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Abstract

We consider the reactive Boussinesq equations in a slanted cylinder, with zero stress boundary
conditions and arbitrary Rayleigh number. We show that the equations have non-planar traveling
front solutions that propagate at a constant speed. We also establish uniform upper bounds on
the burning rate and the flow velocity for general front-like initial data for the Cauchy problem.

1 Introduction

The existence of traveling fronts for reaction-diffusion equations and their stability has been exten-
sively studied since the pioneering work of Kolmogorov, Petrovskii and Piskunov [26] and Fisher
[17]. A large number of results have been obtained during the last decade on the generaliza-
tion of the notion of a traveling front to reaction-diffusion-advection equations in a prescribed
flow. These include non-planar traveling fronts in shear flows [9, 10, 12], and pulsating travel-
ing fronts in periodic flows [6, 39, 40], as well as results for monotonic systems in a unidirectional
flow [35, 36, 37]. One of the main qualitative effects of a flow is the speed-up of front propagation
due to front stretching. Various bounds have been obtained for the speed of propagation of fronts
in prescribed flows [1, 2, 3, 7, 13, 22, 25, 23, 24, 31], including variational principles for the front
speed [7, 8, 18, 19, 21, 22]. The homogenization limit in a periodic flow has also been studied [27].
Extensive recent overviews can be found in [5, 30, 41].

However, those results have been obtained under the assumption that the flow is imposed from
outside, and that it is not affected by the evolution of the solution of the reaction-diffusion-advection
equation, that is, by the temperature or concentration of the reactant. This is known as the constant
density approximation in the combustion literature. A first step in the coupling of the temperature
and fluid flow evolution is via the Boussinesq approximation: the density mismatch is so small that
the density difference is accounted by a buoyancy force in the equation for an incompressible flow.
Recently a number of works considered systems of a reaction-diffusion-advection equation coupled to
a flow equation of the Boussinesq type. Global existence and regularity of solutions in two dimensions
was studied in [28]. It has been shown that non-planar convective traveling fronts may not exist in
a vertical cylinder if the Rayleigh number is too small while for large Rayleigh numbers the planar
fronts become unstable [14, 32, 33]. Moreover, there exists a bifurcation at a critical value p. > 0
— non-trivial convective fronts may exist for the Rayleigh numbers close to p. [32, 33]. Numerical
computations [34] show that non-planar convective fronts exist and are stable for a large range of
Rayleigh numbers p > p.. The fingering instability in this regime was investigated in [15].

*EHESS, CAMS, 54 Boulevard Raspail, F - 75006 Paris, France; hb@ehess.fr
tDepartment of Mathematics, University of Chicago, Chicago, IL 60637, USA; ryzhik@math.uchicago.edu
tDepartment of Mathematics, University of Chicago, Chicago, IL 60637, USA; const@math.uchicago.edu



One of the difficulties in the analysis of the Boussinesq problem at large Rayleigh numbers in a
vertical cylinder is the presence of unstable planar fronts that make uniform lower bounds on the
front speed quite difficult. However, it has been observed in [4] that such planar fronts cannot exist
in a horizontal cylinder. One of the main results of [4] is that non-planar fronts in a horizontal
cylinder exist for small Rayleigh numbers. A purpose of the present paper is to extend this result
to all positive Rayleigh numbers; we use an approach that is different from [4] and is based on the
a priori bounds developed in [14].

The reactive Boussinesq equations for the temperature 7" and flow u have the dimensional form
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T, +u-VT = kAT + %f(T) (1.1)
u +u-Vu—rvAu+ Vp=gTe,
V-u=0.

Here e, is the unit vector in the vertical direction, ¢ is the strength of gravity, the speed vy is
proportional to the traveling front speed in the absence of gravity, x is the thermal diffusivity and
v is the fluid viscosity. The temperature is normalized so that 0 < T' < 1. The nonlinearity f(7T') is
assumed to be a Lipschitz function of the ignition type

f(T)=0for 0 <T <6y with 6y >0, f(T) >0 for T € (6p,1) and f(1) =0. (1.2)

We consider the equations (1.1) in a slanted two-dimensional cylinder x € R, ax < z < ax + H
with a finite slope a < co. It is convenient to rotate the cylinder in order to make it horizontal to
simplify the notation. Then (1.1) becomes

2
Ty +u- VT = kAT + L (T) (1.3)
w +u-Vu—vAu+ Vp=gTeée
V.-u=0,

where u is the flow velocity measured relative to the new coordinate system. The gravity on the
right points in a direction € that is non-parallel to the x-axis, as the original cylinder was assumed
to be non-vertical (o < oo0). The new rotated problem is posed in a cylinder D = R, x [0, L],
L = H/V1+ a?. The boundary conditions for the temperature T are set to be front-like:

T

The flow u = (v, w) satisfies the no stress boundary conditions:

T—1lasx— —oo, T — 0asz— 400,

u,w—0as v — oo and w,w=0at 2 =0, L. (1.5)
Here w = w, — v, is the flow vorticity so that
Av = —w,, Aw = w,.

In order to pass to the non-dimensional variables we introduce the laminar front width 6 = k/vy and
reaction time t. = k/v3 and rescale the space and time variables: Xpew = Xo1a/9 and tpew = toa/te.
We also rescale the flow upey, = ugq/vo. Then the Boussinesq equations become

T;+u-VT = AT + f(T) (1.6)
w+u-Vu—ocAu+ Vp = pTeé
V-u=0,



where o = v/k is the Prandtl number and p = ¢g§2/x? is the Rayleigh number. The problem is now
posed in the strip D = R, x [0,A],, A = L/, with the boundary conditions that come from (1.4)
and (1.5).

The traveling front solutions of (1.6) are solutions of the form T'(z — ct, z), u(z — ct, z) with the
speed ¢ to be determined. They satisfy

—cT,+u-VT =AT + f(T) (1.7)
—cuy +u-Vu—cAu+ Vp=pTeé
V.-u=0,
with the boundary conditions
T
T—>T_asx—>—oo,T—>0asx—>+oo,8—:0atz:0,/\ (1.8)
z
and
w,w=0at z=0,A\. (1.9)

Here T_ is a constant that is not a priori prescribed. We recall that, as has been observed in [4], if
the direction of gravity € is not parallel to the z-axis, any traveling front solution of (1.7) must be
non-planar, that is, it must depend on both variables x and z. This is the main difference between
the cases of a vertical and slanted cylinder: planar fronts exist in the former case but not in the
latter. Our main result is the following theorem.

Theorem 1.1 Let the nonlinearity f(T') be of the ignition type (1.2). Then a traveling front solution
(¢, T,u) of (1.7) exists such that it is non-planar: T, # 0, the flow u # 0 and the reaction rate
f(T) # 0. Moreover, the solution satisfies the following properties: ¢ > 0, T € C**(D), VT €
L*(D), u € HY(D) N C%%(D). If we assume in addition that

F(T) < (T —60)3/ N, (1.10)
then the left limit T_ = 1.

The assumption (1.10) is of technical nature. It does not involve the Rayleigh number p, it is rather a
restriction on the channel width A\. We do not address the question of the uniqueness of the traveling
front speed or profile in this paper — this problem requires an additional study. Our results can be
generalized to the no-slip boundary conditions u = 0 on 9D at the expense of a more technical proof
— we leave this problem for a future publication.
The general idea of the proof is as follows. We first consider the problem (1.7) on a finite domain
D, = [—a,a]; x [0, \]. Solutions (T, uf) of the restricted problem exist for all ¢ € R. We normalize
them by the requirement that
max T (z, z) = 0. (1.11)
x>0

This imposes a restriction on the speed c. In order to show that there exists a speed ¢, so that (1.11)
holds we first obtain some a priori bounds on ¢, 7' and u under the condition (1.11). Then we use
the Leray-Schauder topological degree theory and the above a priori bounds to show that ¢, exists.
The a priori bounds allow us to pass to the limit a — oo. Finally we show that the right limit of T
as x — +00 is equal to zero, and that the left limit is equal to one under the additional assumption
on f(T) in Theorem 1.1. This general strategy is similar to that in the proof of existence of traveling
fronts in a prescribed decoupled flow, as in, for example, [9, 12]. The main difficulty and novelty are
in the a priori bounds for the solution of the coupled problem in a bounded domain.



Our second result shows that the solution of the Cauchy problem for (1.6) propagate with a finite
speed and that this speed is close to the speed of the laminar front ¢y when the Rayleigh number is
small. Recall that there exists a unique speed ¢y so that a traveling front solution of

—co®y = Byy + B(U), ®(—00) =1, (+00) =0

exists.
In order to make this precise we define the bulk burning rate V (t), the Nusselt number N (¢) and
the average horizontal flow U(t) by

v =1 [ [veas vio- [rm=E. (1.12)

N :% /O N(s)ds, N(t)= / |VT|2dm/\dZ, (1.13)

0(t) = 1/0 10(5)llouds. (1.14)

The following theorem provides uniform bounds on these bulk quantities. It also shows that the
coupled problem (1.6) is in a sense a "regular perturbation” of the single reaction-diffusion equation
with p = 0.

Theorem 1.2 Assume that there exists R so that To(x,z) = 0 for x > R and Ty(z,z) = 1 for
r < —R and that the initial vorticity wo € L*(D). There exists a constant C > 0 so that under the
above assumptions on the initial data Ty, ug we have the following bounds

co = Clp+p*l+0(1) V(1) < o+ Clp+p? +0(1) (1.15)
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U(t) < Cp[l + p] +o(1)
as t — +o0.

