

so that the integral over Qy is bounded by ||A|| 2.
It remains to bound

L= [ (ul+ g
Qo
The terms f; and f5 are treated as in the case § = 0. We write for f;:

[Fe@n€)] o S 1o (6 gagan) + NFo2w, & Myagaey + IF (6 Moo

fw,€.9) ;(Sd)dwdf.

L2 gd)
2
< SOIF0 6 nen + 1Foa(@s€ Mg + 1 (@6 ) o
i=0
With our current choice (3.23) of A, we have, according to (3.11) and (3.14),
C ‘ﬁ(w £ oA ‘f 2(41B++216) qd>9
e (|w] + ez I L2(s%) L“‘(Sd) I
||F1(w,§, ')HL?(gd) S C _8B+3
‘ﬁ(w,f A ‘f I(1+28) 7 1
(ol + etz 177 ez Mezgon
(3.25)
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Using the Young inequality, we obtain, for all d > 1 and any ¢y > 0,
C - .
F A < Hh A ‘ ‘ ’Sy T ’
|| 1(("} 3 )HL?(Sd) = 51+25(|w|+|§|) —(w § ) f(w § )
The definition (3.23) of A, together with Propositions 3.5 and 3.6 implies that F; and F
satisfy (3.25) and (3.26) as well, for (w,&) € Q.

As the term Fp 2 does not involve Rg, it is more regular than Fp; and can be shown
to satisfy the same estimate as F for large || and |w|. Thus, it remains to treat Fy. To
this end, we use Proposition 3.4 to show that it is more regular than F; + F5. Consider
first d > 3: the contribution of the term e~“/¢ in (3.21)-(3.22) to Iy can be readily

bounded by C|[h||%, + C||f||%.. For the term proportional to $; in (3.21)-(3.22), we
only need to show that there exists C' independent of (w, &) such that

e |w|)26_
e(w,6)? — \ Mw, &)
As 0 < & < g, this follows trivially from the condition

e(€] + [wl) = A,

that holds on €)g. When d < 2, the condition for F; + F5 to dominate F; becomes,
with 0 € (0,1 — /] as in (3.21)-(3.22)

¢ <(|§|+|w|)”
s(w,f)&;(s_ Aw, €) 7

which is also satisfied picking ¢ sufficiently small.
Collecting all our estimates together, we find for d > 1:

preny. (326)

gy T

26 o 2
Ll 1075 | fogo , dde
26 A 2
<c [ Lol + 1) (a0t fw), ., dode
Rd+2 L2(S%)
248 22|, NE J
+ /IRLCHQ c <w’£>(’w’ + ’5‘) o _(wjf’ )‘ LQ(Sd) “ 5

+ Clh)2 + CIf1122 < Cl(=2a)2 1122 + Cll)122 + C| fII2.
It remains to show that
|A]lz2 = [[(Rg + 1) (=A0)?hl 12 < C||h| 2. (3.27)

It is proved in [24] (with a slight adaptation of the constants), that the Fourier multi-
pliers R, associated with of Rg are

= 2%7:0(B) (T(n+2)  T(HE)
F(g+8) \In+%5%)  I(5?)
where T' is the gamma function. When d = 1 and 5 = 1/2, we have, by conven-
tion, F(%) = I'(0) = oo. The fact that I'(n + ) ~ I'(n)n® as n — oo for a € R,
shows that R, behaves like n?? for large n, which is the same asymptotics as the eigen-
values of (—Ag4)?. This proves (3.27) and ends the proof of the theorem for 8 € (0,1).
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Proof of Theorem 2.1 when 5 > 1

We only give a sketch explaining how the term Fj in (2.5) is treated when § > 1,
the main contribution to it coming from Fp; in (2.10). The fractional nature of the
Laplacian is not an issue, since the fractional part is included in Rg, in (2.10) (recall
that Sy = B — [f] is the fractional part of §), and is treated in Propositions 3.4-3.6.
Hence, the only extra technical part is to compute (—Ay)¥(p.g). A straightforward
computation shows that (—Ay)¥(p.g) can be written as

2[8]

(_Ad)[m (psg) = 28—1‘5/‘2[,8]40[(57% k)ps,l ai, é = é_‘, 6/ — §
=0
pea(s) = pO((1 = s)/e)/e2,  qis) = AH(1 +i(w! + |€]s)) @ADL = ;

where the () are smooth functions whose expressions are not needed. We can use
Propositions 3.4-3.5-3.6 for each term in the sum above, with /3 replaced by 5y € (0,1).
As in the case § € (0,1), the powers of || coming from the derivation of g dominate
the powers of e~! coming from the derivation of p.. The leading term in (—A4)¥(p.g)
is, therefore, p.(—Aq)!(g), and the rest of the proof is similar to the case 8 € (0, 1):
we define A and ¢ in the exact same way as in (3.23), and after a computation similar
to B € (0,1), obtain the announced regularity coefficient v = This ends the
proof of Theorem 2.1.

