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Abstract: This paper studies the asymptotic behavior of the steady-state waiting time, Wao, of the
M/G/1 queue with subexponenential processing times for different combinations of traffic intensities
and overflow levels. In particular, we provide insights into the regions of large deviations where the
so-called heavy traffic approximation and heavy tail asymptotic hold. For queues whose service time
distribution decays slower than eV we identify a third region of asymptotics where neither the
heavy traffic nor the heavy tailed approximations are valid. These results are obtained by deriving
approximations for P(Ws > ) that are either uniform in the traffic intensity as the tail value goes to
infinity or uniform on the positive axis as the traffic intensity converges to one. Our approach makes
clear the connection between the asymptotic behavior of the steady-state waiting time distribution
and that of an associated random walk.
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1. Introduction

We study in this paper the asymptotic behavior of the steady-state waiting time distribution of an M/G/1
queue with subexponential service time distribution and first-in-first-out (FIFO) discipline. The goal is to
provide expressions that will allow us to identify the different types of asymptotic behavior that the queue
experiences depending on different combinations of traffic intensity and overflow levels. We give our results
for the special case of an M/G/1 queue with the idea that the insights that we obtain are applicable to more
general queues and even to networks of queues.

The special case of an M/G/1 queue with regularly varying processing times was previously analyzed in ﬂﬂ],
where it was shown that the behavior of P(W,, > ), the steady-state waiting time distribution, can be fully
described by the so-called heavy traffic approximation and heavy tail asymptotic (see Theorems 2.1 and 2.2
in ﬂﬂ]) As pointed out in that work, the same type of results can be derived for a larger subclass of the
subexponential family, in particular, for service time distributions whose tails decay slower than e Vi As
the main results of this paper show, the behavior of W, for lighter subexponential service time distributions
may include a third region where neither the heavy traffic approximation nor the heavy tail asympotic are
valid, and where the higher order moments of the service time distribution start playing a role. The exact
way in which these higher order moments appear in the distribution of W, is closely related to the large
deviations behavior of an associated random walk and its corresponding Cramér series.

The approach that we take to understand the asymptotics of P(W., > x) over the entire line is to provide
approximations that hold uniformly across all values of the traffic intensity for large values of the tail, or
alternatively, uniformly across all tail values for traffic intensities close to one. From such uniform approxi-
mations it is possible to compute the exact thresholds separating the different regions of deviations of W,
which for service time distributions decaying slower than eVt are simply the heavy traffic and heavy tail
regions, and, for lighter subexponential distributions, include a third region where neither the heavy traffic
approximation nor the heavy tail asymptotic hold. Similar uniform approximations have been derived in
the literature for the tail distribution of a random walk with subexponential increments in [d], [7], and 0],
where the uniformity is on the number of summands for large values of the tail or across all tail values as
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the number of summands grows to infinity. The results in the paper are in some sense the equivalent for the
single-server queue.

To explain the idea behind our main results let us recall that one can approximate the tail distribution of
the steady-state waiting time of a single-server queue with subexponential processing times, P(W,, > x),
via two well known approximations: the heavy traffic approximation and the heavy tail asymptotic

2(Br — EVi) p /°° P(Vi > 1)
—_—— d dt
P { Varry + VarV; * an 1—pJ, EV ’

respectively, where V; denotes the service time, 7 the inter-arrival time, and p the traffic intensity of the
queue. We refer the reader to Chapter X of ﬂ] and the references therein for more details on the history
and the exact formulation of these limit theorems. The heavy traffic approximation is valid for the general
GI %/ 1 queue and can be derived by using a functional Central Limit Theorem type of analysis (see, e.g.
E{, ]). The theorem that justifies this approximation is obtained by taking the limit as the traffic intensity
approaches one and is applicable for bounded values of 2. The heavy tail asymptotic is valid for the GI/GI/1
FIFO queue with subexponential service time distribution (see, e.g., m]), and is obtained by taking the
limit as x goes to infinity for a fixed traffic intensity, that is, it is applicable for large values of x. One can
then think of combining these two approximations to obtain an expression that is uniformly valid on the
entire positive axis.

The approach we take in the derivation of the main theorems is to start with the Pollaczek-Khintchine formula
for the distribution of the steady-state waiting time of the M/G/1 queue, which expresses it as a geometric
random sum, and use the asymptotics for the tail distribution of the random walk. One of the difficulties
in obtaining uniform asymptotics for the distribution of W, lies in the highly complex asymptotic behavior
of the random walk. Surprisingly, most of the cumbersome details of the asymptotics for the random walk
disappear in the queue, but showing that this is indeed the case requires a considerable amount of work. The
qualitative difference between queues with service time distributions with tails decaying slower than eVt
and their lighter-tailed counterparts comes from the asymptotic behavior of the random walk associated to
the geometric random sum. The function e~ V% has been identified as a threshold in the behavior of heavy
tailed sums and queues in ﬂE, ], and ﬂﬁ, m, E], respectively, to name a few references, and we provide here
yet another example.

As mentioned before, the approximations we provide can be used to derive the exact regions where the heavy
traffic and heavy tail approximations hold, but we do not provide the details in this paper since our focus is
on deriving uniform expressions for P(W,, > x) under minimal conditions on the service time distribution.
The setting we consider is the same from M7 E] where the busy period was analyzed. More detailed comments
about the third region of asymptotics that arises when the service time distribution is lighter than eVt can
be found in Remark B right after Theorem B2l For clarity, we state all our assumptions and notation in the
following section, and our main results in Section Bl

Finally, we mention that the expressions given in the main theorems can be of practical use as numerical
approximations for P(Ws, > x), and based on simulation experiments done for service times with a Pareto
(a > 3) or Weibull (0 < o < 1/2) distribution, they seem to perform very well (see Section 4 in [17]). It
is worth pointing out that the uniform approximations given here are far superior than the heavy traffic or
heavy tail approximations individually even in the regions where these are valid, which is to be expected
since they are based on the entire Pollaczek-Khintchine formula; they are also easy to compute given the
integrated tail distribution of the processing times and its first few moments (cumulants).

2. Model Description

Let (W, (p) : n > 0) be the waiting time sequence for an M/G/1 FIFO queue that is fed by a Poisson arrival
process having arrival rate A = p/EV; and independent iid processing times (V, : n > 0). Provided that the
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traffic intensity p is smaller than one, we denote by W, (p) the steady-state waiting time of the queue. We
assume that G(z) = P(Vy < ) is such that its integrated tail distribution, given by F(z) = [ G(t)dt/EVy
is subexponential, where G(t) = 1 — G(t). The sequence {X;};>1 will denote iid random variables having
distribution F'.

Define Q(t) = —log F(t) to be the cumulative hazard function of F and let q(t) = (EV1)~'G(t)/F(t) be its
hazard rate function; note that ¢ is the density of ). Just as in B] and M], we define the hazard rate index

tq(t)

rzli?lsoljp 00 (2.1)

All the results presented in this paper hold for subexponential distributions G (its corresponding integrated
tail distribution F') satisfying the following assumption.

Assumption 1. a.) 0<r <1;
2, ifr=0,

b.) liminf;— o tq(t) > a(r), where a(r) = {4/(1 _), ifr£0.

Assumption [ is consistent with Conditions B and C in E] and M], respectively, and also very closely
related to Definition 1 in ﬂﬂ] All three of these works study the asymptotic behavior of random sums with
subexponential increments applied to either the study of the busy period of a GI/GI/1 queue or to ruin
probabilities in insurance. Also, by Proposition 3.7 in E}, Assumption [ (a.) is equivalent to the function
Q(t)/t™+% being decreasing on t > ty > 1 for any 0 < § < 1 — r, which is the same as equation (3) in
@], where uniform asymptotics for the tail behavior of a random walk with subexponential increments were
derived. As mentioned in [} and ], Lemma 3.6 in [] implies that sup{k : E[X*] < oo} > liminf;_ tq(t),
so Assumption [ (b.) guarantees that E[X}] < oo for all k& < a(r). Furthermore, Assumption [ (b.) and
Lemma 3.6 in [d] together imply that liminf,_ o Q(£)/logt > liminf,_ tq(t) > a(r), which in turn implies
that for some 8 > a(r) > 2 and tg > 1,

Q(t) > Blogt for all t > ty. (2.2)

Although the tail distribution of the busy period in queues with heavy tailed service times is related to that
of its waiting time in the sense that it is determined by G(xz) (see [23,[14, H, H]), the approach to its analysis
is rather different from that of the waiting time, so the only connection between the results in this paper
and those cited above is the setting.

This family of distributions includes in particular all regularly varying distributions, F'(z) = 2~“L(x) with
a > 2, and all semiexponential distributions, F(z) = e~ L) with 0 < a < 1; in these definitions L
is a slowly varying function. The regularly varying case with o« > 1 was covered in detail in ﬂﬂ] Some
subexponential distributions that do not satisfy Assumption [ are those decaying “almost” exponentially
fast, e.g. F(x) = e~ %/log2,

Before stating our main results in the following section, we introduce some more notation that will be used
throughout the paper. Let u = EX; = EV?/(2EV;) and o2 = Var(X;) = EV?/(3EVy) — (EV?/(2EV))%.
Also, define

H—max{lé{()l...}:limsup&>0}+2 (2.3)

o P G ’

and note that by Proposition 3.7 in B], Q(t)/t"*° is eventually decreasing for all § > 0, which implies that
Q(t)/t™0 — 0 for all § > 0. In particular, for r € [0,1/2) this implies that Q(t)/t'/?> — 0 and x = 2. Also,
we obtain the relation (k — 2)/(k — 1) <, or equivalently, £ < (2 —r)/(1 — r). Combining this observation
with our previous remark about Assumption [l (b.) gives that for 0 < r <1 and any 2 <s < (2+47r)/(1 —7r)
we have E[X[T*] < oo.
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3. Main results

As mentioned in the introduction, the idea of this paper is to use the Pollaczek-Khintchine formula to write
the distribution of the steady-state waiting time as

oo

P(Wao(p) > x) = > (1= p)p"P(S, > x), (3.1)

n=0

where S, = X1 + -+ + X, and {X;};>1 is a sequence of iid random variables having distribution F, and
then approximate P(S, > x) by an appropriate asymptotic expression. The approximation that we use for
P(S,, > z) depends on the pair (x,n), and for the heavy-tailed setting that we consider here, one can identify
four different regions of deviations.