This theorem may be interpreted as a stability result for a perturbation of a homogeneous reaction-
diffusion equation by the buoyancy coupling. The proof is based on the construction of super- and
sub- solutions, and a bound on the decay of the solutions of advection-diffusion equations that is
uniform in the advection flow.

The third result of this paper deals with the Boussinesq system in a narrow domain. It has
been shown in [14] that if a vertical strip is sufficiently narrow and gravity is sufficiently weak then
solutions of the Cauchy data become planar as ¢ — +oco. The following theorem generalizes this
result to inclined cylinders.

Theorem 1.3 Let & = (e1, e2) be the unit vector in the direction of gravity and let p; = pej, j = 1,2
and let the initial data (Ty,uo) be as in Theorem 1.2. There exist two constants Ao and py so that if
the domain is sufficiently narrow: X < Ao and gravity is sufficiently small: p < pg then the burning
rate is bounded by

V(t) <co+Cpz+o(l) ast — +o0. (1.16)

Moreover, the front is nearly planar in the sense that

_ 1/t
N.(t) = t/o | T (s)||3ds < Cp3 + o(1) as t — 4oc0. (1.17)



The main observation of this theorem is that only the gravity strength in the direction perpendicular
to the strip enters in the upper bounds (4.35) and (4.36).

The paper is organized as follows: Theorem 1.1 is proved in Sections 2 and 3. Theorems 1.2 and
1.3 are proved in Section 4.
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2 The finite domain problem

We consider in this section the approximating problem

—Iy+u-VT = AT + f(T) (2.1)
—cuy +u-Vu—cAu+ Vp = pTeé
V.-u=0,
in a finite domain D, = [—a,a]; x [0, A]y, a > 0, with the boundary conditions
or
T(—a,z)=1,T(a,z) =0, 5 = 0at z=0,A (2.2)
z
and
w=0,w=0at z=0,\ and v(*a, z) = w(+a,z) =0 at x = *a. (2.3)

One can show with the techniques of the present section that a solution Ty, u, of (2.1) in D, with
the boundary conditions (2.2) and (2.3) exists for all ¢ € R. However, given an arbitrary c¢ there is
no way to control the limit of 7, and u, as a — oo. Hence, following the standard procedure, we
impose an additional constraint (1.11). This ensures that the non-trivial part of the solution does
not escape to infinity when we pass to the limit ¢ — oo.

Proposition 2.1 There exists a speed ¢, € R so that there exists a solution (Ty,u,) of (2.1) in D,
with the boundary conditions (2.2) and (2.3) such that

Ty(, 2) = 6p. 2.4
o (z,2) = 0o (2.4)

We denote the corresponding solution as (cq,Tg,us). Moreover, there exists ag > 0 and a constant
C > 0 that is independent of a, so that we have for all a > ag

lea| < C, (2.5)

and
/ \VTQ\2dxdz+/ |V, 2dzdz + ||ug e < C. (2.6)
a Da

Moreover, the uniform Holder estimates hold: there exists ag > 0 and a constant C' > 0 independent
of a so that we have for all a > ag

lwallote(p,y + allctep,) + | Tallctep,) < C (2.7)

provided that 0 < o < 1.



Proof. The proof consists of two parts. First, we introduce a family of problems depending on a
parameter 7 € [0, 1] so that at 7 = 0 we have a simple linear problem without advection or coupling
and at 7 = 1 we have the full problem (2.1) with the correct boundary conditions. The normalization
condition (2.4) is imposed for all 7 € [0,1]. We obtain the a priori bounds as in (2.5), (2.6) and
(2.7) for such solutions that are uniform in 7 € [0, 1]. In the second step we use the a priori bounds,
the Leray-Schauder topological degree argument and the information on the linear problem at 7 =0
to show that solutions of the nonlinear coupled problem at 7 = 1 exist. We drop the subscript a
throughout the proof to make the notation less cumbersome.

Step 1. A priori bounds for solutions. Let us first define a one-parameter (homotopy)
family of finite domain Boussinesq problems in the vorticity formulation

Ty +7mu” -VTT = AT +7f(T7) (2.8)
—cTWI U VW — 0 AW = Tpé - VT = prlesTT — ey T7]
wh=w, —v,, V-u =0.

As mentioned above, 7 is the homotopy parameter: 7 € [0, 1], with 7 = 0 corresponding to the linear

problem, and 7 = 1 to the full problem (2.1)-(2.3). The problem (2.8) is posed in D, with the same
boundary conditions

TT
882 =0, w"=w =0 forz=0,\ (2.9)
and
T"(—a,z) =1, T"(a,z) =0, v"(+a,z) =w" = (£a,z) =0 for z = *+a, (2.10)
as (2.1). We also require that
max T (z,z) =6 (2.11)

and obtain a priori bounds on ¢”, T™ and w”. We drop the superscript 7 below wherever it causes no
confusion. The general plan is as follows. First, we bound the speed ¢ above and below by a linear
function of ||v]|s in Lemma 2.2. Next we bound ||ul|s from above by a linear function of ||VT||2
in Lemma 2.4. The other direction, a bound on ||[VT|3 in terms of a linear function of ||ul|s is
established in Lemmas 2.5 and 2.6. Since the latter bound is quadratic in || VT||2, the last estimates
allow to obtain a uniform bound on this quantity, from which all other a priori bounds follow in a
fairly straightforward manner: see Corollary 2.7 and Lemma 2.8.

We begin with a lemma that bounds the speed ¢ in terms of the horizontal flow velocity ||v||e(p,)-

Lemma 2.2 Let (¢, T, u) satisfy (2.8)-(2.10) with the normalization (2.11) and let u = (v, w). Then
there exists ag > 0 so that for all a > ag we have

1 —=7||vfjec < <14+ M7+ 7||v||00- (2.12)

Proof. First, we observe that the function ¢4 (z) = Ae~@ta) ig g super-solution for the reaction-
diffusion-advection equation with the flow u fixed if A > 1 and

M
cZa—i—TT—i—THvHOO, (2.13)
that is,
Ia
—CE—FTLI'VwAZAle-FTf(IﬁA), (2.14)
provided that (2.13) holds with
o<r<1 T



Furthermore, we have
T(—a,z) =1<A=va(—a), T(a,z) =0<a(a) (2.15)
at the two ends of the domain D,. We now show that this together with (2.14) implies that
T(z,2) < Ya(z) (2.16)

for all (x,z) € D, and A > 1. Indeed, consider the family of functions 1 4(z). Then all ¢)4 are super-
solutions in the sense that the inequality (2.14) holds. Moreover, as the maximum principle implies
that 0 < T < 1, for A > 5¢%@ sufficiently large we have 14(z) > 5 > T(x, z) for all (z, 2) € D,. We
define

Ap=inf{AeR: tYa(z)>T(x,z) for all (x,z) € Dy}.

The previous argument implies that Ag is finite, Ag < 5e2*® and, moreover, clearly Ay > 0. Observe

that since the domain D, is compact, we should have 1 4,(x) > T'(x, z) — otherwise this inequality
would be violated for A slightly larger than Ay at some point in D,. Moreover, the equation
Ya,(z) = T(x, z) should have a solution. We claim that Ap = 1. Indeed, otherwise the point (z, zo)
that solves 14, (z0) = T'(z0, 20) cannot be at the boundary of D, because of the boundary conditions
on the function 7. Hence this point has to lie in the interior of D,. The continuity of ¥ 4(x) with
respect to A implies that the graphs of 1 4,(z) and T'(z, z) are tangent at (xo, 29). Then the strong
maximum principle implies that 14,(x) = T'(z,2) which is a contradiction, as they differ on the
boundary. Hence we conclude that Ay = 1 and thus (2.16) holds for all A > 1 and thus for A =1,
so that
T(z,z) < e @), (2.17)
However, the existence of such a super-solution contradicts the normalization condition (2.11)

if @ > In(6,')/a because (2.11) implies that there exists zg so that T/(0,zy) = 6. Therefore, the
existence of a solution 7" that satisfies (2.11) implies

M

c< inf <a+7>+TMMQ§L+MT+ﬂM@ (2.18)
aZln(OJl)/a «

provided that a > In(1/6y). This proves the upper bound in (2.12). In order to prove the lower

bound we observe that the function ¢ = 1 — e*(*~9) ig a sub-solution for T" with the flow u fixed if

¢ < —a—7||v]co- (2.19)

That is, if (2.19) holds, then T'(z,z) > 1 — e®®=%)_ This is shown in a way similar to the proof of
(2.17) under the assumption (2.13) above. However, ¢(0) =1 —e™** > 6 for
In((1—6p)"
o> n(( 0) ) (2.20)
a
This implies that max,> T (x, z) > ¢(0) > 6y provided that both (2.19) and (2.20) hold. Hence in
order for (2.11) to be possible we need

c> sup [—a—T||v]|eo] = =1 — 7||V||0o (2.21)
s In(1=00)~1)

provided that a > In((1 — 6p)~!). This is the lower bound in (2.12) and the proof of Lemma 2.2 is
complete. [

Next we establish a bound on [[u||z(p,) and [|w||z(p,) in terms of [[VT|[z2(p,). These bounds
are all obtained from the following type of estimates.