0
2+4+0+483"

4 Proofs of the Propositions

4.1 Proof of Proposition 3.4
Let us define

T&h) = [ lote.&nP Rape(k.p)do(o),

5 _ |h(p) R spe (k. )|
7O = [ [ O e oo

where @ = 1/2 when d > 3, and o = 0 when d = 1,2. The Cauchy-Schwarz inequality
yields

2 ~

<T@ sup [(1 = (k- )"T(w, k)]

HFO(W7§? )) LQ(Sd) = resd

We start by treating the somewhat most technical case d > 3 and postpone the simpler
cases d = 1,2 to the end of the section.

20



4.1.1 The case d >3

We split the operator Rg into several contributions:

L pe(k-p) — pe(k - q)
Rﬁps(k7p> - }]g% \p—a[ >/ |p o q’2ﬁ+d dU(Q)

Pe kp — Pe kq
:/ (k- p) zpm(d )dg(q)
pea>va P —d

pe(k-p) —pe(k-q) —k-(p—q)p.(k-p) do(q)
[p — q|?#*d

+ lim
=0 Qe,n(k.p)

+ liII(l)
=0 J g, (k,p)

e(k-p) = pe(k-q) —k-(p = q)pL(k-p)
pe(k-p) —p |pq_q|26+dp QLA

k-(p—q)p.(k-p)

R lp — q|?+4

120 ) /22> Ip—q|>v2n

do(q) == (D1 + Dy + D3 + Dy)(k, p),

where pL(s) = —p'((1 — s)/g)/g“r% and
Qe n(k,p) = {q €S V2e > Ip—q| > /21, max(k-p,k-q) > 0}
ng(k;,p) = {q e S, V2e > Ip—q| > /21, max(k-p,k-q) < 0}.

Let us comment on this decomposition. We introduce a cutoff at the scale /¢ in order
to handle the localization of the function p. at the scale €. Roughly speaking, when

k-p~k-gq~1—¢,
so that

p=(k - p) = pe(k - q) = p:(1),
then |p — ¢q| ~ \/e. Moreover, the domain v/2¢ > |p — q| > /27 is split so as to justify
the Taylor expansions in the term Z3 below. The term D4 removes the singularity in
the principal value as usual and allows for 5 > 1/2.
We then decompose Z and J accordingly into

L:=T+TIy + 13+ 1y,

and

J=h+T+Ts+Ts

The terms Z and J are treated in a very similar fashion. We will provide the details in
the estimates for Z, and only underline the differences for 7. We treat the most difficult
terms 7, Z, (and [Jy, Jo) first.

The terms 7; and J;

We proceed as in the proof of Lemma 3.3: choose the coordinate axes so that k is the
North pole, and write

p=H1—-=tut), q=(V1-s2u,s),
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with s,t € [—1,1], and u,u; € S¥1. We also choose u as the North pole of S*! and

write
u; = (V1 —12w,7), weS2
We also decompose

~

£:<y£élax£)7 é:&-/yé" éJ_ESdila xfzéka y£: 1_3727 éJ_k:O

Introducing, finally z = u- &, € [—1, 1], we write:

, (1—12)%(1—22)%
Liw,&k) < |Saf / /_1 A+ i(w + th - €+ [€lye V1 — 22) 2

3

(4.1)

d—2

(1= )% (1 =72)F |pe(t) — pe(s)]
X (/g(t) \1—315—\/?152\/752 ‘5+2 ds dT) dtdz,

where

Q) ={se[-1,1], e [-1,1], |1 —st = V1 —13V1 - $>T| > ¢}.
Using Lemma 3.2 with v = 0, we find, since 0 < V1 — 2y, < 1,

/1 (1—-2%)"z dz < 1 /1 dz
A Fi(w Atk € yeVT = 22)2 T VT =2y Jog A Fi(w k- E (]2
C < C
Al + th - €]+ EDVT = Pye = Ml + [€D)VT = Pye.
The last inequality is straightforward when |£| > |w|, and follows when |¢] < |w| from

the fact that |w +tk - &| + |€] > |w| — [€] + €] since |t| < 1. Performing the changes of
variables t -1 — et and s — 1 — es leads to

(4.2)

7z k 2 N P = DAY

&) £ S |w|+|£| y{/ / F(1- )@ et) T2 - es)
XMdtdsdT
ds(t,s,7)7+2

where we have introduced

dg(t,s,f):(ﬁ—\/5)2+2\/E<1—n/1_%t,/1_§_5\g§>

Qs(t) = {s € [0,2/¢], 7 € [~1,1], di(t,s,7) > 1}.