The first region is the one described by the Central Limit Theorem (CLT), i.e., where
P(S, >z)~1—@ ((x —nu)/v/no), (3.2)

and ®(-) is the standard normal distribution function. The second region is the so-called Cramér region,
which provides additional correction terms to the CLT approximation. When the distribution F' has finite
exponential moments, the Cramér approximation is given by

PUS—ie22) (10 (2)) (140 (2LEEL)).

where \(t) £ Z;ig A\;jt7 /4! is a power series with coefficients depending on the cumulants of X; known in
the literature as the Cramér series (see [18], Chapter VIIL, §2, or h]) When F is heavy-tailed, nevertheless,
A(t) diverges for all ¢t and a truncated form of this series replaces A(+). In the setting of this paper, only the
terms up to x (as defined by ([Z3))) are needed, and we obtain the following approximation for P(S,, > z)

P(S, > z) ~ (1—®((x — np)/v/no)) e%(m;%)Q"’"Q“(w;ZH), (3.3)

where
K

Ajt?
Qx(t) = Z #, (3.4)
j=2
A2 = —1, and {);};>3 are the coeflicients of the Cramér series corresponding to Y7 = (X7 — u)/o. Note that
if kK = 2, then approximations (B2) and [B3) are the same.

The third region is known in the literature as the “intermediate domain”, and the exact asymptotics for
P(S, > ) in this region can be considerably complicated (see [7] and [20] for more details). Fortunately, the
range of values corresponding to this region in the Pollaczek-Khintchine formula is negligible with respect
to the rest, and we will only need to use an upper bound for P(S, > ). The fourth and last region is the
heavy-tailed region, also know as the “big jump domain” (see E] and ﬂﬂ], for example), where

P(S, > z) =~nF(z — nu).

In the discussion above we purposefully omitted describing the boundaries between the four different regions,
since that alone requires introducing various (complicated) functions and their corresponding asymptotic
behavior. In terms of the Pollaczek-Khintchine formula, it is enough to consider simpler versions of those
thresholds. We start by defining the functions

wi(t) =t?/(Q(t) V1) and w(t) =t*/(Q(t) V1)

where z V y = max{z,y} (z Ay = min{z,y}), and let w; *(t) = inf{u > 0 : t < w;(u)}, i = 1,2. We give
below some properties of the w™! operator; the proof is omitted but can be derived through straightforward
analysis.
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Lemma 3.1. For any continuous function w : [0,00) — [0,00) such that lim;_. w(t) = oo, define the
function w=!:]0,00) — [0,00) as w™(t) = inf{u > 0:t < w(u)}. Then, the following are true

a.) w™ is monotone non decreasing and left-continuous.

b.) w1t is a right inverse of w, that is, w(w™(t)) =t, for all t > w(0).

c.) if W(t) = supg<g<; w(s), then w™t is a right inverse of w for all t > w(0).
d.) wl(w(t)) <t for allt > 0.

We now define the threshold functions delimiting the different regions of asymptotics for P(S,, > x). Let

Ko(z) = {L(x—wz‘l(:r))/uJ V0, if € [0,1/2),
' lmin{wa(z), 2/(2u)}| VO, if r € [1/2,1),

M(z) = [(z —wy'(2))/u] VO,  and  N(z)=[(z—/zlogz)/p] V0.
Note that if » € [0,1/2) and if § > 0 is such that r7+6 < 1/2, then wq(t) > Ct>1=7=9 for some constant C' > 0,
50 wy L(t) < CtY/U=r=8)) — 5(¢). Also, provided r +d € (0,1), wi(t) > Ct>~ 779 so wy ' (t) < CtY/(2=r=0) =
o(t). Therefore, all three functions are strictly positive for large enough x. Moreover, as mentioned in the
previous section, Assumption [l (b.) implies that Q(t) > SBlogt for all ¢t > to for some 8 > a(r) > 2, which
gives wo(t) < wy(t) < B2/ logt, and w, ' (z) > wi (x) > \/(B/2)zlogx for all & > x5. We then have that
K, (z) < M(xz) < N(z) for all large enough z.

To better understand the definitions of the threshold functions consider the zero mean case with finite
variance, for which it is well known that the CLT approximation ([B2) holds for = O(y/n); translating into
the positive mean case, this gives rise to the threshold n > (z —+/cx)/u for some constant ¢ > 0. Substituting
the constant by log - gives the threshold N(z). The Cramér approximation B3] holds, in the zero mean case,
uniformly for 2 < oy (n), where o1 (n) is the solution to the equation #? = nh(z) and E[e"(X1) 1(X; > 0)] < 0o
(sce, [§] §5.1 and the references therein); taking h = @ gives the threshold n > wi (z), and translating into
the positive mean case gives n > (z — wy *(z/u))/p. Note that E[eQX1) 1(X; > 0)] = oo but, for example,
Ele@®)—210e Q@) 1(X; > 0)] < o0, so this choice of & is very close to the boundary of the region. Finally,
the asymptotic P(S, > z) ~ nF(z) as * — oo is known to hold, in the mean zero case, for n < cws(z) (see
Theorem 1 in []), and provided that wy () = o(x) (which occurs when r € [0,1/2)), the translation into the
positive mean case gives the threshold n < (z — wy ' (z/))/pu. When r € [1/2,1) we cannot guarantee that
wa(x) < x/p, so by taking the minimum between wo(z) and z/(2u) we satisfy the condition n < wa(x —npy),
and therefore our choice of K,.(x). We point out that since the thresholds do not need to be too precise, we
ignored the constant y inside of wy Land Wy Yin the definitions of M (x) and K,.(x), respectively, to simplify
the expressions.

The first asymptotic for P(W(p) > x) we propose is given by the following expression based on the
Pollaczek-Khintchine formula, for x = 2,

= 3" (1 p)p"nF(a—np) + P =D 107 < Vi (2)/V7)) (35)

n=

—

and for k > 2,

N(x) QO (E=
f;jr_ Z (1—- P)P"i
M (z)+1

+F [pa(m’z) 1(cZ < \/ulogaz)} , (3.6)

where Z ~ N(0,1) and a(z,z) = (3: - az\/x/u) /. Throughout the paper we use the convention that

T —nu

Ky (@)
Z p)p"nF(x —np) +

Zf: 4 an = 0 whenever B < A. Our first theorem is formally stated below.
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Theorem 3.2. Suppose Assumption[l is satisfied, and define Z,(p,x) according to BH) and @H). Then,

PWe(p) > x)
Zn(p, x)

Remark 1. (i) We point out that the approximation given by Z(p, z) is explicit in the sense that given the
exact form of F', all the functions and parameters involved in the approximation are known. In particular,

. o2Qogp)?z T
E pa(I,Z) 1 (O'Z S \/ET):| = pﬂe 23 ) <\/§ U\/_l gp)

lim sup
00 0<p<l

—1‘20.

e

(ii) This approximation is suitable for numerical computations since it involves no integrals or infinite sums.
(iil) With some additional work once can show that the first term in B3) and BH) can be replaced by

K, (x)
) > (-
n=1
which is asymptotically equivalent to the heavy tail asymptotic pF'(x)/(1— p) for appropriate values of (z, p).
We choose not to use this simpler expression because our numerical experiments show that it would result in
a less accurate approximation for P(Wx(p) > x). (iv) For the case x > 2, the middle term in 0) provides
a direct connection between the Cramér region of asymptotics for the random walk and the asymptotic
behavior of the queue, and also reiterates the qualitative difference between distributions decaying slower
than e~V (k = 2) and those with lighter tails (see [1d], [1], [14], to name some references). (v) Unlike the
next approximation, given in Theorem Bl the expression Z,(p, ) does not work as a uniform asymptotic
inz>0asp ~1for P(Wx(p) > x), since it does not converge to one for small values of z. Nevertheless,
it is not difficult to show that
’ PWa(p) > 2)
im sup
p/ 1 z>&(p) Zfi(p7 JI)

for any #(p) — oo as p /1 (see the proof of Lemma 3.3 in [17]).

—1/=0

In the same spirit of the heavy traffic approximations in m} and ﬂﬂ], where P(Wy.(p) > x) is approximated by
e®3(P) where S(p) is a power series in (1—p), our second result derives an approximation that involves a power
series in log p. The number of terms in this power series is also determined by x (as in the definition of Q(+)),
and its coefficients are closely related to those of the Cramér series. This other approximation substitutes the
second term in ([BJ) and the second and third terms in (B8] by their corresponding asymptotic expression
as p /' 1. The intuition behind this substitution is that these terms only dominate the behavior of Z(p, x)
when the effects of the heavy traffic are more important than those of the heavy tails. Besides unifying the
cases k = 2 and k > 2, this new approximation will also have the advantage of being uniformly good for
x> 0as p /1. In order to state our next theorem we need the following definitions.

Let

A (t) = (1—t10gp+zz e ( )tz (3.7)
1=2 j=2
where Ao = —1, and {\,},>3 are the coefficients of the Cramér series corresponding to Y = (X7 — u)/o. This
function can be obtained by expanding (1 — ¢)Q,(uo~1t/(1 — t)) into powers of ¢; the details can be found
in Lemma Bl We also need to define u(p) to be the smallest positive solution to A/,(t) = 0. Some properties
of A, and u(p) are given in the following lemma.

Lemma 3.3. Define A, according to 1) and let u(p) be the smallest positive solution to AJ,(t) = 0. Then
A, is concave in a neighborhood of the origin,

=

)= _ —i(logp)"

n=1
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and

2

A (’U,( )) _ 10gp+ %(1ng)25 R = 2)
! log p+ 57z (log p)? + O(|log pf*), > 2,

as p /1, where by = —Z—z and for n > 2,

. odnt t\"
" din=1 \ Pu(t)
A, ={(my,...,my) €N": Imq 4+ 2mo + ---+nm, =n}, s, =my+---+my,, and

K—2
Pa(t) = Ay(t) +logp =t > a;t!.