Lemma 2.3 Let S, = [—a,al, X Qy be a finite cylinder with a smooth bounded cross-section Q € R4,
d=1,2. Let ¢ be a function that satisfies either of the following three conditions: (i) ¢(x,y) =0

on the whole boundary 0S,, (ii) ¢(x,y) = 0 for y € 9N and % =0 for x = —a,a, or (i)

% =0 fory € 09, and ¢(x,y) = 0 for x = —a,a. Then there exists a constant C' that depends
only on the domain 2, but not on the cylinder length a, so that we have

¢l Lo (sa) < C[1AGN s,y + 19l 225, ] - (2.22)

Proof. Let @ be any cylinder of the form [z, 2o+ 1] x Q@ C S, with —a < zy < a—1. The standard
interior elliptic estimates up to the boundary [20] can be applied to @ in all the three cases (i)-(iii).
The corners at x = +a are not an obstacle. Indeed, both in the case of the Dirichlet and Neumann
boundary conditions prescribed on the lines x = +a, one can extend the solution to a larger cylinder
[—a — 1,a + 1] x Q by reflecting the solution across the line z = =a, either in the even or odd
way, respectively. Hence the usual elliptic estimates up to the boundary can be applied to all such
cylinders ) to obtain

1l () < C [I1AG] 12(s,) + 10l 12(5,)] (2.23)
in all three cases (i)-(iii). Then the Sobolev embedding theorem in dimensions d = 2,3 implies that

61l Loo(@) < Clldllmzg) < C [I1AG12(q) + 16l 12()] < C [I1All 12(s,) + 16l 12(5,)]

with the constant C that depends only on the domain Q2. [J
This lemma can be easily extended to higher dimensions using the appropriate Sobolev embed-
dings. It implies immediately the following bounds on |[uf|ec and [|w||ec in terms of [|[VT[|z2(p,)-

Lemma 2.4 Let (¢, T,u) satisfy (2.8)-(2.10) with the normalization (2.11). There exists ag > 0
and a constant C' > 0 so that, for all a > ag, it holds that

Il () < CIVT L2(p,)- (2.24)

and
[wll£oo(pa) < CIVT lL2(py) [+ VTl 22(p)] - (2.25)

Moreover, Vu satisfies the same bound:
IVull oo (p,) < CIVT || 12(pyy [1+ VTl 12(p,)] - (2.26)
Proof. We use the vorticity equation
—cwy +u-Vw —cAw = pr(&-VIT), w=0ondD,. (2.27)
Case (i) of Lemma 2.3 implies that
lwllzoe(pa) < C [IVTllz2(p,) + (el + [[ulleo) V@l L2(p,) + lwliz2p,)] - (2.28)

Here the constant C' depends only on p and A. Note that multiplying the vorticity equation by w
and integrating by parts, using the boundary conditions we obtain

/ Vew|2dadz = Tp/ <é : VLT> wdzdz < 7| VT|2||w])2.

a

The Dirichlet boundary conditions for w imply that the Poincaré inequality applies to w so that
|wllz2(pa) < (A/m)IVwllr2(p,)- Hence we obtain

A
IVells < Srpl VT, (2.20)
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and thus
lwlizz(pa) < CIVT||L2(D,)- (2.30)

with the constant C' independent of the cylinder length a. This, together with (2.28) and the bound
(2.12) on the speed ¢ implies (2.25), provided that we show (2.24).
We now prove (2.24). The horizontal flow component v satisfies the Poisson equation

v
0z
The boundary conditions at z = 0, A are obtained from v, = w; —w = 0 as follows from (2.9). The
third case (iii) of Lemma 2.3 implies that

Av=—w,, v(+a,z) =0, =0, at z=0,\. (2.31)

[Vl e (Do) < CllIV@ll2(pa) + Il 22(p0)]- (2.32)

The first term in the right side is bounded by (2.29). In order to bound the second we multiply
(2.31) by v and integrate to obtain, using the boundary conditions and (2.29)

/ Vol2ded: :/ w.(z, 2)o(w, 2)dzdz < s ||a|[vll2 < CIVT]|a][v]lo. (2.33)
D, D,

Now, observe that (2.31), the Neumann boundary conditions for v and the Dirichlet boundary
condition for w at z = 0, A imply that

d2
) /U(x,z)dz =0.

It follows then from the Dirichlet boundary conditions for v at x = +a that

A
/ v(z,2)dz =0 (2.34)
0

for all z. One may alternatively deduce (2.34) from incompressibility of the flow u and the boundary
conditions. Therefore, it follows from the Poincaré inequality that |[v||z2(p,) < (A/27)[[Vv|L2(p,)-
Thus, (2.33) implies that both [|[Vol|r2(p,) < CIVT|[12(p,) and [[v|[2(p,) < CIVT||r2(p,) With a
constant independent of a. Hence, (2.32) implies (2.24) for the horizontal flow component.
The vertical flow component satisfies
ow
Aw = wz, w(x,0)=w(z,\) =0, a—(:l:a, z) =0. (2.35)
x
The Neumann boundary condition at x = 4a is deduced from the relation w, = w + v, and the
Dirichlet boundary conditions for v and w at = £a. The case (ii) in Lemma 2.3 implies that

|z (o) < CllIVWllL2(p,) + 1wl z2(po)]- (2.36)

As before, we use (2.29) to bound the first term in the right side. In order to bound the second we
multiply (2.35) by w and integrate, using the boundary conditions and (2.29) again, to obtain that

/ ]Vw\zd:(:dz = —/ wz(z, 2)w(z, z)dedz < ||well2|lw]le < CIVT||2]|w||2- (2.37)
D, D,

The Dirichlet boundary conditions for w at z = 0, A imply that ||wl|z2(p,) < A/7||[Vw|r2(p,)- Thus,
(2.37) implies that
IVwllz2(p,) < CIVT I L2(p,), (2.38)
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and hence ||w|2(p,) < CIVT|2(p,) with a constant independent of a. Therefore, now (2.36)
implies (2.24) for the vertical flow component. Thus, the proof of (2.24) is complete. We recall that
then (2.25) follows as well, as explained in the paragraph below (2.30).

In order to complete the proof of Lemma 2.4 it remains to bound the derivatives of u. First, we
observe that the function 1) = v, satisfies the boundary value problem

—AY) =w,,, ¥ =0o0ndD,. (2.39)

Hence, case (i) of Lemma 2.3 applies to the function ¢. Moreover, the elliptic estimates for w, as
in (2.23) imply that [|w..|[z2(p,) < |Awllr2(p,) < ClIVT|L2(p,) (1 + VT | 12(p,)). Hence, the same
proof as in the derivation of the bound (2.25) applies to 1) and we obtain that

lv:ll oo (D) < CUVT |20y (1 + [IVT |l 2(D,))-
This, together with (2.25) implies that
|wzll oo (D) < ClIVT 22Dy (L + VT | 22(p,))-

The other pair of derivatives, v, and w,, do not satisfy a homogeneous boundary condition on the
lines x = +a. Therefore, one cannot apply the standard elliptic estimates up to the boundary to the
function n = w, = —v, (the second equality follows from the incompressibility of the flow). In order
to circumvent this difficulty, we extend the function w to a larger cylinder Dy4q = [—a—1, a+1] %[0, A]
by setting w(—a — z,2) = w(—a + x, z) and w(a + z, z) = w(a — z,z) for 0 <z < 1. The resulting
function is of a class C?(D,1) since w(z, 2) satisfies the Neumann boundary condition at z = =a.
This also extends the function 1 = w, to the larger cylinder. Moreover, 7 satisfies the Neumann
boundary condition along the horizontal lines z = 0, A:

Ny =Wyy = —Vye =0 0n 2 =0, A,

and
AT] - UJJJZ’

with the function w extended to the larger cylinder by the same reflection. Hence, the interior elliptic
estimates up to the boundary for solutions of the Neumann problem imply that

7l &720) < 1ADNL2(p,) + 1Ml 22(Da)

for any rectangle @ = [xo,zo + 1] x [0, A] that is strictly contained inside the larger cylinder Dy 1.
Therefore, the Sobolev embedding theorem together with the above estimates imply that

17l e (pa) < CUIANI L2(D,) + 10l L2(D0)] = Clllwezll22(4) + [0l 22(D4)]- (2.40)

However, as the function w satisfies the Dirichlet boundary conditions in D,, we can apply the
estimate (2.23) to the function w up to boundary, to obtain

wllg2(p,) < C (1AWl L2(py) + 1wl L2(py)] -

We now use the vorticity equation (2.27) to bound ||Awl|z2(p,) and the estimate (2.30) to estimate
|wllz2(p,), and conclude that

|wazllz2(pa) < CINVT | 220 (1 + VT 22(p,))- (2.41)
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Furthermore, the estimate (2.38) for ||[Vw||z2(p,) implies that

1Ml z2(pa) = lwsllz2(pa) < IVWlz2(p,) < CIVT|L2(p,)- (2.42)
We infer from the bounds (2.40), (2.41) and (2.42) that

170 o) < ClIVTl2(py(L + IVT || 12(D,))-

This proves the uniform bound on w, and hence the proof of Lemma 2.4 is complete. [

Let us now proceed to estimate ||VT|z2(p,) in terms of [[v|[z~(p,), a bound in the direction
opposite to that in Lemma 2.4. Most importantly, we will bound the square |VT Hg in terms of a
linear function of ||v||s. As we are unable to obtain such bound by the standard ellitpic estimates,
we have to proceed with an explicit calculation. As a preliminary step we show the following.