Notice that in the domain Q5(t), d5(t,s,7) > (Vt — \/5)? + 2V/ts d;(t, s, T) where

di(t,s) = 1—(1—%15)5(1_%3)5_52E
B %((1_%)5_(1—%8)5) +Z(\/{f—\/§)2>0



We will use dj later on in the estimation of Z,. We then control 7; as

jis a2 @O+ p()] 0
Ti(w, & k) < 5ﬁ+2 IWH"& yg/ /\[ Va1 |\/_ \/s|28+d t (4.3)
C

+ . tz 5 + dtds
Aﬁﬂwwumwz Juro gt T 0 bt < S

In the second line above, we used the fact that dj > 1 in the domain €25. This finishes the
estimate for Z;. As in the case 8 = 0, the term ygl will lead to a loss of a factor 1/4/z.

Regarding 77, the variable k plays essentially the same role as the variable p in Z;.
Hence, we freeze p in D; as the North pole, and parametrize k as k = (v 1 — t2k, t),
with k, € S 1. Following the same lines, but also considering whether or not

1—(k-§)?<e

as we did for g = 0, this gives

. Dy (k.
Ji(€) < CllhlFa SUp/ ) Mda(k)
(1—(k-€)%)<eo (

) pese 1—(k-§)?)
D (k,
Oy [ Do
pest J (1—(k-)2)e>ex (1 — (k- §)?)
< Ce Al 72 Su81>(64\|Dl( P2y + D1 )l rsey)-
pe

Furthermore, we have

1 2 d—2 2 d—3
(1- )5 (1= 35 (1= )% |p.(t) = pe(s)
Di(-,p < C/ / dsdrdt
11,2l 1 Jag 1 — st — VI —PyVI— 27|+

(4.4)

and
2

1
d—2
Hmumm%@scfl (1 2) .

[ A=A
o) |1 —st—v1—12V/1— s2r|Pte

The end is then very similar to the last steps for the term Z;: we perform the changes
of variables t — 1 — et and s — 1 — es, and obtain for the L? norm of D;:

C - > a2 |p(t)| + |p(s)]
Di(-,p)|? < —— Al / ’/ 52 ds
1Dx( p)HL2(Sd) = 28+4 H_HL2(Sd) 0 IVi—y/5]>1 |Vt — \/5]|28+d

¢ C
el [ | S 01+ o

2

2 dt

2
a—2 T
it <

where we used a Cauchy-Schwarz inequality to bound the integrals. The L! norm of D,
follows in a similar fashion, and it becomes

. C o
J1(€) < gﬂT%HﬁHm(gd)' (4.5)
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The terms 7, and /5
Regarding Z,, we find, following the same lines as for Z;:
a—2

c TR (2 ) (2 es)T
To(w,& k) < pp (|w|+|§|)y5/et sz (l—77)2 (2—¢t) 2z (2—¢s9)

X

t) — t—
) = o) = (=D
d(t, s, 7)PTe
Q5 ={(t,s) € 0,2/, T € [-1,1], di(t,s,7) <1, min(t,s) < 1/e}.
Notice that the condition max(k - p, k- ¢) > 0 becomes min(t, s) < 1/e after the change
of variables t —+ 1 — et and s — 1 — s, with initially t = k- p, s = k - ¢q. Let us denote

by I the integral in the definition of Z,. Making the change of variables below and using
the Taylor formula

_ (= S)2

t—s
1—7,/1—€—t,/1—§—5‘/_

yield the estimate

p"(n(t,s)),  nlt,s) € (s,t)

d—3 d—2

I< c/ “32(2_8’5)T(2_55)T|’5_8|21 "(n(t, )] (df(t $)F 4+ %) dsd
Y Y T 7—7
e e

where
Q3 = {(tws) € [0,2/e]%, 7 € To(s,t), (Vt —/5)* +2Vtst < 1, min(t,s) < 1/5},
Tty = [1-0-ra-5- 1w - Pia- -2

We control now the term dj in order to make sense of the integral. This is where we use
the division of the domain v/2¢ > |p — ¢q| > +/2n: noting that for (s,t) € Qf, we have,
since e min(s,t) < 1,

elt — s|
2 —emin(s,t) ~

< eV — VEI(VE+VE) < (Wit vE) <2V2E <1 for g<%

This, after a direct Taylor expansion, leads to

B e min(t, s)
= <1_T)
< COVeElVit— s < CIVE— s,

Note that we do not need the extra /z factor above. This gives

N[

(1 N 8min(t, s) — max(t, s)>é 9

2 — emin(t, s)