Jj=0

1

n+sp—1 n—
= Y w0 (%) a6 <s-2m,

112

t=0

The second approximation for P(W(p) > x) that we propose is
KT(I) o Y
Axlp,z) = Z (1= p)p"nF (& — np) + ene(w) (3.8)
n=1

where w(p, x) = min{u(p),w; *(z)/x}. The precise statement of our result is given below.

Theorem 3.4. Suppose Assumption[l is satisfied, and define A, (p,x) according to BX). Then,

P(Wx
lim sup |LWVeelp) >2) 1‘ _o.
T30 )< p<l AH (pu :E)
Moreover,
P(Wy
lim sup PWe(p) > ) 1‘ =0.
p/1z>0|  Ax(p,)

Remark 2. (i) As mentioned earlier, the difference between Z,(p,x) and A,(p,z) is in the terms that
correspond to the behavior of the queue when the effects of the heavy traffic dominate those of the heavy
tails. In particular, what prevents Z(p,x) from being uniformly good for all values of z as p 1 is that if
x is bounded, then the second term in ([B3) and the second and third terms in 0) do not converge to one
when p ' 1, which can be fixed by substituting them by their asymptotic expression as p " 1; evaluating
A, at the value w(p,z) = min{u(p),w; *(x)/x} guarantees that the contribution of en o) Becomes
negligible when the queue is in the heavy tail regime. (ii) For analytical applications, Lemma B3] states that
A,(u(p)) can be written as a power series in log p whose terms of order greater than s can be ignored. For
numerical implementations, nonetheless, it might be easier to compute u(p) by directly optimizing A,(¢),
since A,(t) is just a polynomial of order . (iii) By simply matching the leading exponents of the heavy tail
asymptotic and the function %Ap(u(p)), that is, by solving the equation

Elogp = —Q(x),

we obtain that the heavy tail region is roughly Ry = {(z,p) : p < e #R®)/*} whereas on Ry = {(z,p) :
p > e HR®/7Y one should use ex () to approximate P(Wao(p) > ). It follows that the heavy traffic
region is given by the subset of Ry where enle(ulP)) ig asymptotically equivalent to 67%(17@, the heavy
traffic approximation for the M/G/1 queue. We note that when x = 2, the heavy traffic region is the entire
R, but it is a strict subset of Ry if £ > 2, in which case a third region of asymptotics arises where neither
the heavy traffic nor the heavy tail approximations are valid. (iv) As mentioned before, the coefficients of
A, (t) can be easily obtained from the first K — 2 coefficients of the Cramér series of Y = (X1 — u) /o, which
in turn can be obtained from the cumulants of Y.

We end this section with a formula that can be used to compute the coefficients of the Cramér series.



M. Olera-Cravioto and P. Glynn/Uniform Approzimations for the M/G/1 Queue 8

3.1. Cramér Coefficients

The following formula taken from ﬁn can be used to recursively compute the coefficients in the Cramér
series, and we include it only for completeness.

Proposition 3.5. Let Y be a random variable having EY = 0, Var(Y) = 1, and cumulants 1,72, . ...
Let Az, Aa, ... be the coefficients of the (formal) Cramér series of Y, i.e., A(t) = Z;ig Njti /51, Let A; =
{(n1,...,nj) €NV : Iny +2ng + -+ +jn; = j}. Then, for j >3 and sj_o =ni + -+ +nj_a,

s Ym-+2 o
)\J: Z (+S] 2_2 +11_[” (m—|—1)> )

(n1,...,mj_2)EA;_2 m=1
The first four coefficients are given by

Az =73, A1 =71 — 373, As =75 — 107473 + 1573,
X6 = Y6 — 157573 — 1073 + 1057473 — 10573

The rest of the paper consists mostly of the proofs of all the results in Section Bl and is organized as follows.
Section Hl states an approximation for P(S, > ) that is valid for all pairs (x,n) and that will be used to
derive uniform asymptotics for P(W (p) > ). Section H contains the proof of Theorem B2 and Section [
contains the proofs of Lemma B3 and Theorem B4l We conclude the paper by giving a couple of numerlcal
examples comparing the two suggested approximations for the tail distribution of W (p), Z.(p,z) and
A (p,x), in Section @ A table of notation is included at the end of the paper.

4. Uniform asymptotics for P(S,, > x)

In this section we will state the uniform approximation for P(S,, > x) that we will substitute in the Pollaczek-
Khintchine formula () outside of the heavy-tail region. This approximation was derived in [2] for mean
zero and unit variance random walks and it works on the whole positive line as n — oco. Although rather
complicated as an approximation for P(S,, > z), it will be useful in the derivation of simpler expressions for
the queue with the level of generality that we described in Section Bl For the heavy-tail region (small values
of n) we will use in section Bl a result from H] to prove that P(S,, > z) = nF(z — nu)(1 4 o(1)) as & — oo
uniformly in the region 1 < n < K, (z).

We start by stating the assumptions needed for the mean zero and unit variance random walk, and after giving
the approximation in this setting we will show that under Assumption[l] the random variable Y1 = (X1—pu)/o
satisfies these conditions. Then we will apply a slightly modified version of the approximation to the positive
mean case and we will show that it holds uniformly in the region n > K, (x).

The notation f(t) =< g(t) as t — oo means 0 < liminf; o f(¢)/g(t) < limsup,_, f(t)/g(t) < co. We will
also use C' to denote a generic positive constant, i.e., C = 2C, C' = C + 1, etc.

Assumption 2. Let Y be a random variable with E[Y] = 0, Var(Y) = 1 and tail distribution

D) —aw

1-V(EH)=V({#) =< ke ,

t — o0,

where D(t flU\ <t t2dV (dt), @ has Lebesgue density §, and satisfies

limsup —— =7 < 1 and litmian(t)/logt >7F/(1—7).
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Suppose further that E[|Y|*!] < oo, where

o . Q(2)
H—max{le{(),lﬂ,...}.hiris;pm>0 + 2.

Throughout this section let Qx(t) = 25:2 At /5!, where Ay = —1 and {\;};>3 are the coefficients of the

Cramér series of Y, and let S,, = Y; +--- +Y},, where {Y;} are iid with common distribution V (¢). We also
define the functions

b(t) =12/(Q(t) v 1), and b=l (t) =inf{u > 0:t < b(u)}. (4.1)

We start by proving some properties about the functions Q, and b~ L.

Lemma 4.1. Suppose Assumption[d holds. Then, for any s € (7,1) there exists a constant to > 1 such that

a.) Q(t)/t* is decreasing for all t > to,

b.) b=(t) < tYC=9) for all t > to,

c.) b= et) < M8 (t) < ebTN(t) for all t > to and any ¢ > 1,
d.) b=Y(ct) > b1 (t) for all t > to and any c < 1,

Also, the following limit holds
e.) limy_oo e~ QWP O Q(b=1(1)) = 0,

Proof. Part (a.) follows directly from Proposition 3.7 in [d]. For part (b.) note that Q(¢)/t* is eventually
decreasing for any 7 < s’ < s, so

lim % < sup% li !

t—o00 2>1 28" tooo 58

= 0.

It follows that Q(t) < t* for all t > to for some to > 0. This in turn implies that b(t) > 2~ for all t > to,
and therefore, b=1(t) < t1/(2=9),

For part (c.) note that Proposition 3.7 in [] gives Q(cb=1(t)) < ¢*Q(b=1(t)) for any ¢ > 1 and all sufficiently
large ¢, then

b(cl/(2fs)b71(t)) _ ?2/(2_8)(17_1 t))2 > c b_l(t))2 _

Q(/C=b=1(t)) ~ Q(b=1(1))

It follows from noting that b(t) is strictly increasing for large enough t, that

ch(b1(t)) = et = b(b~1(ct)).

=07 (E) > b (et).

For part (d.) let ¢ < 1 and define u(z) = ¢ 'b(x), v(z) = b(c™'z). By Proposition 3.7 in [, o)
*Q(ctx), from where we obtain that

Y

clz? c(c™tx)? clx)?

_ (
Qx)V1 ™ Qe lz) V1 Qe la) Vel T

u(x) =

It follows that u~!(z) > v~!(z), where u=!(z) = inf{t > 0 : cx
inf{t>0:2<b(c ')} =cinf{t >0:2 <b(t)} =cb ().

IN
S
—~
~
S~—
—
Il
S
L
S
5]
S~—
&
B
o,
4
L
5
S~—
I
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For part (e.) let v = liminf; ., Q(t)/logt > 7/(1 — 7) and note that

1 2 1
: Qb (1) A T, v Y Gl () A1)ty O ®)?
thggoe Qe) = t%oe t t%oe b(b=1(t))

~ 2 5 B
= lim e QOW/W Y _ iy = QW/QW)((y)

U— 00 u U—00
< lim e 71os(/QM) Y (y)

~ v+1
lim 762(”)
U—00 uV/(VJFl) '

By part (a) Q(u) < Cu® for any s > 7 and u sufficiently large, and by assumption 7 < v//(v + 1), so simply
choose 7 < s < v/(v + 1) to see that the last limit is zero. O

Lemma 4.2. Suppose Assumptiond holds. Define
N
L(h) = / eMav(t), and H(z)= ]ilnfo(nlnL(h) — zh).
oo >
Then, for any constant ¢ > 0,

eH® = en@e(5)(1 4 0(1)) (4.2)
as n — oo, uniformly for \/n < z < cb=1(n).

Proof. Choose 0 < § <1 — 7 and set s = 7 + 4. Define n(z) = b=!(22) and
m(z,n) = (1 = ®(z/vn)) 1(z < vn) + (1 — ®(2/v/n)) eEHH() (4.3)
Suppose first that 7 € [0,1/2) and note that in this case & = 2 and nQz(z/n) = —z2/(2n). Note that we can

choose & above so that s < 1/2. Then, by Lemma Bl (a.), Q(t)/t* decreases for all sufficiently large t. Also,

22

D(z)

V(-2)=0 for all z > p,

and

n/n(V7) o0
Dfav) = [ vy =1 RGO RER

—1+0 (e—f?(n/n(ﬁ») =140 (1 /Q(n(\/ﬁ))) (by Lemma B (e.))

as n — oo. Define x,, = b~1(n) = n(y/n) and note that

Then, by Lemma 1a in (], we have

m(z,n) = (1 - 2(2/Vn)) (1+0( )



M. Olera-Cravioto and P. Glynn/Uniform Approzimations for the M/G/1 Queue 11

as n — oo, uniformly for \/n < z < yx,,, where v > 0 is an arbitrary constant (see the statement of Remark 1
in ﬂE] to see that the constant v can be arbitrary).