Lemma 2.5 Let (¢, T,u) satisfy (2.8)-(2.10) with the normalization (2.11). Then there exists a
constant C > 0 and a constant ag > 0 so that we have for all a > ag and 0 < 7 <1

A
/ |VT\2dxdz+/ To(a,2)dz < C 1+ ||v]loo] - (2.43)
D, 0

Proof. Recall that the function T satisfies
—cTy+71u-VT = AT+ 7f(T) (2.44)

with the boundary conditions

oT
0z
We multiply (2.44) by (1 —T') and use the boundary conditions and incompressibility of the flow u
to obtain

T(—a,z)=1,T(a,z) =0, =0atz=0,A\. (2.45)

A )\
% = /0 T.(a,z)dz + /Da |VT|?dzdz + 7'/(1 —T)f(T)dxdz. (2.46)

Hence Lemma 2.2, and the fact that (1 —7)f(T) > 0 imply that
cA
2

A
/ |VT|2dacdz+/ Ty(a, 2)dz < 2 < C1+ [[v]]oc] (2.47)
a 0

and Lemma 2.5 is proved. [
In order to close the bounds (2.12), (2.24) and (2.43) we need to bound the integral of T, in
(2.43). This is done in the next Lemma.

Lemma 2.6 Let (¢, T,u) satisfy (2.8)-(2.10) with the normalization (2.11). There exists a constant
C > 0 and a constant ag so that we have for alla > ap and 0 < 7 <1

A
0< —/ Ty(a, 2)dz < C[1 + | VT (2.48)
0

A
Proof. In order to find a bound for / T, (x = +a, z)dz we introduce
0



and integrate equation (2.8) for 7' in z. Using the boundary conditions we obtain
Iy =G(z), I(—a)=1, I(a)=0, G(z)= ;/f(T(a:,z))dz - /(Tu -VT — ch)d—;. (2.49)
This equation can be solved explicitly:
I(x) = _/w (x —s)G(s)ds + Az + B
with constants

A= —soton [ a=s6@s B=5+5 [ a-s6E

=——4 — a— s)G(s)ds =—-4 - a—s)G(s)ds
20 2a J_, ’ 2 2/,

that are determined from the boundary conditions. Thus, we have

I(—a)=A, I (a)=A- ' G(s)ds.

—a

Using the expression for the function G(z) in (2.49), we now infer that

a o [e A zdx
0< ~Lia) =5+ 5 | (a+9)G)s =5+ [ / (a+2) /(T (2, 2) E

a A
_7;1/ / (a+2)u-VT(z, dzda: / / dzda;.
—a JO

Integrating by parts, using the boundary conditions and incompressibility of u we obtain

0< —L( //f xzdzdz: //fxzdzdx
// — xzdzdm // dzdx

However, the normalization condition (2.11) implies that f(7'(x,z)) = 0 for > 0 since there is no
reaction to the right of x = 0. Therefore, we can drop the third term above. This is one of the
crucial points in the proof of the current lemma. Hence, we conclude that

0< —L( //f dzd:z // — mz)dz;lx
—2/a/0 szfméi%/a/o e

We used the fact that 0 < T < 1 to bound the last term above. Next, we look at I,(—a):

0S~L(-a)= 5 — o | (a-s5)G(s)ds %—//a—x ORI

//a—xu VT(mzdzdm—/ / a— 1) dde

We can drop the second term above, as (a — x) f(T') > 0, so that, after integration by parts, we get

A
0< —I(—a // (2, 2)T mzdzd:v // dzda:_i_H

1
< %—FTHUHOO—F |e|. (2.51)

+1e]- (2.50)

12



dxdz

Let us now put together (2.50), (2.51) and (2.46) We observe that, with F' = T/f(T))\, we
have the following three inequalities:

c=1I1,(a) = I,(—a)+ F

1 F
0 —L{a) < o+ 5 + 7ol +1d
1

0< —Ip(=a) < 5+ 7l[v]loc + e

This implies that
1
F < —+27]v]loo + 4 (2.52)

and thus 1
—I;(a) < 3lc| + — + 27||v|| o for a > ag
a

Lemma 2.2 implies then that
1
—I,(a) <C [1 + 7)|v||o + a] .

Finally, Lemma 2.4 implies that
1
—I;(a) <C [1 +||VT||2 + } for a > ay.
a
Thus, Lemma 2.6 is proved. [

The previous lemmas imply uniform bounds that we summarize as follows.

Corollary 2.7 Let (¢, T,u) satisfy (2.8)-(2.10) with the normalization (2.11). There exists a con-
stant C > 0 and ag > 0 so that we have for alla > ag and 0 < 7 <1

[all oo (o) + IV Al (py) + [@llL2(Da) + lel + VTl L2(p,) + T/D f(M)dzdz <C. (2.53)

In particular, as a consequence we also have
Vullzz(p,) + lwlle=(p,) < C- (2.54)

Proof. Lemmas 2.6 and 2.5 imply that
/ VT Pdedz < C 1+ vlloo + VT 12(,] -

Then Lemma 2.4 implies that
IVT|Z2(p,) < CA+ VT L2(0,))

and thus the estimate on [[VT'||z2(p,) in (2.53) holds. Then Lemma 2.4 implies the bounds on
[ullpoe(pa)s [IVUllLeo(p,) and [|w|lz2(p,)- The bound on [c| in (2.53) now follows from Lemma 2.2.
Finally, the estimate on the total reaction rate follows from the above bounds and (2.52). One can
elliminate the factor 7 in front of the total reaction rate in (2.53): actually, one can show that it
remains bounded as 7 — 0. However, unlike the other estimates in (2.53), we will use the bound on
the total reaction rate only at 7 = 1. [

It remains to prove the uniform Hélder C'h*-estimates for T(z, 2), w and u in order to finish the
proof of Proposition 2.1.
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Lemma 2.8 There exist two constants C > 0 and ag > 0 so that the following bound holds for all
a > ap:
|wllcte(pyy + lallctap,) + 11 Tlctep,) < C (2.55)

provided that 0 < a < 1.

Proof. The bound for T follows from the standard elliptic local regularity estimates up to the
boundary [20], the C'-bound on the flow u and the uniform bound on the speed c in Corollary 2.7.
The Holder estimate for w follows then from the vorticity equation (2.27) with the Dirichlet boundary
conditions, the above mentioned C“bound on T, the same uniform estimates in Corollary 2.7 and
the same results of [20]. Finally, the Holder bounds on u follow from the Poisson equations (2.31)
and (2.35) on the horizontal and vertical flow components, respectively, and the Holder estimates
for w. O

This completes the proof of the a priori bounds in Proposition 2.1. We now turn to the proof of
the existence part of this proposition.

Step 2. The degree argument. The a priori bounds proved in the first step of the proof
allow us to use the Leray-Schauder topological degree argument to establish existence of solutions
to the problem (2.8)-(2.10) with the normalization (2.11) in the bounded domain D,. This method
of construction of traveling wave solutions goes back to [11]. We introduce a map

Kr:(e,w,T)— (67,97,27)
as the solution operator of the linear system

—cZT+Tmu-VZIT =AZ" +7f(T) (2.56)
QL +u- VO — g AQT = 1pleaTy — e1Ty]

in D, with the no stress boundary conditions

YAl
5o =0, @ =07 =0 atz=0) (2.57)
and
Z"(—a,y) =1, Z7(a,y) =0, 4" =Q" =0 at z = +a. (2.58)

Here the unknown flow @™ = (@7, w") and the given flow u are the incompressible flows corresponding
to the vorticities 27 and w, respectively, and satisfying the no-stress boundary conditions. The
number 07 is defined by
0" =6y — maxT(x,z) + c.
x>0

The operator K, is a mapping of the Banach space X = R x C1%(D,) x C¥(D,), equipped with
the norm ||(c,w, T)||x = max(|c|, [|w|ct.0(p,)s 1T lc1.0(D,))s onto itself. A solution q" = (c™,w™,T7)
of (2.8)-(2.10) is a fixed point of K, and satisfies K£;q" = q”, and vice versa: a fixed point of IC;
provides a solution to (2.8)-(2.10). Hence, in order to show that (2.8)-(2.10) has a traveling front
solution it suffices to show that the kernel of the operator F, = Id — IC; is not trivial. The standard
elliptic regularity results in [20] imply that the operator K, is compact and depends continuously
on the parameter 7 € [0, 1]. Thus the Leray-Schauder topological degree theory can be applied. Let
us introduce a ball By = {||(c,w,T)||lx < M}. Then Lemma 2.8 and Lemma 2.2 show that the
operator F, does not vanish on the boundary 0B with M sufficiently large for any 7 € [0,1]. Tt
remains only to show that the degree deg(Fi, Bys,0) in By is not zero. However, the homotopy
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invariance property of the degree implies that deg(F-, Bar,0) = deg(Fo, By, 0) for all 7 € [0,1].
Moreover, the degree at 7 = 0 can be computed explicitly as the operator Fy is given by

fo(c,w,T) = (maXT(x,y) - 007W7T - Tg)

x>0

Here the function Tp(x) solves

21§ dT§
Ty e =0, T§(—a) =1, T§(a)=0
and is given by
e T _ p—ca
Tg(x) =

The mapping Fy is homotopic to

O(c,w,T) = (mga(TOC(x, y) — bp,w, T —TF)
Tz

that in turn is homotopic to

B(c,w,T) = (TE(0) — o, w, T — TS,

where ¢ is the unique number so that Ty (0) = 0y. The degree of the mapping ® is the product of
the degrees of each component. The last two have degree equal to one, and the first to —1, as the
function 7§5(0) is decreasing in ¢. Thus degFy = —1 and hence degF; = —1 so that the kernel of
Id — K7 is not empty. This finishes the proof of Proposition 2.1. [J

Remark 2.9 Observe that the CY®-reqularity of T, u and w can be bootstrapped to C*-regularity:
we have
|wlle2ep,) + Illczeap,) + 1 Tllc2eap,) < C (2.59)

provided that 0 < a < 1.