G0 = (0= 0= + 5 vEP s Cvi- VP
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Inserting the last inequality into I, we obtain

d3 d2

IgC’/t 2 (2 —et) T (2 —es) T |t — s?
L Vi V)2V
In order to conclude the estimate for Z,, we simply use basic interpolation to obtain
EE "t = PV = VA ) TR (Vi )
N e R N e

td 5+25 d— 3+25 (\/—+ \/—) (\/—+ \/_>
’\/' N C‘\/- a2 So(t, ),

where 8 =1 — 26, for some ¢ € (0, 1), and

1" (n(t, 5))’(|\/% — \/El(d*?’) + T%)dsdr

+C

d—4+48 d—3+49 d—54+26 d—3+426
4

o(t,s)=t 2 s 2 4+t 1 s

We are now ready to conclude: using the exponential decay of |p”(min(t, s))|, the facts
that d > 3 and ¢ € (0, ) as well as the property that ¢ is locally integrable, we have

(2—et) T (Vi + V5)? 0
I < O/g T R ot Sl it ) deds < €

which yields
C
Lw,&F) € — . (47)
A2 (Jw| + 1€])ye
The term 7 is treated combining the methods of J; in order to handle the factor '
and of I above in order to remove the singularity in the principal value. We then obtain
the estimate c

J(€) < EHﬁH%%Sd)' (4.8)

The terms 73, Z,, J3 and J,

We consider now Z3 and Z, that are treated in a very similar fashion. Calculations are
somewhat more direct than the other terms since we simply bound |g| by A2, and then
only use the exponential decay of p.. We find, for some n € (k-p, k- q):

skl < 5[ [ e

We then decompose the integral according to the (p,q) such that
maX(kp7kq) = kq>

and those with
max(k-p,k-q) =k-p.
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For the first part, we choose a parametrization of the sphere with ¢ as the North pole,
and write p as p = (V1 — 24, t), with @ € S?~!. This gives

k-(p—q)=({t—Dk-q+V1—k-a
Let also s = k - ¢, and perform the change of variables s — 1 — €s. Defining
.= (L —n)/e € (s,(1— (L —es)t = VI—2k-a)/e),
we observe by the choice of the integration domain that
el <s <.

According to the definition (3.2) of p, |p"(z)| can be bounded by a linear combination
of decreasing exponentials that we denote by ¢(z). We have |p"(n)| < ¢(s), and the
first part of Z3 can therefore be controlled by

(1 —es)(t—1) + V1 — 12k - af b s )
A2£2+5 /1 <1/ /Sd 1 p(s)(1 _t2) 2 s 2 dtdsdo(u)
t

|1 _ t’6+2
dtd

By gy T
> S
)\25“% nog<a i [1—t)7 A

The second part of Z3 yields the same estimate as above and is treated in a similar
fashion except the vector p is now taken as the North pole, leading to

Ce ¢
A2
Regarding the term J3, we have, for some n € (k- p, k- ¢q) and a = 0:

e s
< C / / / " \W' A ()l |(p) Pdo (k)do (p)do(q)

Again, the roles of p and k are exchanged here: when max(k-p,k-q) = k-q, we set ¢ as
the North pole, and follow the same lines as in Z3. The integral over this set can then
be controlled by

d—2 _C
< [ / PIL — ()5 dbdsdo(p) < Ce~ [3aqen.
S J|1-t<1

When max(k-p, k-q) = k- p, we take p as the North pole, and obtain the same estimate
as above:

I3(w, & k) < (4.9)

~ _g A
J3(€) < Ce™ = ||kl 2(sa- (4.10)
The term Dy, is direct and treated using p as the North pole, leading to

k-p(l—s)—+1—5%k- -
Dy(k,p) = p.(k-p hm/ / p(l=s) i ,U(l—SZ)%deO'(U)
e>[1—s|>n Jsd-1 11— s|5+z

(1—3)

exfi—s| |1 — s|7*%

= pL(k-p)(k - p)|Sal (1— %) ds,
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so that
|Dy(k,p)| < ClpL(k - p)le"".

We finally find
o / C lepl(k - p)|
7, < — w, &, p)Plepl(k-p)ldo(p), Ti < —||R||3- sup/E—Adok,
15 55 ot & nPlerthepliot), Tos Sl s, [ 2 S do(h)
which gives, using Lemma 3.3 with d > 3 for Z,, and proceeding for 7, as in the term

J in the case g =0,

C C

Ty < —— , T < — |- 4.11
T (1

Collecting (4.3), (4.5), (4.7), (4.8)-(4.11) finally gives (3.21). This concludes the
case d > 3.

