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Abstract.

LSQR uses the Golub-Kahan bidiagonalization process to solve sparse least-squares
problems with and without regularization. In some cases, projections of the right-hand
side vector are required, rather than the least-squares solution itself. We show that
projections may be obtained from the bidiagonalization as linear combinations of (the-
oretically) orthogonal vectors. Even the least-squares solution may be obtained from
orthogonal vectors, perhaps more accurately than the usual LSQR solution. (However,
LSQR has proved equally good in all examples so far.)
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1 Introduction.

LSQR [11, 12] is a conjugate-gradient-like method for solving linear least-
squares problems
(1.1) min ||b — Az||s,
x

where A is a real m x n matrix and b is a real vector. Typically m > n and
rank(A) = n, though not necessarily. LSQR uses the Golub-Kahan bidiagonal-
ization of A [6] with starting vector b, forming a sequence of iterates {z;} to
approximate z.

For problem (1.1), let us define the following items:

(1.2) P = A(ATA)1AT,
(1.3) z = (ATA)"1ATh,

(1.4) p = Pb= Az,

(1.5) T (I-P)b = b— Az,
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where P and (I — P) are both projection operators. Since some applications
need p or r rather than z itself, and since these projections are less sensitive
than z to perturbations in the data [7], it seems reasonable to compute the
projections directly from the Golub-Kahan process, rather than from LSQR’s
final approximation to x.

Section 3.1 shows how to compute p and r for problem (1.1). Section 4.1 does
the same for regularized or damped least-squares problems, and suggests some
unexpected new ways for computing z.

1.1  Orthogonal steps.

If a sequence of approximations {z} is computed in the form
(1.6) T = Ve = Tr—1 + MWk,

where the columns of V; are (at least theoretically) orthonormal (V,I'V, = I),
we say that x is computed by orthogonal steps. For example, Craig’s method
[4, 5, 11] solves unsymmetric equations Az = b using orthogonal steps (1.6) to
update each z;. In contrast, the normal LSQR iterates have the form

(1.7) Tr = (VkR;I)zk = Wizk = x—1 + (W,

where V; is orthonormal but Wy is not. If the triangular matrix Ry is ill-
conditioned, we would expect a certain loss of precision (via cancellation) in
forming xj that way. '

A contribution of this paper is to show that for least-squares problems with
and without damping, z, p and r can all be computed by orthogonal steps.

2 Bidiagonalization.

Given a general matrix A and a starting vector b, the Golub-Kahan process
generates two sequences of vectors {ug}, {vr} and positive scalars {ax}, {Bc}
such that after & steps,

AV = Uky1By, a
2.1) ATy = ViBF 4oy 1V €1 By o G ,
Up = (up ug ... ug), o
Vi = (v1 va ... wi), Brs1

where By is (k+1) x k and lower bidiagonal. The starting condition is S1u; = b,
so that UgB1e; = b exactly for all k, and with exact arithmetic the columns of
Ui and V;, would be orthonormal.

3 Least squares.

To solve problem (1.1), LSQR defines a sequence of approximations zy = Viyx,
where each yi is defined by a subproblem, min ||31e; — Brykll [11, 13]. The
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subproblem is reliably solved via a QR factorization of By:

2k
Gk
where Ry, is k X k and upper bidiagonal. The matrix ¢4 is nominally a product

of k plane rotations, requiring little work. In LSQR we work with symmetric
transformations for simplicity. The kth transformation is of the form

Ck Sk Pr—1 0 (r _ [ Px O Ck
Sk —Ck Bry1 art1 O e G )’

where (j later becomes (x4 (and similarly for other barred items). To keep
storage to a minimum, y; is eliminated and zj, is formed as in (1.7).

Qx( By Pre1) = ( Re ) ; Ryyr = zk,

3.1 Projections.

As approximations to the projections p = Pb and r = (I — P)b, we use the
vectors py, = Azxy and ry, = b— Azy. Let us write the (theoretically orthonormal)
matrix U, ., QF as

(3.1) Uk+1Q£= (Ulk ﬂk),
in which the kth transformation has the form

c s
(Uk—1 Uk+1)< k k)z(ulk g ).
S —Ck

It follows that
pr = Azp = AViyr = Ups1Brys

= Uk4+1Q7 QrBryx
R
= (Ul Ek)( 0k>yk
= (Ul ak)(zc):mm

and
Ty = b—-ACL‘k

= Up11QfQi(Brer — Bry)

- @ {(3)-(5)n)

0 =
= (UL ﬂk)(— ) = (kU
Ck
Thus, the sequences {px} and {ry} are obtained by orthogonal steps. The main
expense beyond the bidiagonalization lies in forming the columns of U1y in (3.1).
Note that z; need not be formed.
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4 Damped least squares.