3 Identification of the limit

In order to finish the proof of Theorem 1.1 we consider the solutions (¢*, 7% u®) constructed in
Proposition 2.1 and pass to the limit a — +o00. The a priori estimates in the same proposition imply
that we can choose a subsequence a, — oo so that T, (x,z) = T,,(z,2) converges uniformly on
compact sets to a function T'(z, z), while the flow u,(z, z) = u,, (z, 2) converges to a flow u(zx, z) =
(v,w) and the front speeds also converge: ¢, = ¢4, — ¢. The vorticity functions wy,(z, z) = w,, (x, 2)
converge to the limit w = w, — v,. The limits satisfy the uniform bounds

o] + |]uHoo+Hw||oo—|—/|VT\2dxdz+/f(T)dmdz+/|Vu]2dxdz e (3.1)

that follow from Corollary 2.7 and the Holder estimates (2.7) and (2.59). The regularity estimates
on (7%, u%) imply that the limit functions 7" and u satisfy the Boussinesq system

Ty +u-VT = AT + f(T)
—cwy +u-Vw —ocAw = p(&-VIT)

W= Wy — V. (3.2)
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Moreover, the boundary conditions on the lateral boundaries hold for T" and u:

or
a:(), w=w=0o0nz=0,A\. (3.3)
The normalization condition
max T(x,z) =6 (3.4)
z_

is also satisfied.

Therefore, to finish the proof of Theorem 1.1, it remains only to show that (i) T' converges to
a constant f_ as x — —oo and T — 0 as * — +o0, (ii) u — 0 as v — 400, and (iii) — =1
if the reaction rate satisfies f(T') < (T — 6p)2/A\?. First, we note that the uniform L?*-bound on
VT in (3.1) implies that 7' converges to two constants #_ and 6, as © — 400, possibly passing to
a subsequence x,, — £oo. The elliptic regularity results imply that actually T converges to these

constants as x — +oo. Moreover, the bound for the total reaction rate /f(T)d:cdz in (3.1) implies

that f(0_) = f(0+) = 0. Furthermore, integrating (3.2) we obtain

(0- - 0.) = [ 1) =E. (3.5)

In order to identify the limits 61 we will make use of the following lemmas that provide some
additional information on solutions on a finite domain before the passage to the limit. The first
result describes the behavior near the right end z = a,,.

Lemma 3.1 There exists a sequence a,, — 00 so that

‘8Tn(an, z) S0 (3.6)

ox

as n — oo, uniformly in z. Moreover, we have limy, o Ty (an — o, 2) = 0 for all zy € R.

Proof. We introduce a shifted solution ®,,(z, 2) = T,(x + an, 2) , Vi, = Up(z + ay, z) defined in the
domain —2a, < z < 0. The functions ®,, and v,, satisfy the same a priori bounds (3.1) as T}, and
u,, and hence they converge as n — oo to some limits ® and v that satisfy

—c®, +v-VO®=Ad, &(0,2)=0, <0 (3.7)

as f(®,) = 0 for z > —a, and thus in the limit f(®) = 0. The function ® satisfies the Neumann
boundary conditions at z = 0, A\. The uniform upper bound on ||[V®,||2 together with the elliptic
regularity results imply that ® has to converge to a constant ®_ as x — —oo along a subsequence.
We note that, as 0 < ®(x, z) < 0, the constant ®_ satisfies the same bounds:

0<®_ <6
Integrating (3.7) we obtain
cAP_ = /CI)I(O,z)dz <0. (3.8)

Hence, either ®_ = 0 or ¢ < 0. In the former case & = 0 and hence ®,(0,2) = 0 for all z. That
implies that both T)'(an,2) — 0 as n — oo and 1} (an, — x0,2) = ®p(—2z0,2) — 0 as n — oo, as
claimed in Lemma 3.1. It remains to rule out the second case, ¢ < 0. This is done in the next lemma
that provides a crucial lower bound on the speed ¢,. In particular it shows that ¢ > 0 — this will
conclude the proof of Lemma 3.1.
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Lemma 3.2 The front speed is positive, ¢ > 0.

Proof. Integrating the temperature equation in (3.2) for 7},, we obtain

oh = A oT,, O (0 Nz — 8T( a. dz+/f dwdz>/ (an, 2z dz+/f )dzdz.
Oz 0 Oz Or

0
(3.9)
Observe also that we have a uniform bound

(/ f(Tn)d:cdz> </\VTn]2dxdz> >C (3.10)

that follows from the fact that T,,(0, z) < 6p and T, (—ap, z) = 1. The proof of (3.10) is as in [13]:
there exists zp € (0, A) such that both

d d
/ VI (2P <3 [ IVLPE Dy = sl x 0.4

—Qn Dn
and
d d
/ f(Th(x, 20))dz < 3 / f(T i
) 1 -6
Let x1 be the left-most point so that T),(z1,29) =1 — 1

1—46
xl—inf{xe(—an,O): To(x,20) =1— 1 0}

1— 6

and x9 > x1 be the left-most point so that T),(z2, z9) = 6y + 1

1—
To = inf {ZE - (—an70) : Tn(x,ZO) — 90 + 490 } ]

Existence of 21 and z9 is guaranteed by the fact that T, (—a,,z) = 1 and T,(0,z) < 6y for all
z € [0, A]. Then the reaction rate f(T,(z,z2p)) > C for x; <z < x9 so that

Clor—aal < [ §(Tate, o <3 [ 5Tt ) 5
x1 b

and
(1—6p)?
4‘1’1 — 332|

dedz

T2
S/ﬁ\VTCnmﬂ%x<3/WVT]

1
Dy

Multiplying these two inequalities, we arrive at (3.10).
The estimate (3.10) and the uniform upper bound on ||VT,||2 in Corollary 2.7 imply that

f(Ty)dxdz > C. (3.11)
Dy

Then, passing to the limit in (3.9), and using (3.8) we obtain
A(1—d_)>C >0,
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as
o1,

E(an,z)dz'ﬁ /CIJx(O,z)dz,

with the function @ as in the proof of Lemma 3.1. Now, we recall that ®_ < 6y < 1 and thus the
front speed ¢ > 0. This finishes the proof of Lemma 3.2 and hence also that of Lemma 3.1. [J
Lemma 3.2 and (3.5) imply that §_ > 6. However, if §_ = 6, we have f(T') = 0 everywhere
and hence (3.2) is a linear equation. The maximum principle implies that 7" = const in this case.
The last condition in (3.1) implies that this constant has to be equal to §y. Hence, either 6_ > 6
or T = 0.
Let us now rule out the special case that 6_ = 6, = 6.

Lemma 3.3 The left and right limits 0_ and 04 satisfy 60— > 0.

Proof. We have already shown that §_ > 6, and, moreover, if §_ = 6, then
0_ =0, =0 (3.12)

Hence, it suffices to show that the latter is impossible. Let us assume that (3.12) holds. As we have
explained above, then

T, — 6o, and 9T,,/0x — 0 uniformly on compact sets. (3.13)

Then, integrating the equation

T,
—cn% +u, - VI, = AT, + f(Th)

between x = 0 and = = a,, we obtain, as f(7,,) = 0 in this region,

A A A T, A T,
cn/ T,(0, z)dz — / vn (0, 2)T,(0, z)dz = 8—(an, z)dz — OTn
0 0 o Oz

e (0,2)dz. (3.14)

We now pass to the limit n — oo in (3.14). The first term on the left converges to cfp, as we
have assumed that T' converges uniformly to 6y on compact intervals. The second term on the left
converges to

A
/ v(0, 2)6pdz = 0,
0

as incompressibility of the flow u,, and the boundary conditions at x = £a imply that

/vn(O, 2)dz = 0.

The limit (3.6) in Lemma 3.1 implies that the first term on the right side of (3.14) converges to zero.
Finally, the last term on the right side of (3.14) converges to zero because of (3.13). Therefore, we

obtain
C/\90 = 0.

However, this implies that ¢ = 0 which contradicts Lemma 3.2. Hence, the case 6_ = 6, = 6 is
ruled out and thus _ > 6,. OJ
We continue the analysis of the behavior of the solution at the right end of the domain.

Lemma 3.4 The gradient VT, converges to zero “as x — +o0o” uniformly in n, that is, for every
e > 0 there exists N € N and R so that |VT,(x,z)| < e for allm > N and all R < x < a,.
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Proof. Let us assume that this is not the case. Then there exists ¢y > 0 and a sequence b,, — +o0
so that |VT,(bn, zn)| > €o for some z, € [0, A]. Note that Lemma 3.1 implies that

lan, — by| — oo. (3.15)

Let us define the shifted solution ¥, (z,2) = T, (x — by, 2), vp(z, z) = u,(x — by, z) on the domain
x € [—an—>bp,an—>by|. Then ¥,, and v, satisfy the same uniform bounds as 7}, and u,, and thus they
converge to a pair of functions ¥, v uniformly on compact intervals, together with their derivatives.
The functions ¥ and v are defined on the whole real line because of (3.15). Moreover, the function
U has left and right limits ¥ as x — 4o00. Hence, the same argument as in the proof of Lemma
3.1 shows that ¥ must be equal a constant, as it has left and right limits and satisfies

—c¥, +v- VU = AV,

However, this contradicts the fact that max, |[VU(0, z)| > go. O
The decay of the gradient of T,, implies that the flow ahead of the front goes to zero for large =,
uniformly in n.