4.1.2 The casesd=1and d =2

We take care now of the simpler cases d = 1 and d = 2, which are more direct since the
estimates do not need be as sharp as in the case d > 3. We split the operator Ry into
only three terms:

pe(k-p) —p(k - q)
Rspe(k,p) = / do(q)
? |p—q|>\/£ ‘p - q,26+d

pe(k-p) —p(k-q) —k-(p—q)p.(k-p) do(q)
[p — q|?#+d

k-(p—q)p.(k-p)
|p — q|?#+d

+ lim
170 ) Vae>p—q>v/2

+ lim
120 J 22> |p—q|>/2n

dU(Q) = (Dl + Dg + Dg)(k’,p)

Let us start with d = 1 and the term J. Since a = 0 and there is no geometric factor,
estimate (4.5) is straightforwardly replaced by

.. : [p(t)] + o(s)] dtds
Ji(€) < = ||All72esn / /
1) < Fllhllzey | Vievaistecz/e |VT — /32 Visv2 — elv2 — e5

(OIS : dtds C -
+—h221// 1)) + |p(s < = ||Al2 .
B || ||L (st) 0 \\/Z*\/Elgl,s§2/5(|p( )| |10< )|) /_tS\/Q St\/Q o5 €5|| ||L (Sh)

Above, we treated the square roots \/2 — ety/2 — es in the denominator by splitting
[0,2/¢] into [0, 1/¢] and [1/g,2/¢], and by integrating by parts and using the exponential
decay of p. For the term J,, we set k- p = cos(0) = ¢. When 6 € (0, 7), we have

k:tp—i- Vl—t2pL,

(4.12)

while when 6 € (7, 27), we have

kE=tp—v1—1tp,.

27



Depending on 6, the vector p can thus be written as p = tk £ /1 — ¢k, . With the
representation ¢ = sk + /1 — s2k,, we find

1
Elp—q\zz1—p~q:1—tsj:\/1—52\/1—t2.

Using the latter leads to

.72(5) < g

86 st

o p(t) = p(s) = (L= )P dtds
b Pasty) [ i e

where

o = {(t.s) € 0,2/, Vi V5 <1}

The final steps of the estimate are then similar to these for Z, and 75, we leave the
details to the reader. Again, since o = 0, the case d = 2 follows directly by estimating
the L' norm of Dy, using d = 2 into (4.4). The first conclusion is that for d = 1,2,

~ A

c .
Ji(§) + F2(§) < E—ﬁthliz(sd)- (4.13)

d
2

Let us focus now on the terms Z; and Z,. We bound for this p. directly by C/ez.
This yields, after familiar changes of variables:

C [t -2)Tdt 1 1
T(w k) < = _ / ds
W&k S T ] i@ TR S T s (1 )
C
h d=2
o ey T |
= C
— - when d =1,
M (Ju] + [¢))}
and for any 6 € (0,1 — 5],
C do(p) lp — q|*P+%
To(w,&, k) < . it
(@8R S T o T i+ € P Sy yevs =g @
C /1 (1 -2 dt 1 L
N S
T2y oy [N i(w DR Jise 1 — 5|20 (1 — s)2
C
h d=2
N ([ + ) ’
B ¢ , when d=1.

T o] + e}
Above, we used Lemma 3.2, both with v = % and v = 0, and controlled
pe(k-p) = p=(k-q) =k - (p — @)pc(k - p)
by
% 26425

m@—q
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The term Dj is straightforward:

_ 2 — et)“z dt
Dy =P (k - p)(k -p)/ ( 2 :
[tl<1 t
and using Lemma 3.3 for d = 1, we have
C c -
Z = ) \7 S ) h ] ) 4.14
ey P e (1)
and now with d = 2:
C c -
I, < , Tz < = |h)|% 2. 4.15
e e e )

Gathering the previous estimates on Z;, J;, ¢ = 1,2, 3 ends the proof of the proposition.

4.2 Proof of Proposition 3.5
We start by rescaling (w, &) by A: let (W', &) = (w, &)/ so that
g(w,&p) =29, € p).
Again, we consider first the case d > 3. Setting p as the North pole, and noticing that

g(w,§,p) — 9w, &, q) =i - (¢ —p)g(w, & p)g(w, €, q), (4.16)

we split Rgg into two contributions:

/’é'/7 _ /76’/7
Rpg = p.v./Sd (g(w >\|1f)— q|92/(:d q>)da(@)

o (& (¢g—p)
- s [ g g

da(q) = Al + AQ,

where
Lop)(1 — %) T dtd
Alz—zgwgp/ / (€ - p)( )= dtdo(@) -
si-1 )1 28F5 (1 +i(w + & - (tp+\/1—t2 N1 —t)Ptrat

(¢ - a)(1 - #3)F dtdo(i)
Ay = )1 .
: wgp"%/sdl/l ion (1+i(w' + & - (tp+ VT — £20))(2(1 — 1))P+2

Let us start by treating A;. Note that we removed the principal value since the integral
is well-defined. It is easy to see that A; can be immediately controlled by C|¢'|, which is
fine when 3 > 1/2 since then [¢'| < |¢/|?? for large |£'|, but is not optimal when 8 < 1/2.
In the latter case, write

§=xep+yely, with &, €S, & - p=0, ¢ € [-1,1] and y¢ = (1 — zg)' 2.