Suppose now that 7 € [1/2,1) and recall that by assumption E[|Y|*1] < co. Then, by Lemma 1b in [2(],

R—2 2V

m(z,n) = (1 - (2/vn)) e2nm %nv—ﬁ(l +0o(1))
= (1 ®(z/vim) e3r (3 (1 4 0(1))

as n — oo, uniformly for /n < z < yn(y/n), where v > 0 is an arbitrary constant. To see that « can be
arbitrary see Remark 1 in [19] where the statement of the result is

GHE) ean(%)(l +o(1))
as n — oo, uniformly for \/n < z < A,,, for a function A,, that in [2] is taken to be A, = n(y/n), and verify
that all the arguments go through if we let A,, = n(y/4n) for any constant ¥ > 0. Then, use Lemma ET] (c.)
to see that n(y/An) = b1 (yn) < (v 1)Y/E=)p=1(n). O
The main approximation is given below.

Theorem 4.3. Suppose Assumptiond holds. Fix € € (0,1) and set

Fyn) = (1— B(y/v) 1y < Vi) + (1 — B(y/va) 5t 13y > i), (4.4)
T e (1 RN Tyen@s ()
J(y,n) \/_{/yﬁv(t)fl) < 7 >dt+ NeT \/ﬁv(yfbfl(z(lJre)n))V(t) dt s, (4.5)
o 1 Q)
C, = tgli}lﬁt (5 + t—2n> . (4.6)

Then, as n — oo, uniformly in vy,
P (80> y) = Fly.m) 1y < (1L+€)C) + I(y,n) 1y = (1= )Ca)) (14 0(1)),
Moreover, there exist constants 0 < v1 <1 < 42 such that Cy, € [y1b~1(n),y2b~1(n)].
Proof. Choose 0 < § < 1—7 and set s = 74 . Note that by Lemma B (a.) Q(t)/t® is eventually decreasing.
Also, since Var(Y7) =1,
P (Sn < t\/ﬁ) — B(t)
by the CLT. Define L(h) and H(z) as in Lemma EE2 and let 7(z,n) be given by E3).
Set 1(z) = b~1(2?) and note that by Lemma Bl (b.) b~(t) < t}/(2=%) for all ¢ sufficiently large, so 1(z) =
0(2%). Since D(t) — 1 as t — oo, we have
D(2*/n(z)) =1+0(1) = D(z),  z— oc.
Let vy =1/(2(1+¢)), and define

v = sym0(ym) 2/ QW)

— _17’L

Then, by Theorem 2 and Remark 1 from m,

P (Sn > y) - (W(y,n) 1y < (1+6)Ch) + \/ﬁ{/yo_oﬁV(t)q)' (%) dt
1

+—/yﬁ Vt)ePv=Dar s 1(y > (1 —€)C,) | (14 0(1))
NEZF NN N !
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as n — oo, uniformly for all y and for any A € [wy,, v,]. Also, by Lemma E2]
eH(z) _ ean(%)(l —i—O(l))

uniformly for v/n < z < ¢b~'(n) for any ¢ > 0. We will show below that C,, < b=(2n) < 2V/C=9)p=1(n)
(by Lemma BTl (c.)), so we can replace 7(y,n) by 7(y,n). Also, by choosing A = b~1(2(1 + €)n) and noting
that for t >y — X\ we have y —t < X\ = b~ (2(1 + ¢)n) < 4Y/C=%)p=1(n) (by Lemma BTl (c.)), we can replace

eHw=1) with ¢"Qx(*7") . This gives the statement of the theorem.

To verify the order of magnitude of C), let h(t) = t(% + %n) and note that h is continuous and a.s.

differentiable. Recall that by assumption Q has Lebesgue density ¢, and note that b(¢) is eventually increasing,
since by Lemma B (a.) Q(¢)/t* is eventually decreasing. Then, for all to < ¢ < b~ (2n(1 — 5)),

: 1 Q(t) —tq(t) _ 1 1
——_p. M o2 —§) — <0.
R'(t) 5N 2 <3 n(l —s) b S 0
For t > b=1(2n) note that liminf, o tG(t) > liminf, o otq(ot + ) — 2 > a(r) — 2 > 0. It follows that
1 Q) —tq(t) _ 1 1
"Y==—npn. 222 27 > " _pn.— >(.
W) =5 -n 7 =3 "y =0
We conclude that C,, € [b=1(2(1 — s)n),b~1(2n)], and by by Lemma Bl (c.) and (d.),
b7H2(1 —s)n) > (2(1—s) AL)bH(n) and b '(2n) < (2V1)YCIp7 (n).

O

We now give a lemma stating that under Assumption [ the random variable Y; = (X; — u)/o satisfies
Assumption Bl Throughout the rest of the paper,

Q) = Q(ot + ) — 2logt, (4.7)
and the functions b and b~!, as well as the constant 7, are defined according to this function.

Lemma 4.4. Suppose @ satisfies Assumption[, then Y1 = (X1 — p)/o satisfies Assumptiond.

Proof. Let Q(t) = Q(ot+p)—2logt, then V(t) = P(¥1 > t) = =20 /2, and since D(t) = [, AV (t) — 1

as t — oo, then V (t) < D(t)t_2e_Q(t). Also, since @ has Lebesgue density ¢, then Q has Lebesgue density
q(t) = oq(ot + p) — 2/t. It follows that

t—oo Q(1) t—oo Qot+p) —2logt = o Q(z) —2logz
< rlimsup Q)

oo Q(2) —2logz’
By ([Z32), there exists 5 > a(r) > 2 such that Q(t) > Blogt for all sufficiently large t. It follows that

) r r
rlimsup

P T2 2)/Q() " T-2/8
where if r > 0 we have r/(1 —2/8) <r/(1 —2/a(r)) = 2r/(1 +r) < 1. Therefore, r <7 < 1 and

lim inf Q) = lim inf M
t—o00 logt t—o0 logt

—2>p3-2.
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Clearly, if r =0 then 7 =0 and 8—2 > 0 =7/(1 —7). If r = 0 we already showed that # < 8r/(5 —2), which

combined with 8 > a(r) =4/(1 —r) gives 7 < 1 —2/( — 2), which in turn implies that 5 —2 > 2/(1 —7) >

/(1 —7).

We also note that for any [ € {0,1,2,...}
Qt)

47041

Q(u) —2logu + 2loga
M)

= o/ lim sup

uUu—00

hm sup

Since for any I € {1,2,3,...} we have limsup, . Q(t)/t"/+1) = /D) limsup,, . Q(u)/ul/+V) it fol-
lows that & = k. Finally, from the discussion following the definition of x, equation Z3), we have that
E[X[7°] < 0o for any 2 < s < (2+7)/(1 — r), which implies E[|Y7|**!] < oo. O

We are now ready to give a uniform approximation for P(S,, > z) that will work over the region n > K, (z).
We choose not to use this approximation in the heavy tail region 1 < n < K,(x) to avoid having to show
that it is equivalent to the heavy tail asymptotic nF (2 — nj). Instead, we use a result from [d] that will give
us without much additional work the heavy tail asymptotic directly.

We point out that we will not apply Theorem to the positive mean exactly the way it is stated, but
instead we use a slight modification that will work better when applied to the queue. In particular, we will
substitute the function 7(y,n) given by A, where y = (v — nu) /o, with the following

- { WV@f K=2,

(~y/\z/p) 1(n > N(z y\/‘é%e"Q”(%) I(n < N(z)), K>2.

The function J(y,n) given in (LX) does not need to be modified since its contribution will be shown to be
negligible in the queue.

(4.8)

(T, n

Lemma 4.5. Suppose Q satisfies Assumption[l. Let y = (x — nu)/o, fix e € (0,1) and define
Bu(@,n) = (2, n) Ly < (L+€)Cp) + J(y,n) Ly = (1 — €)Cy),
where 7t (z,n), J(y,n) and Cy, are given by @), EH) and ET), respectively. Then,

P(S, > z)

lim sup m

T > K, ()

_1‘:0,

Moreover, there exist constants 0 < v1 <1 < 42 such that C,, € [y1b~1(un), y2b= (un)].