Lemma 3.5 The flow u(x, z) converges to zero on the right uniformly in n, that is, for any e > 0
there exists R > 0 and N € N so that |u(z, z)| < e for all R < z < ay,.

Proof. We choose N and R so that |VT,| < ¢ for all n > N and z € [R, a,]. Then, we decompose
T, = T/ + T2 with supp 7" C {z < R+ 1} and supp T* C {z > R}. We also require that both
T and T satisfy the same uniform gradient bounds as T},. Moreover, we have |VT2%| < e. We

also split wy, = w!™ 4+ w2 and u,, = u’* + u2* accordingly:

oT ,ZL” 8Tﬁn
—e
ox 702

—cpwy,' + Uy - V)" —oAw)' = p (62 ) , wy' =0o0n0D,,,

and similarly for wg"’.

We now bound [u?*| and |[u2*| separately for sufficiently large x. First, we look at u‘"® =

(v, wi). The function W) satisfies a homogeneous equation

—c Oy +u, - Vi — cAwi™ = 0 (3.16)
" Ox " " o '

in the rectangle Dpioq, = {R+2 <z <ap, 0 <z <A}, as T,i” vanishes in Dg2,4,. The function

win satisfies a uniform C*®-bound - this is shown in the same way as the C*®-bound for the full

vorticity function w in (2.59). This in turn implies that the function ¢(z) = w*(R+2, 2) is uniformly
bounded in C2[0, \]. Let g(z) be a smooth monotonic and positive cut-off function so that

glx)=1for R+2<zx<R+3and g(z) =0 forz > R+ 4. (3.17)
Then the function w can be decomposed as
wi' (@, 2) = ¥ (2)g(x) + G-
The function (, satisfies

—Cnaag;: +u, VG —0Af, = fr in DR+2,an7 ¢, =0o0n 8DR+2,%. (318)

19



The right side f,, is given by
fo = 0" (2)g(x) + o(2)g" () — cath(2)g' (x) — vpib(2)g () — wpd (2)g().

It is supported in R +2 < z < R+ 4 and is uniformly bounded since [|w/||c2.0(p,) < C. Let us
choose v > 0 sufficiently small, then the function &,(z, z) = (,(x, z)e®* satisfies

19) 0 .
—Cn& +ack, +u, - VE, —av, &y, — o AL, + 20@% - Ua2§n = gn 1 DR+2,ana §n =0 on 8DR+27‘1”

Ox 0
(3.19)
with g, = fn(x)e*®. Multiplying (3.19) by &, and integrating by parts, using the boundary condi-
tions, we obtain

o[ NePduds+ (a-alvlle - o0?) [ feaPdods < gnllallalle (320)
DRri2.ay DRri2.ay,

However, as the function &, vanishes at z = 0, A, the Poincaré inequality implies that

7.(.2

/ Vén|Pdadz > / &n P dadz.
DRri2.ap A DRri2.ap

Hence, the following upper bound holds
[ laPasds <ol <c,
Dry2a,
provided that « is sufficiently small, since ||v||o < C. Using (3.20) once again we conclude that
/ |VE2dadz < C.
DR+2,an
Therefore, the function (, satisfies

/ [[VCal? + [Gn]?] €2*®dzdz < C.
Dry2ay,

This, in turn implies the same bound for the function w™:
an A ] an A ]
/ / |wi|2e2°" dad —|—/ / |Vwi™2e2“ dzdz < C. (3.21)
R+2J0 R+2J0

It follows that the L2-norm of w® decays uniformly in n:

an A ) an A )
/ / Wi 2dxdz < e‘”O/ / |win |22 dpdz < Ce™ . (3.22)
0 0 0 0
for ro > R+ 5, and the same bound holds for Vwi":
an A ) an A )
/ / \Vwin2dzdz < e“”o/ / |Vwin2e?2%dydy < Ce ™, (3.23)
o 0 o 0

As the function w!™ satisfies the homogeneous equation (3.16) for x > R+ 1 with a bounded flow
u, the standard local elliptic estimates now imply that

lwin(z, 2)| < Ce™ for z > R+ 5. (3.24)
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The W?2? elliptic estimates imply then the uniform decay of the gradient of w":

|Vwi™(z,2)| < Ce™®® for x > R+ 5. (3.25)

Now we can bound the flow u/™® = (v, wi") itself. First, we look at the horizontal component

v, Tt satisfies the following Poisson equation in Dgy2 4,

) awin . 87)”‘ )
—Av' = —" in Dri9g4,, 87,: =0onz=0,\v"=0o0nzx=a,.

n 0z

Moreover, the C%“-regularity of u,, implies that the boundary value ¢(z) = vi"(R+2, z) is bounded

n
in C2[0,\]. Therefore, as we did with wi", we represent v"(z,2) = ¢(2)g(z) + v:"(x, z) with the

cut-off function g(x) as in (3.17). The function 9" satisfies

in

_— d
~0 = fu 1= —02x()g(2) — 6(2)g" () + " i Dpra,

with an exponentially decaying function f,, as follows from (3.25). The boundary conditions are

617;” —in
3 =0onz=0,\17,"=0onz=R+2,a,.
z

The same argument as we used to obtain (3.21) implies that

an A . —
/ / w22 drdy < C/ | fu(z, 2)|?e2P2dadz < C (3.26)
R+2J0

with a sufficiently small 0 < § < a. Therefore, in the same vein as we have obtained (3.24) and
(3.25), we conclude that

v (z,2)] < Ce ™ forx > R+5 (3.27)
and 4
Vol (z, 2)] < Ce " for x > R+ 5. (3.28)
The uniform bound on w™ now follows, as it satisfies the Dirichlet boundary condition wi(z,0) =
wi™(x,\) = 0 and the derivative ajn = —8;5 is exponentially decaying (3.28). We infer that
|w™(z, 2)| < Ce™ " for x > R + 5. (3.29)

Now we bound u2*. The corresponding vorticity satisfies

out
ow?

ox

+u, - Vo — g Aw™ = p(é- VAT in D,,, w=0on D,,.

_Cn n

However,

VT < e (3.30)

by construction, hence the maximum principle implies that
jwpt (2, 2)| < epq(z) < Ce. (3.31)

n

Here the non-negative function ¢(z) satisfies the boundary value problem
—0q"(2) + wn(2)q'(2) =1, ¢(0) =q(A) =0.
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We infer from the standard local elliptic estimates up to the boundary, (3.31) and (3.30) that
VW (z,2)| < Ce in Dy, (3.32)

as well. The vertical flow component satisfies

) out ) out +
Aw"t = g; in Dy, , w2 (z,0) = wo(z,\) =0, Tn =n, %) éxam 2) =0

Therefore, the maximum principle implies once again that

et (@, 2)| < %Z(A ) <Cein D,,.

n
Hence, the same local elliptic regularity results allow us to conclude that

|Vwe™(x, 2)| < Ce in D,,.

out

ot and conclude the proof of Lemma 3.5 we

In order to bound the horizontal flow component v

pout 8wout out
observe that a" = 8” — w2 50 that 8" < Ce in D,,. However, v2 also satisfies the
z z z

mean-zero condition

A
/ vz, 2) = 0 for all —a, < < ay,.
0

Hence, we have [v0%(z, z)] < Ce in D,,, and the proof of Lemma 3.5 is now complete. [J
The next lemma implies that the right limit 6, = 0.

Lemma 3.6 The right limit 6 = 0.

Proof. Let us choose R independent of n so that ¢,, > sup,-pr|vn(z,2)| for all n. Lemma 3.2
implies that the speeds ¢,, are uniformly bounded below by a positive constant, thus it follows from
Lemma 3.5 that we can find such R > 0. Then the function ¢(x) = Ae™**, with a sufficiently small
a > 0, satisfies

—Cpdz +uy - Vo > Ad.

An argument as in the proof of Lemma 2.2 shows that if A is chosen so that Ae ®% > 1 then
T(x,z) < Ae™®" on the domain x € [R,ay]. Therefore, the limit T'(z, z) obeys the same bound,
which in turn implies that 6, = 0. [J

Finally, we show that under the additional assumption (1.10) the left limit #_ = 1. This is the
only place in the proof where assumption (1.10) is used.

Lemma 3.7 Let us assume that f(T) < (T — 6p)2 /A%, Then the left limit 0_ = 1.

Proof. We note that we have for each z € R

/|VT(95, z)[?dz > (M (x) — m(x))*

A

with M (x) = max, T(z,2) and m(z) = min, T'(z, z). It follows from the maximum principle that
the function m(x) is non-increasing. Let us assume that 6_ < gy, then monotonicity of m(z) implies
that m(x) < 6y for all x € R. Then we have

[T Pdsds = [(@) - m@) S > [ () - 02 55
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We also observe that

dxdz  c6* dzxdz dxdz
o= [ 1 =E, o [IvrPSE = [

A A

0_
/yVTdedz = / (T— 2) f(T)dzdz.
Hence we obtain using (1.10)

/ <T _ Z‘) (T — 90)3% > / (T _ 92—> F(T)dadz > /(T(:U,z) _ 90)1%.

However, the left side is smaller than the right side unless T' = 6y, the case that we have already
ruled out. UJ
This finishes the proof of Theorem 1.1.

so that

4 Bounds for the initial value problem

We consider in this section the solutions of the Cauchy problem with general front-like initial data
and obtain the uniform bounds on the bulk burning rate and other average quantities stated in
Theorems 1.2 and Theorem 1.3. We prove the first result, and the proof of the second result is
presented in Section 4.2.