The damped least-squares problem is

(4.1) min ||b— Az + |6z min

2
b A
0 s1)7||
where > 0 is a small scalar that regularizes the problem if rank(A) < n or A

is ill-conditioned. For such problems, LSQR. uses the same bidiagonalization to
obtain approximations xj = Viy, where y, is defined by the subproblem

(%)= (5 )

which is solved via an extended QR factorization [2, 12, 13]:

Rk Zk

By [bies .

= 5 R - .

Qk(51 0 ) Ck KYk = 2k
gk

min R

The matrix Q3 now involves a product of 2k transformations, but the total work
and storage is essentially the same as when § = 0. As before, y; is eliminated
and x;, is formed as in (1.7).

4.1 Projections.

The damped least-squares solution satisfies (ATA + 621)z = ATh. With

- A - b
A=) =)
the definitions analogous to (1.2)-(1.5) are

(4.2) P = A(ATA)'AT,
(4.3) z = (ATA)"'ATh,

(4.4) (13’) = Pb = (?i)

(4.5) (’;) _ (I-P) = (b:a‘ix),

where we see that s = —t = 0x. Now define the (theoretically orthonormal)
matrix

Ukt1 T ULy ux U,
4.6 = y
( ) ( Vi ) Qk ( Vi, v, V%

e
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where the next two transformations defining Q41 leave Uly, U2, Vi, V&
unaltered. It follows that

Pk Az \ AVk _ [ Ur+1Bx
5.’Ek 5Ik Yk (5Vk Yk
Ukt1 T By,
Vi ) Q1 Qs ( sI )V

I

I

Uty @ U% z(f
Vi, v V%

Vlkzk

(

(v

-
() = (6)-(5)

(

(

(

Ulkzk>

and

Uk+1 T Brer By
o) ara{ (%) - (5w}

R

_ Ul i U2 Z:k _ Ok
- Vi, 0, V& k Yk

gk 0

ar Uz (fk)
Uy V& a /)

Thus, the sequences {px}, {rx} and {0z} are obtained by orthogonal steps:

(4.7) pr = Ulgzy,
(4.8) re = Uegr + Cril,
(4.9) oz, = Viga,
(4.10) -6z = VZar + (il

We see that the “damped” projections have led to two new sequences for ap-
proximating z. We shall denote these by {z1x} and {z2}. To use (4.7)—(4.10)
in the usual way, we form

(4.11) Pk = DPk-1+ Ceulk,

(4.12) Th = Tk-1+Yxul,

(4.13) Tl = Zlg—1+ (eulk,
)

(4.14 2y = e+ Yrt,
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and upon termination at step k we make some final adjustments:

(4.15) re = Tk + (el
(4.16) oy = (1)),
(4.17) w2 = —(1/8)(@% + Ci)-

4.2 Discussion.

1. The approximations zk, px and ry are defined for all § > 0, but xf; and
2, require d > 0. )

2. In (4.16)—(4.17), the divisions by § may appear hazardous as § — 0. How-
ever, the norm of each column of V1, and V2, is of order 6, and ||2x]|, ||gx/|
and |(x| are all bounded by ||b||. Values as small as § = 1071 (say) seem
to be safe in practice. Hence, x; or z2; may be used to estimate z for
both normal and damped least squares.

3. The Golub-Kahan process requires work vectors u and v {m + n storage
locations) and 3m + 3n floating-point operations (flops) per step, as well
as the usual products u + Av + u, v + ATu +v.

4. Table 4.1 shows the additional storage and work needed to estimate various
vectors. For example, to estimate x, LSQR uses work vectors = and w (2n
storage locations) and 2n flops per step, for all values of §. The other
quantities are somewhat more expensive.

5. To implement reliable stopping rules, LSQR uses the vectors wy to estimate
cond(A). When z is being estimated, this involves no additional storage
and 2n additional flops per step. If p, r, 21 or 2 are estimated but not x,

the extra cost to estimate cond(A) is n locations and 3n flops per step.

6. x! is slightly cheaper to compute than 2, and to date the computational
results have not favored one over the other. It is probably sufficient to
consider x1.

In summary, computing all of p, r and zI requires about twice the storage
and work compared to the usual LSQR z. This may not be significant if the
matrix-vector products dominate.

5 Relationship to Craig’s method.

Craig’s method [4, 5] solves compatible rectangular systems of the form
(5.1) min |[|z|| subject to Az =¥,

where we typically have m < n and rank(A) = m. As described in [10, 11],
the method may be implemented via Bidiag(A,b), the Golub-Kahan bidiago-
nalization of A with starting vector b. This seems to be a reliable approach,
but an outstanding question has been: What if the right-hand side is of the
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Table 4.1: Storage and work per step needed (excluding the bidiagonalization)
to estimate the normal LSQR solution z, the projections p and r, and the new
solution estimates z! and 2.