Proof. By Theorem and Lemma FE4] we have that
P(Sp > z) = (7(y,n) Wy < (1+€)Cn) + J(y,n) Ly = (1 = €)Cy)) (1 4 0(1))

as ¢ — oo for all n > K,(z), where 7(y,n) is given in [dl). Furthermore, by the same theorem and
Lemma ECl (c.) and (d.), there exist constants 0 < v, < 1 < 75 such that C,, € [y1b~(un),y2b~  (un)]. It
can be verified that

[y < (1+ 0} C {y < 296~ (um)} © {o — 202b~ () < mp} = {n > U(x)}
for sufficiently large z, where l(z) = (z — 207207 (x))/u, so all that remains to show is that 7(y,n) =
7ir(2,n)(1 + 0(1)) as x — oo for all n > I(x).
Note that after some algebra we can obtain the equivalence

2 oy

g
{y <vn}={n>m(x)}, where m(z)= +ﬁ_ T2 +4u—x'

=8



M. Olera-Cravioto and P. Glynn/Uniform Approzimations for the M/G/1 Queue 14

Since N(z) = [(x — Vzlogz

~

/p] < m(z) for sufficiently large x, it follows that for x > 2,

< |0 (~u/Valn) - @ (~y/v) | 10 > m(x)) (4.9)
+ |8 (<l V) — oy VRt (@)

AQHQ“(%) — — n Q%JFHQ”(%)
+\y S B(—y/ Vi)

while for k = 2 we have y?/(2n) + nQ.(y/n) = 0 and

nlr,m) = 7y, )| 1 > 1)) = [@ (—/v/a/m) = @ (—y/V)| 100 > (). (412)

1(N(z) <n <m(z)) (4.10)

1(I(x) < n < N(x)), (4.11)

To analyze [EH) and the corresponding segment of [ZIZ) define s(z) = (x + /zlogx)/u, then

@ (—y/valn) =@ (~y/ Vi) 1n > m(a))
<o (y/W ) = @ (u/Vi) | Lm(@) < 0 < s(2)) + 28 (5/v/7) 1(n > 5())

< P'(0)]y | W ”/I/ | () <n < s(x))+ 2P (—(s(x)u —z)/ 025(:10)) 1(n > s(x))
<ol ;372“) 1(m(z) < n < s(z)) + 20 <_ Uff’og(f))) 1(n > s(z))

. [ (logx)? Vilogx
SC’mln{ Tz ,<I)< 5 )}1(n>m(:17))

Since for n > m(x) we have ® (—y/«/x/,u) >d (—(:1: —pm(x))/\/o%x/p ) — ®(—1), it follows that E3)

and the corresponding segment of [EIZ) are bounded by

Cor(x (y/\/JT) n > m(z)),

where ¢1(2) = min {(logz)?//z, ® (—/mlogz/(20))}. To bound @I) and the corresponding segment
of @I we note that for N(z) < n < m(z) we have nQ.(y/n) = —y?/(2n) + O (y*/n?) (recall that
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nQx(y/n) = —y*/(2n) if & = 2), so

& (<l Vi) - oy et (@)

< [# (~0/VaTi) = oV + 1 - cFe ()

< (y/ﬁ) Wb V) | oV ( y/m)

®(—y/vn)

Voo
L ) e
SC((y +:vi(2w—nu)+(w—xgu) )@(—y/\/x/—ﬂ)

SC% (~v/v/aln),

where for the third inequality we used the relation ®(—z) > ®'(2)z/(2% + 1) for all z > 0. Therefore, [EI0)
and the corresponding segment of ([ZI2) are bounded by

Ca(@)® (~y/V/a/) 1N () < n < m(x)),
where @o(x) = (logz)?/?/y/x. To bound the last segment of ([EIJ) note that the preceding calculation yields
@ (—y/v/ali) - (—y/ﬂ\ 1(U(x) < n < N(x))
<ol ol ( y/Vali) 10(x) < n < N(z)
< C((b‘l(w))i;r z)b~ ( y/\/37) ) <1< N@)).
Since x = 2 implies that Q(t)/v/ — 0, then

(b~ (2))?

(b~ (2))? 2

Gt o0 R
SO C((b_l(:v))z—zi— )b~ (x) < C(b_lx(f))g £ Cops()
where ( 1( ))3 3 ~( )2
. = lim OB gy, QO
wh_}ngo (PS(‘T) = m1—>oo (b(bil(x)) 2 t1—>OO (tQ/Q(t))Q t1—>oo t 0.

We have thus shown that when x = 2,

@ (—y/Valn) =@ (—y/via)| 1> @) € max i@ (~y/V/eln) 1n > 1o

ie{1,2,3}
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Finally, to bound ([IIl) we use the inequalitvy <I>'(z)z/(22 +1) < ®(—=2) to obtain, for [(z) < n < N(z),

NZ3 Qn(2) ¥ (2)
() — (g e nan(2)
YV 2T

y/f) 1 enQﬁ(a)
2/n+1) Von

<
<\/— f+n/>y1 en@(%)
c(“’_”“+ v ) VT (%)
(

G m?) o
b*l(:p) 1 > \/E enQ*‘(%)
y\/2mp '

x log

It follows that ([T is bounded by

Coa(z) () 1(1(z) < n < N(x)),

\/E
yv2mp
where p4(z) = b~1(z)/x + 1/logz. We conclude that

K - < c [ AH ) .
7w (2, n) — 7z, n)| e fhax ¥ (@) (2, n)

for all n > I(x). This completes the proof. O

4.1. A first approzimation for P(Ws(p) > x)

We will now give an approximation for P(W..(p) > z), that although too complicated to be used in practice,
will serve as an intermediate step towards obtaining the more explicit approximations given in Theorems B2

and 41

The idea of this section is to substitute P(S, > ) in the Pollaczek-Khintchine formula ({&1I) the heavy-tail
approximation nF(x — nu) in the range 1 < n < K,.(z), and by B, (z,n), as defined in Lemma E in the
range n > K, (x).

The intermediate approximation for P(W (p) > x) is given by

) o
= > (=pp"nFle—nup)+ Y (L—p)p"fu(z,n) 1y < (1+€)Cy)
n=1 n=K,(z)+1
+ Y A=p)p"J(yn) 1y = (1—€)Ch), (4.13)
n=K,(z)+1

where y = (z — pn)/o, and 7.(z,n), J(y,n) and C,, are given by ), [EH) and ET), respectively. The
last term in ([EI3)) corresponds to the so-called “intermediate domain”, where as mentioned in Section B the
asymptotic behavior of P(S,, > x) is rather complicated. Under additional (differentiability) assumptions on
Q, more explicit asymptotics for J(y,n) have been derived in [20] (sce also [d] for other results applicable
to this region). We point out that S, (p, x) is “very close” to being the approximation in Theorem if we
replace 1(y < (1 +¢€)C,,) with 1(n > M(z)) and ignore the entire third term of Sy (p, x), to see this sum the
tail of the second term of S, (p, z) to write it as the expectation of a function of a normal random variable.

We will now show the asymptotic equivalence of P(Wuo(p) > z) and S, (p, ).
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Lemma 4.6. Suppose Q satisfies Assumption, then

lim  sup M -1/ =0.
T <p< K, (a) | N (T — np)
Proof. Recall that wo(x) = 22/(Q(x) Vv 1)? and wy ' (z) = inf{u > 0: 2 < we(u)}. By Lemma Bl wy ! is non
decreasing, wy(wy *(z)) = x and wy *(we(z)) < x. Let t,, = wy *((u A 1)n)/2, and note that
2 Qw; ' (5))
73 lim sup v/s T

(s)

~—

. Qtn) _ .. Q(wy (A 1)n)/2)
limsup v = < limsup v o (uADn)/2 = (WADTZ e w

NG 2

= —— 1. = .
AT 0 (ol ")) 2 WA DI

Then by Theorem 3.1 in [4],
P(S, — t
lim sup M—l =0.
n—00 >, nk(t)
Next, we will show that for n < K,.(z) we have x — pun > t,.

First, when 0 < 7 < 1/2 we have K,(z) = |[(z — wy "(x))/u), so n < K,(z) implies
x—pn > x— pko(z) > wy ' (2) > wy (K (@) >ty (o) >t

Similarly, when 1/2 <r <1 and K, (z) = |[min{w2(z),2/(2p)} |, we have that n < K, (x) implies
@ —pn >z — pk,(x) > max{z — pwa (), 2/2} > wy ' (wa()) /2

> wy (K (2))/2 > tr, () = ta.

These observations, combined with the fact that the subexponentiality of F' implies that P(S, > x)
nF(z)(1+4 o(1)) as x — oo uniformly for 1 < n < a(x) for some a(x) — oo completes the proof.

oo

Combining Lemmas EE6 and 23] gives the following result.
Proposition 4.7. Define S;(p,x) according to EID) and suppose Q satisfies Assumption[l, then,

lim sup —P(WOO (p) > @)

—1{=0.
T—00 < p<l Sk(p,x)

This first approximation for P(W(p) > x) might not very useful in practice since it involves two integrals,
those in the definition of J(y,n), that are not in general closed-form, and two indicator functions that depend
on the quantity C, (the solution to a certain optimization problem). The approximation given in Theorem B2
is more explicit, and thus more suitable for computations, both numerical and analytical.

5. Proof of Theorem

The proof of Theorem is rather technical, so we divide into several lemmas, the first of which gives some
more properties of the functions b=! and w; L

Lemma 5.1. Suppose Q satisfies Assumption 0. Let Q and b=' be defined according to @) and @),
respectively. Then,
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a.) limg—oo Q(t)/w1 (t)
b.) limy oo VE/wi ' (t) =

= limy_0o Q(#)/b71(t) =0
0.

Proof. To show the first limit in (a.) use Proposition 3.7 in [d] with some r < s < 1 as follows,

i Q) Q') _ . Qlgh)
t—oo wfl(t) t—oo wfl(t) U—00 u
< i WQ'QW) _ <M> o

For the second limit we first note that the same arguments used above give lim; . Q(t)/b=1(t) = 0, so all
we need to show is that limsup,_,., Q(t)/Q(t) < oo. That this is the case follows from
Q) Q1) (e~ v1)*Q(u) : %

0<li =——= <1 — < =1 _
- I?i,soljp Q) — 1?1,80019 Q(ot) —2logt — lﬁsolip Q(u) — 2logu + 2logo lﬁsolip 1—2logu/Q(u)

and ([Z32), which gives Q(u)/logu > > a(r) > 2 for large u.
For part (b.)

. Vit w1 Wl 1(t)) \/u2/Q 1
im — Y T = tim Y~ i = 0.
t—o0 wl (t) t~>oo U—00 U—00 /

Next define Z,(p, z) according to (BX) and ([BH), and S, (p, z) according to IJ). Let

Eipx)=| Y (1=p)p"fule,n) {1y < (1+6)Cn) — 1(n > M(z))}|,
n=K,(xz)+1
Ey(p.) = i@y 1 (L= p)p" T, n) = B [p*@ A 1 (0Z < \Jpwy H(2)/VE)]|, w =2,
’ YNy (L= p)p" Fu(w,n) — B [p" "1 (0Z < /ulogw)] } : K> 2,
Bs(px)= Y. (1=p)p"J(y.n) 1y > (1—€)Cp).
n=K,(xz)+1

Then,
|Sn(p7$) - Zﬁ(p7 JI)| < El(pa JI) + EQ(pa JI) + E3(p7$)

We will split the proof of Theorem into three propositions, each of them showing that F;(p,z) =
o(Z:(p,x)) as x — oo uniformly for 0 < p < 1, and some auxiliary lemmas. We start by giving a result that
provides lower bounds for Z,(p, x).