4.1 Bounds in an arbitrary strip

We prove in this section Theorem 1.2. Let T'(¢,x, z), u(t, x, z) be the solution of the Cauchy problem

Ti+u-VT = AT + f(T) (4.1)
w+u-Vu—ocAu+ Vp =pTeé
V-u=0,

(4.2)

with initial data Tp(z, z), up(x). We assume that there exists R > 0 so that Tp(x,z) =0 for x > R
and Tp(z,2) = 1 for < —R, and that the initial vorticity is bounded in L?:

/|w0(:v,z)|2d:ndz < 400.

The assumptions on the initial temperature T can be relaxed — it simply has to approach one and
zero at the two ends of the domain sufficiently fast.

We recall that the bulk burning rate V'(¢), the Nusselt number N(¢) and the average horizontal
flow U(t) are defined by

V() = % /0 / V(s)ds, V()= / f(T)dx)\dz, (4.3)
N :% /O N(s)ds, N(t)= / |VT|2dm>\dZ, (4.4)
00 =1 [ 1)t (45)
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The laminar front speed ¢g is defined as the unique ¢ so that equation
—c® =" + f(®), P(—00) =1, ®(+0) =0
has a solution 0 < ® < 1. We recall the statement of Theorem 1.2.

Theorem 4.1 There exists a constant C > 0 so that under the above assumptions on the initial
data Ty, ug, the following bounds hold

co = Clp+ p?| +0(1) < V(t) <o+ Clo+ p] + o(1) (4.6)
N(t) < [Cp + 4 /%0 + C2p2} 2 + o(1)
U(t) < Cp[l+p] +o(1)

as t — +oo.

This theorem shows that the coupled problem (4.1) is in a sense a regular perturbation of the single
reaction-diffusion equation with p = 0. The lower bound in (4.6) is of interest only for small p when
the left side is positive.

Proof. First, we prove the following bounds on N(t) and V(¢) in terms of U(t).

Lemma 4.2 There exists a constant Cy that depends only on the initial data Ty so that

N(t) < %V(t) +U(t) + Co [1 + ;E] (4.7)
and
V() <co+U(t)+Co E - \H . (4.8)
Proof. Define ¢(T') = T(1 — T) and its integral
dxdz

R(t) = [ o).

The idea of using a concave function g(7') in a related context is due to B. Winn [38]. We observe
that

dR dxd dxd dxd
= [¢@arEE + [y ®E > - [gmwrPEE-ve @)
dt A A A
with the burning rate V(¢) defined in (4.3). Thus
dR dxdz
— +V(t)>2 [ |VT)? =2N(t
vz [IvIPEE v,
which after averaging in time becomes
t _ _
Ri) +V(t) > 2N(t). (4.10)

In order to obtain an upper bound for the potentially small term R(t)/t in (4.10) we construct
sub- and super-solutions for T'(¢, x, z). This construction follows [40]. We look for a sub-solution for
T of the form

Yi(t,z,2) = (v — cot + 21 +&1(t)) — qa(t, z, 2).
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Here @ is the traveling wave in the absence of convection, at p = 0, normalized so that ®((0) = 6.
It is the unique solution of

_CO(I)/ = g+ f(CI)O)a (I)O(O) = 907 (I)U(_OO) =1, (I)O(+OO) =0.

The functions &;(t) and ¢ (¢, z, z) are to be chosen. In order for ; to be a sub-solution we need

Gl = %Jru'vﬂn—ﬁwz—f(w) <0.
We have 5
Gli] = &10h + ulh — T —u- Va1 + g + [(@0) = [(@0 — a1):

With an appropriate choice of z1, that is, by shifting ®¢ sufficiently to the left we can ensure that
To(x,z) > ®o(x) —qro(z) with 0 < gio(z) < (1—6)/2 and qi0(z) € L'(R). Then we choose ¢ (¢, z, 2)
to be the solution of

i;? +u-Vg =Aq, @(0,z,2) = qo(x), %qzl =0atz=0,A. (4.11)

The following lemma first proved in [16] provides a uniform L' — L° decay estimate for ¢; that is
independent of the advection term.

Lemma 4.3 There exists a constant C > 0 that is independent of the (incompressible) flow u so
that

C
g1 () lloo < r\/iH(hoHLl(D) (4.12)
fort>1.

As mentioned above, the main point of the above result is the independence of the constant in (4.12)
from the flow u. We also note that this L' — L> estimate behaves in a one-dimensional way for large
times, as one would expect for a strip. The factor of A in the denominator is compensated by the
fact that the L'-norm is taken over the strip and not only in x. We postpone the proof of Lemma
4.3 till the end of this section.
We can find 6 > 0 so that if &g € (1 —4,1) and ¢; € (0,(1 — 6y)/2) then f(Po) < f(Py — 9).
Hence we have in this range of ®q:
Gli] < D) + v}, (4.13)

Furthermore, if &y € (0,4) then f(®g) = f(Po— ) = 0 and hence in this range of ®( we have (4.13)
with the equality sign. Finally, if @y € (4,1 — ) then |f(®o) — f(Po — ¢q)| < K|g| and &) < —0.
Hence G[¢y] < 0 everywhere provided that

Kla(®)lse

&1(t) > [[v(t)]|oo + 5 (4.14)
Thus choose B
&1(t) = U(t)t + CV/t. (4.15)
Therefore we obtain a lower bound for T
T(t,z,2) > Oo(x — cot + U(t)t + CVt) — qu(t, z, 2). (4.16)

In order to obtain an upper bound we set 1, = ®o(z — cot — x2 — &2(t)) + ¢2(t, z, z) and look for
& (t) and g2(t, z, z) so that G[i,] > 0. The constant x2 is chosen so that

TO(ZL‘,Z) < (I)O(:U - $2) + QQ(OJT’Z)
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with ¢2(0,z,2) € LY(D) and 0 < ¢2(0,z,2) < 6p/2, as with ¢1(0,2,z). The function ¢a(t,z, 2) is
then chosen to satisfy the same advection-diffusion equation (4.11) similarly to ¢;. Hence it obeys
the same time decay bounds as ¢q;. With the above choice of g we have

G(y) = —&Py + 0P + f(Ro) — (Do + g2)-
Once again, we consider three regions of values for ®(. First, if 1 — § < &y < 1 with a sufficiently
small 6 > 0 then f(®g) — f(Po + g2) > 0, as g2 > 0. Hence G[tp,] > 0 in this region provided that
§2 > 0. Second, as g2 < 0p/2 we have f(Pg) = f(Po+g2) = 0if 0 < @ < § with a sufficiently small
d > 0. Hence G[¢,] > 0 in that region under the same condition £ > 0. Finally, if &y € (4,1 — 9)

then @) < —(3 with 3 > 0 and |f(®g) — f(Po + ¢2)| < K||¢2lc. That means that G[,] > 0 if we

choose &> so that
Klg2]loo

&2 [[u(t) oo + 5

Therefore we choose
&) =Tt +CVt,
as with &;(t). Therefore we obtain upper and lower bounds
Do(z —cot + & (1) +21) —qult, @, 2) <T(t, 2, 2) < Loz — cot — &2(t) — @2) + qo(t,z,2)  (4.17)
that imply in particular that

Oo(z — cot + U (t)t + Co[1 + V1]) — 3% <T(t,z,z) < Bz — cot — U(t)t — Co[l + V1]) + 3‘% (4.18)

with a constant Cy determined by the initial conditions. Hence, using (4.17)-(4.18) and the L'-
bounds [|g;(t)| 1 (p) < Co, j = 1,2, we obtain

cot—&2(t)—x2 cot+£&1(t)+x1
R(t) = /T(l ~7) d”;dz :/ /T(l _ T)didx +/ /T(l _ T)dzAd"”

—00 0t—§2(t)—(£2
> dzdx 0 o
+ T(1-T) <Co+ [ (A—%o)dz+ (&i(t) + &)+ [ Po(z)dx
cot+&1(t)+z1 A —00 0
< Co(1+ V1) +2tU(1).
This together with (4.10) implies that
_ _ 1 1 -
t)+2U(t -+ —| >2N(t 4.1

V) +200)+ G |5 + 72| 22800 (4.19)

so that (4.7) holds.
Moreover, we have

V() = 1/; (/f(T(s,x,z))dx)\dz> ds = 1/; (/ Tt(s,:r,z)> di’;dzds (4.20)

— 1/[T(t,m,z) — To(x, 2)] %
< 1/[@0(33 — cot — w2 — &2(1)) + q2(t, @, 2) — Po(z + 21) + q1(0, 2, 2)]

Cy 1 cot+E€a(t)+a2
<Gl

t —0oQ

dxdz
A

(1 — ®p(x))dx + % /OOO Oo(x)dx < co + U(t) + Co [\2 + ﬂ

as follows from (4.17)-(4.18). This proves (4.8) and finishes the proof of Lemma 4.2. [J
On the other hand we have the following upper bound for U(¢) in terms of N(t).
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Lemma 4.4 There exists a constant C' > 0 so that for all t > 0 the following inequality holds

_ - 1
00 <€ |oy/N0 + Tellala]. (1:21)
Proof. We multiply the vorticity equation
&,u N L
— 4+ u-Vw—ow=p(&-V-T)
ot
by w and integrate:
2dt / lw(t, z z)]Qd:z:dz—l—o/\Vw (t,z,2)|?drdz = /w(t,:z:,z)(éJ‘ -VT)dzdz, (4.22)

with e+ = (62, —61).
The Poincaré inequality for w(t, x, z) implies then that

2dt/w (t,x, 2)Pdedz + = /|Vw(t z, 2)|*dxdz < Cp? /VT(t,:v,z)dedz.