Vectors Storage Work
=0 >0
T T, w 2n 2n 2n
p p, U 2m 3m om
r 7, 2m 2m 4m
pandr p,7, U 3m 4m 6m
zl zl, T 2n 4an
2 2,7 2n 5n

form b = Ac? The method is then using Bidiag(A”, Ac), which is not a reliable
approach [11, 3].

This curiosity is now resolved by noting that when b = Ac, the solution to
(5.1) is z = A(AAT)! Ac, which is the projection p = Pc associated with the
least-squares problem min, ||c— ATy||. The method of Section 3 may be applied.
Similarly, minimum-length problems of the form

(5.2) min ||z||> + ||s]|> subject to Az +ds=b,

may be treated by LSQR or by an extension of Craig’s method as described in
(13], but if b = Ac, then the method of Section 4 may be applied to compute
(z, s) as a projection.

6 Computational results.

The test problems described in [11] were generalized slightly to include damp-
ing and arbitrary values of m and n. They use a matrix of the form A =Y DZ,
where Y and Z are Householder transformations and D is diagonal with pre-
scribed singular values. Preliminary conclusions follow.

Note that when m = n and § = 0, the exact projections are p = b and r = 0.
Also, when § = 0, zI and z2 are undefined. These cases were not considered.

For the results obtained, the machine precision was € ~ 1071¢; the damping
parameter was in the range 107! < § < 107%; || A||, ||b]| and ||z|| were all O(1);
and the condition of the “damped” matrix was in the range 10° < cond(4) <
10!, The stopping tolerances for LSQR were atol = btol = ¢%9 ~v 10714,

Below, p, r, z, 1 and 22 mean the final computed estimates of p, r and .

6.1 Observations.

1. When m = n and ||r|| = O(e), the errors in p and 7 were O(atol), and the

errors in z, I and 22 grew in proportion to cond(A4). This matches the
sensitivity of the problem itself, indicating stability [7].
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2. Whenm > nor m < nand ||r|| = O(107%), the same results were observed.

3. Whenm > n and ||r[| > 1073, the errors in z, 1 and x2 grew in proportion
to cond(A)2. Again this matches the sensitivity of least-squares problems.

4. In the same cases (||r|| large), the errors in p and r grew with cond(A)
in accordance with sensitivity analysis, but they were significantly smaller

than could be expected from the actual size of cond(A).

5. The final p and r closely matched Az and b — Az computed from the final
LSQR estimate of z.

6. Surprisingly, this was true even when x had essentially no digits of preci-
sion.

7. More surprisingly, the three estimates z, zf and x2 matched each other very
closely in all cases, even when they all had no correct digits. In extreme
cases, ¢ and zI agreed more closely than z and z2.

Support for Observations 4 and 5 has been given by Bjorck et al. [1, 3], who
study the “recursive residuals” for various CG methods including CGLS, the
original least-squares algorithm of Hestenes and Stiefel [9]. For updates such as
(1.7), the recursive residuals are defined by

(6.1) Tk = T + CrWr,
e = Tk—1— <kA7-UIc,

where we use 7 to distinguish from 7 in Sections 3—4. In CGLS the residuals
are an integral part of the iteration. In LSQR. they are not normally needed, but
they may be computed for interest.

Following Greenbaum [8], Bjorck et al. [3] prove for CGLS and LSQR that 7
closely approximates b — Azy, for all k. This matches Observation 5.

They also conjecture from experimental evidence that 7y is ultimately very
close to the true residual r. This is confirmed by Observation 4; for example,
with cond(A) = 10! and ||r|| = 10, the final value of ||r — 7¢||/||r|| was 10~°
rather than the expected 1075.

7 Conclusions.

We have shown how to obtain projections p = Ax and r = b — Az from the
Golub-Kahan process, as well as two different estimates of x, using orthogonal
steps for all quantities. We were motivated by the concern that updates of the
form (6.1) could entail significant cancellation if both { and ||Jwy|| are large.

In LSQR, we know that some of the vectors wy can be large, because |[Wy||
is used to estimate cond(A). However, for the present test problems the corre-
sponding multipliers (; were always small (see [13]). Thus, we have not yet seen
a benefit from obtaining p, r, I and x2 by orthogonal steps.
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Since the new approach for computing projections involves additional work and
storage, it is probably best to compute x via the standard CGLS or LSQR itera-
tions and then form p or r directly. We recommend this even in ill-conditioned
cases where the computed x has no accuracy. If cases arise in which the errors
in p, 7 or T exceed whatever can be expected from cond(A)}, the methods of this
paper should be reconsidered.
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