Setting 7 = 1 - & € [—1,1], A; becomes

4 — W€ -p)g w§p|8d2|// (1—2)° (1 — )T dtdr
1 9B+4 (1+i(w’ _{_xdfllt_i_ygmlgh))(l_t)ﬂ+§—1

29



We would like to integrate in 7, in order to obtain some decay in |¢’|. However, this will
introduce a factor y, ! which will eventually lead to undesired powers of e~ when ye ~ 0.
We need, therefore, to distinguish the region where y, is small. There, we integrate in ¢
instead of 7, in order to gain decay in |¢'|. Hence, let us define

c B Yelt| 1
Q- p) = {t € [-1,1], —|3?5\\/1Tt2 < 2}, (4.17)

and denote by Qc(§C - p) its complement in [—1,1]. We accordingly split A; into
Ay =Aiq + Ao

For the term A, ;, we use the Holder inequality to obtain, for any > 0,

1 ) 1 d %ﬂ;
Aua] < Claglllown &) [t €opmisar ([ )y

N
dt
(. & p,7) = / _ .
e L+ e T 2e€1t + gev/T = BIET)[H (L — 1)

Now, split the integral I as (with a = [£/|71),

I:/A (---)dt+/A (--)dt == I, + L.
Q(gp)n{l1-t|<a} Q(gp)n{l1-t[>a}

We have, by a direct computation

dt
I, < / — < Cle)pft 4.19
! —tj<a |1 — |7 <1 (4.19)

L < ¢ / at
B a@p) |1+ (W + 2|t + ye V1 — 2| 7)[1F0

We control the above integral using the change of variables

z=7j(t) = et + ye V1 — 21,

which yields, since t € Q(€ - p) and 7 € [—1,1],

ygtT

l’g\/ 1-— t2

Using Lemma 3.2 with v = 0, we deduce that Iy satisfies

OWW/I d . CleP_clp
el S T i + T~ TaelQ€l+ D) = Jad

S |~T5|'
=

|7 (8)] = |we| |1 -

I, <

Combining this with (4.18) and (4.19) implies that, for any 6 > 0,

e,
|Aa| < Ol |g(w, &, p)]. (4.20)
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For the term A;, we find for any ¢’ > 0, using once more the Holder inequality and
Lemma 3.2 with v = 0,

/ (1—=7°)=2dr
1 (14w + ze|€ |t + yel€'|[V1 — t27))

_1

o (/1 dr )1+5'
<
B —1 LW + €t + ye ||V — )|

C

< .
(ye V1 = £2([¢] + |w'])) 57

Owing to the latter estimate, and accounting for the fact that t e Qc(éC -p) in order to

(4.21)

bound ye from below, we see that for any ¢' such that g+ ; + o < Lt
s’ dt
[Are] < Clae|l€]57 g(w, &, p)]
ac(ép) (ye/T— 2)707 (1 — t)P

dt
(14)57 (1 — )7

< C|€|1+6’|gw£p I/

Setting, for instance,

5 3p
1+ 27
we find
dt /138
MM<CMPMw5m/' S r < CEI e Eol

Hence, together with (4.20) with 0 = ﬁ/(?) — 2f3), we finally obtain an estimate for A,
when g < 1/2:

Ay| < CIE| 7 g(w, &, p)| < C1+ €18 g(w, &, p)], (4.22)

which is better than the naive estimate in |¢'|. Recall that we already know that (4.22)
holds when 5 > 1/2.
Let us consider now the term A,. We split it as

A = / (-++)do(g) + lim (- )do(q) == Az1 + Asp,
lp—a|>Vv2a 170 J /20> (p—q|>v/2n
where a = [¢/|7'. When 8 > 1/2, we have, after the change of variables 1 — ¢ — a?t:
dt

A, chl gwagvp —1§C§/2ﬁgw7€>p .
[ A2 < C1E|g( )| e (1= 1P €177 9( )|

V]

Note that the technical difficulty posed by the term y, Uin A; does not arise anymore
in A, due to a cancellation, as the term

U =yelL - U= YT
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is in the numerator in the definition of As. Hence, we use (4.21) for some ¢’ > 0 such
that

1 1
B+-+

> oty b

and obtain
dt

&
|Ag 1| < CIE'[+[g(w, €, p)] it < ClEPPlg(w, €, p)|.  (4.23)
[1-t|>a? (1 —t) 2(1+6’)

Regarding As 2, we need to remove the singularity at t = 1. We write

d

141)3
dyy — Mphm/ / fap LD
120 Jsd-1 Ja2>|1- t|>n 2B+2(1—t)5

dtdo ()
(1+uw+fﬂ@p+V1—ﬁ®»U+4@ﬂ+8-m»’

After the change of variables 1 —t — a?¢, it follows easily that
|Az2] < CIE P |g(w, €, p)- (4.24)

Combining (4.24) with (4.22)-(4.23), we find

[Regl < CA+[E7)]gl.