Integrating this equation in time we conclude that

1/t _ 1
t/o /|Vw(s,:c,z)]2d:cdzds <C [p2N(t) + t\on%g] . (4.23)

However, as in the proof of Lemma 2.4, we have |[v(t)|| o (py < C||Vw(?)|[12(p)- This, together with
(4.23) implies (4.21). O

Putting the bounds (4.21) and (4.7)-(4.8) together and using the Cauchy-Schwartz inequality we
arrive at

2N(t) < co+ Co [1—1—\2} +C;p/0t\/md8§60+00 [14—\2] —I-Cp\/m.

Hence we obtain an upper bound

N(t) < [cp + 4 /%0 + C’ZpQ] 2 +o(1). (4.24)

This, together with (4.21) implies that
T(t) < Cpll + ] +o(1).
It follows then from (4.20) that
V(t) < o+ CplL + o] + o(1).

The lower bound on V/(t) in (4.6) is proved similarly. This finishes the proof of Theorem 4.1. It
remains only to prove Lemma 4.3. [J
Proof of Lemma 4.3. We will show that there exists a universal constant C' > 0 so that the
solution of
0
aif +u-Vip = oA (4.25)
w(O,fU’ Z) = ’(7[)0(1:’ Z) > 07
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with the Neumann boundary conditions at z = 0 and z = A, and u sufficiently regular, satisfies

[ ()]l 2 (py < Cn®(t) W0l 1 ()- (4.26)

Here n(t) is the unique solution of
nt(t) C

= ) 4.27
1+ n3(t)A3 oAt (4.27)

We multiply (4.25) by ¢ and integrate over the domain D to obtain
WHQ —a || Vl3. (4.28)

2dt

We now prove the following version of the Nash inequality [29] for a strip of width A in two dimensions:

Vlwly
[

The proof of (4.29) is similar to that of the usual Nash inequality. We represent 1 in terms of its

Fourier series-integral:
7mz
P(z, 2) g / cos >wn( )— =
n>0

V|5 > C (4.29)

where 5
k) = 5 /De—i’m cos (anz> Wz, 2)dadz.
Therefore we have 9
[Un(B)] < <19l (4.30)
The Plancherel formula becomes

/ (e, 2)Pdadz = 3 / ke gos ”ZZ)cos(”Tz)z@n@)%(p)d’“éﬂfﬁdz

n,m>0

Z/rwn de;

n>0

A
/ IV (z, 2)|Pdedz = = Z/ </€2 + I
D 250UR

and similarly

2\ - dk
&) 0P

Let p > 0 be a positive number to be chosen later. Then using the above Plancherel formula we

write
1[13 =1 + 11,
with the first term that is bounded using (4.30)
A - dk _ Chp([Ap]+1) Cp(Ap+1)
=5 % [ rirgt < XD < SO Dy
p

0<n<pA

The rest is bounded by

M E N (5

n>0

C
) Gul)Pah < SIVUIE:
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Therefore we have for all p > 0:

C’p()\p +1)

I3 < 1% + 2va%-

We choose p so that
5 _ AIVvl3
[y

and obtain

1wz < SIVels” <A4/3ku2/3 1) 1w + CIVO B
A2/3||w||2/3 )3 213|175
4/3 2/3 4/3 2/3
= oIV + OB Tl
This is a quadratic inequality az? 4 bx —c > 0 with = = ||V¢||2/3, )\2/3H1/)H2/3, =23 ||7JJ||4/3,
and ¢ = ||9||2 and hence
—b + Vb2 + dac 2c > c
2a b+ VB fdac V2 +dac
This implies that
l¥ o
2/3 2/3
V|2 > Cllvl3 ( e L rrwr%)
and therefore
—3/2 1
o VlIf
V613 > Cllvls ( ol +4A2/3||w||2/3wu%) > ol (L + Al
CX 1§

> .
TR+ Ml

Hence (4.29) indeed holds.
We insert (4.29) into (4.28) and use the conservation of the L'-norm of v (recall that the initial
data is non-negative) obtain

d CoX2|v|13
ol CoNlulp )
dt [%ollT + A% [l<oll [ [l
Integrating (4.31) in time we have
1, Mol _ 1 1
Co )\2 < ||¢0|| + < |:)\3+ :| 7
llz Ml ~ =) 23(t)
where z(t) = [|1(t)||2/ |01, and thus
24(t) 1
< . 4.32
1+ X323(t) — CoNt (4:32)
The function on the left side of (4.32) is monotonically increasing and hence we have
[9@)ll2 < n(@)[¢ollr, (4.33)
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where n(t) is the solution of (4.27).
Let us denote by P; the solution operator for (4.25): 1(t) = Pypp. Then (4.33) implies that
|Pell 12 < n(t). The adjoint operator P; is the solution operator for

L - -
%’ —u- Vi =0oAy (4.34)

1[}(07‘%) = 1;0(:6)7 reD

with the Neumann boundary conditions at z = 0, A. Note that the preceding estimates rely only on
the anti-symmetry of the convection operator u-V. Therefore we have the bound ||Pf|| 112 < n(t)
and hence ||P¢||2_ 1~ < n(t) so that

I (®)llzee < n(t/2)[1%(/2) ]2 < n?(t/2)lvol 1

and thus (4.26) indeed holds.
The estimate (4.12) follows from the observation that for large ¢ > 1, when n(t) is small, we

have the bound
C

2
t) < ————.
w() < Ty
This finishes the proof of Lemma 4.3. [J

4.2 Bounds on the burning rate in a narrow domain

We recall that no non-planar traveling fronts do exist in the reactive Boussinesq problem in a narrow
vertical strip when gravity is sufficiently small [32, 33, 14]. Moreover, solutions with general front-
like initial data become asymptotically planar in the long time limit [14]. We extend now this result
to the inclined cylinders. More precisely, we have the following result (this is a re-statement of
Theorem 1.3).

Theorem 4.5 Leté = (e1, e2) be the unit vector in the direction of gravity and let p; = pej, j = 1,2.
There exist two constants Ag and pg so that if the domain is sufficiently narrow: A < XAy and gravity
is sufficiently small: p < po then the burning rate is bounded by

V(t) <co+Cpa+o(l) ast — +oc. (4.35)

Moreover, the front is nearly planar in the sense that
Y 1 2 2
N.(t) = n |T.(s)||3ds < Cp3 4+ o(1) as t — +oo. (4.36)
0

The key point in Theorem 4.5 is that the bounds in (4.35) and (4.36) are independent of the gravity
strength p; in the direction parallel to the cylinder.
Proof. Multiplying the vorticity equation by w and integrating by parts we obtain

1d
2dt/|w‘2dazdz+a/|vw‘2dxdz = pQ/wadxdz—pl/Tzwchdz. (4.37)

The Poincaré inequality applies to w(x, z) with the Poincaré constant proportional to 1/\. Hence,
if X < Ao and p;j < po, (4.37) implies that

1d

2dt/|w]2dxdz+g/|Vw]2dxdz < Cpg/Txy2dxdz+cp%/TZy2dxdz. (4.38)
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We now differentiate the equation for T'(¢,z, z) in z to get

oT,
ot

Multiplying this equation by T, we obtain

+u-VT, +u, -VT = AT, + f(T)T,

2dt/\T dedz+/yVT ]2dxdz+/TuZ Vdedz—/f T)T? <M/T2da:dz (4.39)
The last integral on the left side is bounded by

‘/Tzuz -VTdzxdz

= ’/Tuz -VT,dxdz

1
< 2/ lu, [2dxdz + 5WTZPczgcdz.
This, together with incompressibility of u, the Poincaré inequality for T, and (4.39) imply that

2dt/’T| dxdz + — /WT ?dxdz < 4/\w[2dxdz, (4.40)

provided that A < A\g. Combining (4.38) and (4.40) and using the Poincaré inequality for w and T,
once again, we obtain the following inequalities for Q(¢) = ||w(t)|3 and N, (t) = || 1%

1dQ2  C
Q< CpiN, 2N, (t
>a e Cp3Na(t) + CpiN(t)
and 1dN., C
— 24 N, <4Q.
2 dt * P
Hence, the function @@ = N, + € satisfies
1dQ

2dt+h2 4 - CP1]Q<CP 2 ().

Therefore, we have
t
Q(t) < Qe + Cp%/ e VESIN, (s)ds
0

with v > 0 provided that C'/A\? > 5 and Cp? < 1. We conclude that

t t t T
= 1/ Q(r)dr < QO/ e Tdr + CpQ/ / e VTN, (s)dsdr
t Jo t Jo t Jo 0

2 t t C, C C,
< % + Cth/ Nx(s)ev‘s/ e "Mdrds < 70 + ’ngN (t) < Cp2 + 70.
0 s

The last inequality above follows from the bound on N(¢) in Theorem 4.1. Now, the bound (4.36)
in Theorem 4.5 follows. Then, (4.38) together with (4.36) and the same uniform bound on N(¢) in
Theorem 4.1 imply that

1 [ C
2 [ IvetlBas < o+
t ) t
We recall that [|v(t)||z(p)y < C||Vwl|12(py — this, together with the above, imply that
_ Co
U(t) < Cps + —. 4.41
(t) < Cp2 N (4.41)
Finally, using (4.20) and (4.41) we obtain (4.35). O
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