Lemma 5.2. Fiz ¢ > 0 and let p(z) = e=*R@)/*  Then, for any 0 < p < p(z),

Co _
Zolpr) 2 T F (@),
while for p(x) < p <1,
Z.(p,x) > Ce~wheulp)),

where A,(u(p)) was defined in Lemma[Z3
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Proof. Let J(x) = |2//Q(z)| < K,.(z) and note that
J(x) o
Ze(p,x) 2 Y (1= p)p"nF(x —np)
n=1
J(x)

F(z) Y np"
n=1
= F(x)i (1 _ pJ(:E) —(1— p)J(I)pJ(I)) '

The first statement follows from the observation that for 0 < p < p(z) we have

pJ(ac) < o~ L (@) _ ,—eny/Q(a)+o(1) _ 0

c m(log 0)?

i log and

For the second statement consider first the case k = 2, for which e e (ulp)) —

Zulp.2) 2 B [0 D (07 < i (2)/V7)]
_ b logpt T <\/_w1 (x) U\/_ logp>

= oV 1372
>e Z A, (u(p (\/_Wl () _ ocQ(x )) oA (ulp ))(1 —i—o(l))

o\/T N

as x — oo, for all p(x) < p < 1 (since Q(z)/wy (x) — 0 by Lemma [l (a.)). For £ > 2 we split the interval
RN

[p(x),1) into two parts as follows. Define p(x) =e ~«*v# . Then, for p(z) V p(z) < p < 1,

x o2 T
Zn(pyz) > E [pa(m,Z) 1 (Z < /—ulog:v/a)] > (I)(O)GZIngJrﬁx(logP)z > Cetho(ulr))

For the interval [p(z), p(z) V p(x)) (assuming p(x) > p(x)), let u, = (x —nu)/xz and use Lemma [l to obtain

N(x) Z A (un) u Z A, (u)
(1 — e M (x) e
Zupry > 20 5~ T S o pyyE R
e n=M(z)+1 Un UN (z)—1 U

By Lemma B3 A, is concave on [0, uys(y)], and its maximizer, u(p), satisfies

2
g
U(p)=—ﬁlogp+0(|10gpl2)7 A, (u(p)) =logp+ 2(logp) + O(|log p|*).

24
Also, the derivatives of A, satisfy
I 2 K
A (t) = —logp — ﬁt +0(t*) and AJ(t) = — =t O(t).

Then, for some & between ¢ and u(p) and some constant ¢ > u/0?,

A// +
20 = () + 22 0 — )2 > ) - Lt = (o)
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Note that for p < p(x) we have u(p) > /logx/x+ O(logz/x). Therefore, for any 0 < § < 1 and x sufficiently
large,

UM(n)  oiulte (u)

(1- Ve du
UN (z)—1
Cxdu(p) —22/9
> (1= p)y/med Moo /\/_ : et
V(a1 —u(p)) Z T VCxu(p)

> CeEM O (@ (Vasu(p)) = @ (= v/Colulp) — uney-1)))

> Cenhe(ule) (since v/zu(p) — oo for p < p()) .

The next lemma will be useful in showing the uniformity in 0 < p < 1 of our bounds.
Lemma 5.3. Let a(n, ) be any function that does not depend on p. Then, for any l(x) > 4u~tx/Q(x) and

m(x) < &, we have

_unQ@)
sup 700 Z (1—=p)p"aln,z) Z Q@O 0 (n, 1),

0<p<1 Zﬁ(pv'r n=i(x) n=1(x)

IN

for sufficiently large x.

Proof. Define p(x) = e *2®)/* By Lemma B we have that for 0 < p < p(z),

1 _1a(n, )
sup ——— > (I—p)pamz) < sup C Y (1—-p)p" =2
0<p<p(e) Zrlpr) S 0<p<p(@) S0 Fla

Define h,,(p) = (1 — p)?p"~! and compute k!, (p) = (1 — p)p"~2(n(1 — p) — 1 — p). Note that for p € (0, p(z)]
we have

n(l=p) =1 p>n(l - j(x) — 1 - pla),
&) h;(p)) ZT}? onf(O, p(x)] for all n > (1 + p(x))/(1 — p(z)) (note that (1+ p(x))/(1 - p(x)) ~ 2u~tx/Q(x) as

n— Oé(?’L,I) N 20 \n—1_Q(x)
swp S (- o2 AT N ) 2@ a(n, 2)
0<p<p(x) n=I(z) F(I> n=I(x)

2 m(z)
< co) Z Q@) — 23K )Oé(n x).

x? ’

n=I(x)
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For the range p(z) < p <1 fix € € (0,1) and use Lemma again to obtain

1 C
sup ———— (1 =p)p"a(n,x) < sup (1—=p)p"aln,z)
H()<p<i Z,. (p, ) ;(m) plz)<p<l eHlogP-ﬁ-(l €) z(log p)? n%
m(z)
< CQ(J:) sup 67% logp+nlogpa(n7x)
T D P@)<e<t
n=l(x)
CQ@) X (5 n)ioss
=— Z e (=) °8 (@) oy (n, z) (for all n < 2:/p)
t n=l(x)
m(z)

Proposition 5.4. Under the assumptions of Theorem [T,

E
lim sup M

=0.
T—=00 0<p<l Zn(pa I)

Proof. Define m(z) = min{n € {1,2,...} : nu+(1+¢€)oC, > z}, and recall that M(z) = | (z —w] " (x))/pu].
Let y = (x — nu)/o. Then,

Ei(p,z) = Z (1 = p)p" i (z,n) L(min{m.(z), M(z)} <n < max{me(x), M(z)}).
n=K,(x)+1

Choose 0 < § < 1. By LemmaBE g there exist constants 0 < 3 < 1 < 75 such that C, € [y1b~(un), v2b~ (un)].
Then, for any n > I(x) £ (x — y10b~ 1 (x))/p and z sufficiently large,

v <o) < (5 V1) o) < (149G

where in the second inequality we used Lemma B (c.). Similarly, for any n < k(z) £ (z — 2y20b~(2))/p
and x sufficiently large,
y > 2720 () > 29207 (un) > (1 + €)C,.

It follows that |k(x)] < mc(z) < [I(x)] for sufficiently large x. Hence,

max{|[l(z)],M(x)}
Exr(p,x) < > (1= p)p" sz, n),

n=min{|k(z)|,M(z)}+1
and by Lemma B3,

max{[l(z)],M(z)}
CQ(I) ¢ Z Q( )— #"Q(I)

n=min{ | k(z)|,M(z)}+1

sup i (z,m).

0<p<1 Zr(p,x)

By using the inequality ®(—z) < ®'(z)/z for any z > 0, and observing that n = (x/u)(1 + o(1)) for all
min{ |k(z)|, M (z)} < n < max{|l(z)|, M(x)}, we obtain, for such n and all sufficiently large z,

vz . N NG @ (¥) < oV \/5 82 (140(1)) < Cem
yv2mp yv2mp y\/_

T(x,n) <
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It follows that

max{[l(z)],M(z)}
Ey(p, ) < CQ(x) Z L ZHA (1 gy

n=min{|k(z)|,M(z)}+1
max{|[l(z)],M(z)} ny? o20(x
CQ(z) Z e’(l";)ﬂ (1’ e (R )

n=min{|k(z)|,M(z)}+1

sup <
0<p<l Zr(p,x)

Note that by Lemma BT (a.),

. Q(x) _ Q@)
Rt — ()] v M (@) = €y Hz) Awr (@)

=0, (5.1)

which implies that for sufficiently large x,

max{|[l(z)],M(z)}
\y Bl ca -
0<p<1 Zr(p, x) n=min{|k(z),M(z)}+1
x z—pmax{|l(x)]|,M(z)}
< CQ(J;)/ e_v2/2d’l).
T VE S i@y @)

Finally, by using the inequality ®(—z) < ®'(z)/z for z > 0 again, and (&), we obtain that

—5)2 _ _
(x)ngg;;(mb (@) Awr  (2))?

=0.

. El (pv 'r) .
lim sup < lim —
e=00 0<p<t Zy(py ) T w0 yob=1(x) Awy H(z)

Lemma 5.5. Let h,(z) = w; ' (x) if K =2 and h.(z) = Valogz, if k > 2, then

Bap) < 50 SR - B [ 1 0 < o) V)

\_/

Proof. Recall that a(z,z) = p=! (:1: - az«/:z:/,u) and Z ~ N(0,1). Define L.(z) = [(x — hu(x))/u]. Note
that exact computation gives,

i (1—p)p"® (—y/\/x/—u)
= +1

=E| Y (1-p)p"UZ>y/Va/p)

B

E |: max{|a(z,Z)]|+1,L, +1}}
= F {pLa(w,Z)J-‘rl (a(x, Z) > LN(CC))} _i_me(w)-l-lP(a(x’Z) < Li(z))
5|

Pl DI (7 < (@ = plu(@)) /o2 1) | + o511 (~ (@ = pLu(@))/v/o% 1)
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Observe that hy(z)/v/022/u < (x—pLe(x)) /v 022/ < he(x)/ /022 / -+ p/? /v o2, from where it follows
that Fs(p,x) can further be bounded by

Ba(p,2) < B [pl*@ A1 (he(a) /0% /i < Z < (2 = pLa(@))/ /o] n) | (5.2)

+ ‘E KpL“(I’Z““ - p“(w’z)) 1 (Z < m(@/M)H (5.3)
+pP 1D (~(z — pLe())/ /o0 R) (5.4)

Next, note that since a(z, z) is decreasing in z, we obtain that [&2) is bounded by

ple (s e VTN o 1 (@)oot < 2 < hlw) P+ 12 V7))
= " O (@ (h(a) VP o+ 17 V) = @ () /0% )
< PV (1, (0 £

2))2
< - C 1(1 ho (I)) #(’;U(I)) '

For (B3)) we use the simple bound

(1= B [p" D1 (2 < hela)/v/oa ) |

And for (B4 we use the inequality ®(—z) < ®'(z)/z for any z > 0 to obtain the bound

p(m—hN(m))/u@( /\/W> < h l(m hi(@)) o= u(hzéz)) '

Proposition 5.6. Under the assumptions of Theorem [T,

lim sup
z—000<p<1 Zi(p, )

Proof. Let hy(2) = wy '(x) if K = 2 and h,(z) = Valogz, if & > 2, then, by Lemma 3, we have that

H(hm(t))

Es(p,x) < %p(m hi()) /1= +(1—-pE [pa(w,Z) 1 (O-Z < \/ﬁhH(ZC)/\/E)} .