In order to conclude, let us introduce, as usual,
z&t) = [ 0k D) Ragler &) o)

N B@)Plloe(k )y
76 = [ [ e o)

where @ = 1/2 when d > 3, and o« = 0 when d = 1,2. The Cauchy-Schwarz inequality
then yields

2

| 7w

< J(€) sup [(1 — (k- §)"L(w,¢, k)] :

L2(S%) keSd

Using (3.13) for the term J, we finally get, using Lemma 3.3,

2 1 1128 h 2
_ CU+ PRI,

L2(Sd) 52
1123
_ C+[gP)

|F@.éo

keSd [( (k-£) /Ipe (k-p)||g(w, &, p)|*do(p )]

(Dale, A |wl, 1€]))%,

N|=

3

which concludes the computation in the case d > 3.
The case d < 2 is more straightforward. We first write

Rsg = / (-++)do(q) + lim (-++)do(q) == Ri + Ry,
lp—q|>v2a n—0 V2a>|p—q|>v/2n
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and split Z into Z = 7; +Z, accordingly. The Cauchy-Schwarz inequality, together with
. . d
bounding |p.| directly by C/e2, leads to

_ 9(w, &) +lg(w, & @) )
I S‘Lﬁukpﬂ(é%bﬂa Lo & O

do(q) )d
g (/P—‘I>\/§a lp — q|?*d o(p)
112 2 ~\ 2
< C!£dl 5// 9(w, &, )] f!g(w,ﬁ,w)\ do ()0 (p)
2 s J |p—|>+v2a

|p_w’25+d

1143
= q? [ lot.60)Poto) < CUET (0l ol I

Above, we used Lemma 3.2 for the last line. Regarding Z,, and, therefore, Ry, we have
when d = 2,

Ry = ig(w, &, p) lim
n—0

/ / [(t —1)& - p+ 1 — 12 - u]dtdo(u)
st Jvaasi—tizn (1+i(w +& - (tp+ V1 —12u))(2(1 — t))8+1

which yields, following similar lines as for the term As,, the same estimate as (4.24).
When d = 1, the decomposition is slightly different, and we set ¢ - p = cos(f) = ¢
When 6 € (0,7), we use

g=tp++V1—t2p,, withp, € Stand p, - p =0,
while when 6 € (,27), we write
g=tp—V1—1tp,.

Depending on 6, the vector ¢ can thus be written as ¢ = tp £ /1 — t2p, . This gives for
the term Rs:

RQ = Zg(w7€7p) lim

n n—0 ’

/ [(t—=1)¢ -pEV1—t2"p)] dt
Vaas ity (1 +i(w + & (tp £ VT —12p1)) (1 — t)Pr2(1 4 1)z

which also yields an estimate like (4.24) after the change of variables 1 — ¢ — a?*t. We
are, therefore, done with the term Z. It remains to estimate J which follows from (3.13)
with o = 0. This ends the proof of the proposition.

4.3 Proof of Proposition 3.6

The proof builds on the proof of Proposition 3.5. We will underline the main differences,
and will not go into detail of similar computations. Since A is an interpolation term
between gRgp. and p.Rgg, we decided, in order to minimize the calculations, to put all
the weight on p.Rzg. We will thus obtain a similar estimate as in Proposition 3.5. There
is a technical condition for this, which is that p.Rgg is more “singular” than gRgsp-,
which translates into the inequality e(|¢'| + |w'|) > 1.
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Let a = (|¢'| + |&'|)~'. We separate in the integral in the definition A the ¢ such
that [p — ¢| > v/2a from the ones such that |p — g| < v/2a. We then split A accordingly
into A = A; + As:

Alg.p) = / (- )do(q) + lim (- )do(q)
lp—q|>v2a 170 J2a>p—q|>v21
= A + A,

and write for A;,

w7£a - w7£a
A= pg(k'p)/p—wﬁa S Ippqui&d Q))dU(Q)

(g(w7 gvp) - g(w7 57 Q))
- A)—Qbﬁa pelk-q) p — q[P+ dota)

= A+ A

This leads to the following decomposition of Fa(w, &, k):
Fo=Fo11+ Fai2+ Fao.