)

_ Q)

Fix ¢ > 1 and define p(x) = . We will first show that Es(p, z) is o(Z(p, x)) as  — oo uniformly for
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0 < p < p(z). Before we proceed note that hy(z)/\/x — o0 as * — oo (by Lemma Bl (b.) for k = 2) and

E [0 1 (02 < \Jhihu()/V3)]
5logp+M <\/_]”i/_()+ff\/53}(2>gp>
2 gt el (fh o >+aﬁlogp> (fh @) | ovElogp _ 1)

=¢ o\T 1372 oI 11372
(7'23') O, 2
A e (\/—h w (2 )+U\/53i62>gp >_1)
oV I

1 _ phs(@)? 2h,(z 3/2

N O O = <|1ng|2/‘f()+/‘ )

2T o2z o\
slogpr gt () Wha(@)

+e | log p| P ovi)

where for the inequality we used ®(—z) < ®'(2)/z for z > 0. Furthermore,
,uzhli(x> + /LB/Q ) < 6% (17 h;(zZ) 72\/;1,_1‘) IOgP

o2z ovzr) ~

o2z (log p)?

6% logPJr—zMS 1 <| logp| <

It follows that for sufficiently large x, F2(p,z) is bounded by

Op(th”(x))/“ + p(xf Pt g\/\/g)/u'

Now we use Lemma and the observation that h,(z)/x — 0 as @ — oo to obtain

r— 2rlT) )i(z) oT
sup Ealp,z) <C sup ple (I))/“‘i‘l’( )
0<p<p(e) Zr(PsT) = 0<p<p(a) p(1—p)~le=Qw)
< Q@) up <p(zhn(r)u)/u N p(xh“T(z)%u)/u)
0<p<p(z)

cnQ(a hi(z)  oVE cnQ(x)
— CeR®@) (e—ﬁ(w—hN(w)—u)%() + e%(sz#)“T>

<C (e—(c 1— c;mu)) (z) +e ( —1_ch2~_m<w)_2$7)g(z)) -0
as ¥ — 0o.
For the range p(z) < p < 1 we first note that Z,(p,z) > E [p* =] (6 Z < \/fih.(z)//T)], so we have

(1= pE[p"*D 1 (0Z < \/ihe(x)/V7)]
sup
p(2)<p<1 Zw(p, )

<1-p(z)—0

as ¢ — oo. To analyze the remaining term we use Lemmas and to obtain Z.(p,x) > Ciheulp)) >

z o2 E
Ceﬁ(logp+m(1°gp)2_"l(”>2)llogplg) for some 1 > 0. It follows that

OVT  plo—hn(@)/ng= "0
sup .
plx)<p<i I ( ) Zn(pa JJ)
C\/_ sl @)? e (@—hx(@))logp
= 202w sup
h (z ) p(z)§p<1eﬁ(10gp+ = (log p)2—n 1(r>2)| log p|? )
C\/_ u(hz(mm)ﬂ sup eﬁhN(w)s—;f—%er"l(“fz” 53. (5.5)

" (@) 0<s<cuQ(x) /@
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When & = 2 and h,(z) = w; (), [EH) becomes

1 ovT \/ﬁwfl(m) ?
Cvr sup e TR ) o CVr
wi (@) 0<s<enQ(a)/x T wi ()]

which by Lemma Bl (b.), converges to zero as @ — oo. When x > 2 and h,(x) = /alogx we split the
supremum and bound (&H) with

C _plogw Velge  o2g 2 nw 3
e 202 sup e ~ 2u3 "
V 1ng 0<s<min{cuQ(z)/z,z=1/3}
\zlogx 7& 2, nz 3
+ sup e F w1 (7Y < euQ(a) /a)
= 1/3<s<enQ(z)/x
1 ovE . Vploge 2 _ploga | Vwloga 525 172(:;1,377(62(:) 2
< ¢ supe WSRO + sup e 7 TS e )°
- \/IOgZE 5>0 s>x—1/3
o2z 20u30Q(z)  2u%y/logz \ 2
C —om I\ e )8
< 1+ sup e ™ ot — 0
\/logx s>x—1/3
as x — oo. This completes the proof.
Th pletes the proof |

Lemma 5.7. Let y = (x —np)/o and fir 0 < § < 1/2 and 0 < ¢ < 1. Define cs = 6 *(4u~t vV 1)o. Then,
under the assumptions of Theorem [E3, for all n < (x — cb~1(x))/u and x sufficiently large,

Cn3/?_ ouQ@) _ 5242
r F(ovn+ p)e” Ea L(un >z — csb™(z)).

J(y,n) < CnF(oy + u)eé”TnQ(Uy) +

Proof. Let Bc(t) = b=1(2(1 + €)t/p) and V() = P(X;1 > ot + u) = F(ot + p). Then from ) we obtain
that

. 1_ ((U_\/ﬁ)/\ﬁe(ﬂn))/\/ﬁ_ Q.(L)
J(y,n) < nV(y) + n/ V(y — vnz)®' (2)dz + Cn/ V(y — zv/n)e" "\ Vi) dz.
0 1

To analyze the integral involving Q, first note that if k = 2, then nQ,(z/\/n) = —22/2, while if x > 2 then

nQu(z/v/n) = —2%/2 + O(23//n). Therefore, for 1 < z < ((y — /n) A Be(un))//n and n sufficiently large
we have (1 8)2
nQu(z/vi) < ~ 0%

from where it follows that

(1—8)22

V(y—zvn)e 2z dz.

_ (y=VIABe(um) /v _
me§ww+m/
0

We now bound the remaining integral with

5.7!/\/5_ (1-8)=2
Cn/ V(y—2vn)e” 2z dz (5.6)
0
w—vA)/Va_ e
+ Cn/ V(y—zvn)e” =z dz 1(Bc(un) > dy) (5.7)
oy/v/n
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We start by analyzing (), which is further bounded by

_ (y=vnm)/vn 5.2
CnV(\/ﬁ)/ e” = dz 1(Be(un) > dy)
5

y/n
< CnV(V/n)® (—71\}563/) 1(Be(z) > dy)

gcmm?e 3 1(8.(x) > 0y)

C 3/2 ouQ (s (1— 5)52 2 20nQ(x)
= (e R (1-a25%%) 1(Be(z) > dy),
Yy

where in the second inequality we used the relation ®(—z) < ®’(z)/z for z > 0. To obtain the second term
in the statement of the lemma note that for n < (z — c¢b~(x))/u we have

20nQ)(x) - 202Q(x)
(1—=108)02zy — (1 —10)02uch=1(z)’

which converges to zero as  — oo by Lemma Bl (a.). Then, for sufficiently large z,

(1-8)5%42 (1_ 20nQ(x) (1-8)25242 5242

E TR < R o 5<1)2),

Also, by Lemma BTl (c.), Be(x) < (4p=t v 1o~ (x) = 07 Ldcsb™ (). If follows that ([E7) is bounded by

3/2 oy (a 2,2
OT; V(vn)e~ gl — gk L(un > 2 — csb™(z)).

To bound (Bf) we first note that by Assumption [ ¢(t) < (r + 6)Q(¢)/t for sufficiently large t. Also, by
Proposition 3.7 in B (t)/t is eventually decreasing, so we obtain

oy+p
J A0t 70 (r0) L)

V{y —u) = V(y)e oot 700 < V(y)e

Then, the change of variables u = z+/n yields the bound

Sy oy+p 2
a(®)dt _a=on
Cvn'V(y) f(y w10 o du
0
— oy 5 Qey=—w) | (1=8)u?
< CvnV(y) / "
0
oy 2
_ !  (1=d)u
< C\/ﬁV(y)/ T = S gy
0
V1-6 [s nQ(oy
L eteeen? Y (- CEEE) 1
=CnV(y)e 20-9%2 e~z dz. (5.8)

175 (T+(5)71Q(0y) 2T

(1-8)2y

Now, define the set A = {oy > wit (%)} and note that t2/Q(t) = w1 (t) is eventually increasing. It

follows that for large enough =,

pc {wl(ay) . (T+5)2U2x} _ {(T+5)2Q(ay) 5u}'

< —
(1 6)%0n 1—opy ~ @
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Also,

(r +6)20%x } _ { (r+8)nQ(oy) _ dy(1— 5)nu} |

a0 untow < (05 T—0 = (rtom

We then have that for z(z,n) = \1/%6 ((T"Ef)_%?z(sy) — 5y), E3) is bounded by

- nQ(a (r+8)2nQoy)?  z2(x,n) B(—t
OnT(y) | ™2 1(4) 1+ Sty 20 e
t>z(z,n) (I)/(t)

_ nQ(oy) 5(r+8)Q(oy) _ (1-8)62y2 O(—t
S CnV(y) eéu éQz . 1(A) +e (1—9) = 2n 4 sup (/ ) 1(Ac)
> V1-385y ((ké)uu_l) ¢ (t)
= N (r+d6)x

Finally, we note that on A¢ = {nu >z —wpt (%) }, and for sufficiently large =, (1—0)npu/((r+06)x) >

1, so (&8 is bounded by

3unQ(oy) O(—t)
1(A) + v —
Wre = Waw

SpnQ(oy) SpnQ(oy)
x x

Cnv(n) {e 14} < CaV(y)e

Proposition 5.8. Under the assumptions of Theorem [T,

E
lim sup — (p,2)

=0.
T30 )< p<l Zﬁ(pu :E)

Proof. Set y = (x — np)/o and recall that by assumption there exists 3 > a(r) > 2 such that Q(t) > Slogt
for all sufficiently large t. Now choose 0 < ¢ < min{(1—7)/2,(1—r—2/3)/2}. Note that by Lemma EH there
exists a constant 0 < y; < 1 such that C,, > 16~ (un). Define c. = (1 — €)?y10 and ¢s = 6 1(4u~t Vv 1)o.
Then, for any n > I.(z) £ (z — c.b~*(x))/p and = sufficiently large,

y < (1—e)?pb ) < (u_xn v 1) (1 —€)?*y1b H(un) < (1 —€)C,.