The term A; ; is exactly p.Rgg and is treated in Proposition 3.5. We focus therefore
first on F3 1 2, and secondly on Fy 2, for both of which we use (4.16). Assume that d > 3.
As usual, we obtain after from the Cauchy-Schwarz inequality

1Fo11(w, & )F2a) < Faralé) sup (1= (k- ) Tona(w & k)|,
€

where o« = 1/2 when d > 3 and « = 0 otherwise, and where we have introduced

e k - ) S Lo ) S ?l€ - -
I271’2(w,§,k:) _ /Sd /|pq|>\/§a ‘p ( Q)Hg(w 5 T]))’_ Jégidg p)' |€ (p q”dd(p)da(q)

- () Pllo= (- Dllgw. & )"l o =)l
J212(8) = /S ) /S ) A . 0= (k- 0P)lp — g do(p)do(g)do (k).

The term J3,1 2 is controlled by

5 < I, k-l 9w &Il =a)l
F212(6) < IRl sup /Sd -k op)r o );élgg /p_q>¢§a p — g5+ a(q)

The term involving p. is treated as in (3.13) and is bounded by Ce~®. The one with ¢ is
treated in a similar way as the terms A; and A, ; in Proposition 3.5, only the definition
of a and the power 1 — ¢ differ. We can therefore control this term by

C(1+ (1] + '),
which eventually yields for J5 1 o:
Fo12(€) < Ce (14 (|&'] + [w')*)|AlI7-- (4.25)
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Concerning the term 75 ; o, we have

14+ l9(w. & p)PIE - (p = 9)l
Tuald) < [ Inh- st g oty [ EELER o)

qesd

The second term above is again very similar to A; and A, ; in Proposition 3.5, and can
therefore be controlled by

CL+ (I8 + w])*).

The first term can be estimated with Lemma 3.3, which gives

To1,2() < O(L+ (1€ + |W/)*) (9ale, A |l €))7 (4.26)

When d < 2, we treat A, ; following the lines of the term R; in proposition 3.5 and find
that (4.25)-(4.26) hold with a = 0. The conclusion is that F5 ;1 + Fa,12 satisfies the
estimate claimed in the proposition. Regarding Az, we have using (4.16), for any d > 1,

— iolw i (pe(k - p) = pelk-9))(€ - (a—p)) ,
A = il gp)}ﬁﬂ Viaslp—q>va; (L +iw +& - q))|p — g+ do(@).

We use now the expression (3.2) of the mollifier p and write, with t = k-p and s = k- ¢,

N-1

N—1
: Vi 2y 1
p=(t) — pe(s)| = es Zab e 1Ebt(l—efb) Sé_%_1|t—8|26bf|ai|b;’l L=
=0 i=0
= et — sle(t).

We have used the fact that for
Ip—ql < V2a=V2(|¢'| + |'|) " and (J¢'] + |w'])e > 1,

we have

e lk-q—k-pl < V2 (¢ + W) < V2,

and therefore

L—e " k- pl/(ebi).
Using this in A, and once more that €(|§ | + |w']) > 1, leads to
Al £ €N+ Wl Eplentkn) [ o o)
V2a>|p—q|
< O]+ WD g(w, & p)le(k - p)I/(e(I€] + 1w']))
< CE+1w')*lg(w, & p)lpe(k - p).

The conclusion then follows by proceeding as in the case § = 0 and by using Lemma 3.3.
This ends the proof.
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4.4 Proof of Theorem 2.2

As in the proof of Theorem 2.1, it is enough to consider regular functions f and h.
Let u = 9} f, so that
o+ k- Vu=(—Ag) 00,

and set
gt 7) = / u(t, 2, K)o (R)do (k).
Sd
It can be written, for any A > 0, as

— AP h(w u(w
ip(w,§) = /Sd( 2 <$A)f(¢(ﬁ?-;; 8B o).

The proof of the theorem is direct due to what was previously done for Theorem 2.1:
we introduce the operator Rp,, and observe that the leading term in d,(w,§) in-
volves Rg, ((—Aq)Plg). An easy variant of Proposition 3.5 shows that when d > 2,

C|€’2BH}AL(W7 57 ) HLQ(Sd)
A20%3 (|w| + |€])z

; Oh(w, &, k)p(k)Ra, (—A0)Pg(w, &, p))do (k)| <

This leads to, for large |¢| and d > 2,

gPre 3
[h(w, & )2y + C—=lli(w, &, )l 2 (se)-

HE

| (w, §)| < O

Setting A = |£ |% yields the desired result. When d = 1, we rather find

g2Pr-1 . \i
e, €, ey + C

€|

g (w, §)| < C

)\%_;'_25 ||ﬁ(w7€7')||L2(S1)7

and conclude by setting the same A\ as when d > 2. The estimate for the time derivative
follows in a similar manner.
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