Therefore, {y > (1 —€)C,} C {n <l (x)}, and

Lle(z)]
n=K,(x)+1

By Lemma B3,

p Es(p, x) < CQ(x) 3 =2 Iy, ), (5.9)
0<p<l Zr(p,x) x n=K,()+1

for sufficiently large z. Define ms(z) = (z — csb~*())/p. Then, by Lemma BT
Lie ()]

Lle(=)]
Q(x) 75Q() CQ(x) 0¥Q@) — 1 0 ()
_— g e~ = J(y,n) < . g e~ nF(oy+ple = (5.10)
n=K,(x)+1 n=K,(x)+1
le ()]
CQ(x) n3/?_ _0%y?
— —F . 5.11
+ S v we s (5.11)

n=|ms(z)]+1
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We start by showing that (BI0) converges to zero. To do so we first bound it with the following integral

m_KT(w)H u €T) — €T —Uu

CQ(:U)/ % )F(u)e5( QW) gy
z—[le(z)|p

e=plr(@) g6 eu

*ER QTR QW) gy (5.12)

< 0Q(x) /

z—ple(x)

Now, by Proposition 3.7 in [d] we have that Q(z) < (x/u)"9Q(u) for all u < z, from where it follows that

U)K~ < g (2) 1 2= )
ol ot 2
= ”>x_“)(1_r_25)

Let n = 6Y/0=7=9) Next we will split (EI2) into three integrals and use one of the above inequalities to
bound the exponent as follows

min{z—pK,(z)nz} w\1—7r—38 (sm w
CQ(:U)/ eQ(u)((;) LR ))du (5.13)
r—ple(z)
min{z—pK, (z),x/24+p} Y
+CQ($)/ e THFL(r-20) gy, (5.14)
min{z—pK, (z),nx}
z—pK,(z)
+CQ(I)/ e

min{z—pK, (z),x/24+p}

Qo) (1 p95) g (5.15)

To see that (EI3) converges to zero we note that it is bounded by

CQ(x) /m m;l ( )e‘Q<“><1—25>du < 0Q(x) /m :z€<m> e~ B1-20)logu gy,
= CQ(a)(z — ple(x)) P2+
< % (since (1 — 20) > 2)
-t

where the last expression converges to zero by Lemma Bl (a.). To see that (BIdl) converges to zero note
that it is bounded by

z/24p ) (2 —u
CQ(:Z:)/ e~ T (1-r=20) gy 1(x — pK,(x) > nx)
U

xr

(1—r—245)
_ (1=2p/2)Q(nx)
_ C2Q(x) / ’ edv 1(z — pK,(z) > nx)
(

Q) J-(1-r—26)(1-n)Q(nz)
< CCUQ@)G—@Q(W) < Cze—wlog(nw),
Q(nx)

where in the last inequality we used Proposition 3.7 in [d] to obtain Q(z) < n~"+9Q(nz) and then the
assumption Q(t) > flogt. The last thing to notice is that our choice of § guarantees that (1—r—20)5/2 > 1.
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Next, to analyze ([BIH) we follow a similar approach and use the fact that Q(t)/t is eventually decreasing to
obtain the bound

I_HKT(I) u(z—u
CQ(x) / e SHEETR O gy 1 (¢ - K (2) > 22+ )
z/24p

m_MKT(I) z) Ky (z)u
< CQ(:U)/ e I 1mr-20) g, T(pu(Kp(x) +1) <x/2)
z/2
Cx® w1, g4
< 7 (x)e % (K (x) +1) < x/2). (5.16)
Now note that p(K, () +1) < /2 implies that r € [1/2,1), since for r € (0,1/2) we have z — uK,(x) = o(x);

and in this case,
{W( K, (z) +1) < 2/2} C {min{uws(x),2/2} < xz/2} = {uwa(x) < z/2}.
It follows that (BTGl is bounded by

Cr? _pe@ws@
2z

(1—r—24) 2 —5he= (1-r—26)
e Tpwa(z) < 2/2) < CQ(x)“e 2@
2( ) ( 2( ) / )— ( )

1-r—28 —r—
u( ?2" ) pl=r=6

< Czx‘e”

— 0,

where in the second inequality we used Proposition 3.7 in [] to obtain that Q(z) < z™+? for large enough z.

Finally, to prove that (BI1) converges to zero we first bound it with

C (le(x)+1)p 3/2 2 (o)
—Q(x)/ i F(o s/,u)e_é o ds
x ms(z)p r—S
C _ (le(z)+1)p 2 o2
< MF (0 m5(:v)> / e_é ue ) ds
L= (lé(x) + 1):“ mes(z)p
C — o z
< %@F (U mg(x))/ e 7 dz.
b= (z) 5y/(e—(le () +1)p)/ (20 V/E)

Clearly, the last integral is bounded by a constant, and for the other terms we have

lim zF (O’ m(;(x)) = % lim *F(t) = 0,

T—00 % t—oo

since E[X?] < oo, and, by Lemma B (a.), lim, o Q(z)/b~!(z) = 0. This completes the proof. O

Proof of Theorem [ZA Propositions B4 B0 and B4l give

Sn(p,x)
Zn(p, x)

lim sup
00 0<p<l

which combined with Proposition B give

lim sup
T30 0<p<l
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6. Proof of Theorem [3.4]

In this section we prove LemmaB3 and Theorem Bl To ease the reading we restate the definition of A, (p, )

below.
K, (x)

Adpea) = 3 (L= p)p"nF(a —nps) + ek Mo,
1

—~

n

where A, is given by @), w(p,z) = min{u(p),w; ' (z)/x} and u(p) is the smallest positive solution to
AL(t) = 0.
We start with the proof of Lemma and then split the proof of Theorem B4l into three parts.
Proof of LemmalZ3 That A, is concave in a neighborhood of the origin follows from
I 2 I
! _ " —
AL(t) = —logp — ﬁt—l— O(t") and AJ(t) = 2 + O(1).
If Kk = 2 we have A,(t) = (1 —t)logp — %t{ which is maximized at u(p) = —Z—z logp and satisfies
2
Ay(u(p)) = log p + 57 (log p)?.

In general, for £ > 2 recall that P, (t) = AJ,(t) + log p, so u(p) is the solution to the equation P, (t) = logp.
By Lagrange’s inversion theorem,

o d" o/t "] (logp)”
u(p) = Ty (—> ‘ )
et dtn=1 \ P.(t) weo M

where

k1 i/ K—2
P"t(t) => > % (l a 1)2'#—2 & ZO a;t’.
=

i
i=2 j=2 J

Furthermore, by Faa di Bruno’s formula,

b= (T
" din=1 \ Pe(t)
n—1 1

= > (n+ sn-1 = D=1 a7 [T = (a1 g<n2)™,

n mJ.
(ma,...;mn_1)EAL 1 j=1

t=0

where A; = {(m1,...,m;) € NV : Imy +2ma + -+ + jm; = j}, s; = m1 + -+ +my, and ag :—/;—z. Note
that by = —0?/u?. Finally, since

it 3
Ap(t) = (1= 1)logp— 5 +0(*).
we have
o

2 (log p)* + O(| log p|*).

Ap(u(p)) =logp+

We now prove two preliminary results before we proceed to the proof of Theorem B4l
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Lemma 6.1. Let A, be given by BD) and set u, = (x —np)/x. Then,

N(z) e (Ft)
Zn:M(m)Jrl P T—np

LA p(un)

-1 =0

02po1| N
Zn:M(w)-l—l TUp

as r — oQ.

Proof. Define the function

A1) = (1= t)logp+ (1 - ) (U(%w)

and note that

N(x) . nQN(’”;Z“) 1 N(z) eﬁ[xp(un)
Y T TE 2 a
n=M (z)+1 n=M (z)+1

By expanding 1/(1 — t)? into its Taylor series centered at zero we obtain
ut - \jpltd 1
1-0)Qx | ——— | = — - -
-0 () 2 e T

S S ()

=0

nn]

J L
=SS e e
7=2 =0 7
J
_ZZ f“J( >tr+0t"‘+1)
Jj=2r=j 7
J
_ZZ f“J( >tr+0t"‘+1)
r=2 j=2 7

Recall from Section B (after equation @3)) that x < (2 — r)/(1 —7) and w; () < Cx'/Z=7=9 for any
0<d<(1-7r)?/(2—r)and z sufficiently large. It follows that for 0 < ¢ < ups(z)41 < wy H(x)/x we have

2—r

—1 ﬁ"rl 3—2r 2

w X —(=r=8)\ T-r —(A=m)+6(2=7)

wthtl <z (*1 ( )> < Cx (x 2—r—5 ) T e — 0
X

as x — oo. Hence,

N(z) o @ (557) N(z) A, (un)
1 en
ne Tl —(1 1
>oop pr— . > " (1+0(1))
n=M(z)+1 n=M(z)+1
as  — oo, uniformly in 0 < p < 1. O

The second preliminary result is an application of Laplace’s method, which states that the asymptotic
behavior of an integral of the form
d
/ e =M £ (t)dt,
(&

as x — 00, is determined by the value of the integral in a small interval around the maximizer of ¢ on the
interval [c, d]. What makes the proof below very technical is that the limits of integration are functions of z.
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Lemma 6.2. Let p(z) = e~ *R®)/% ¢ >0, k > 2, and define y(z,p) = V/plogz/o +ov/xlog p/u/?. Then,
under the assumptions of Theorem as x — 00,

N(z) nQN(I*"M)
: Ve e = A (u(p)
sup 1_ppn7—eup p(I)—'yp7;L- — 0.
plz)<p<1 el @) | /21 n_MZ(w)H( ) (—v(p,z))

Proof. Let u, = (x — nu)/x and define c(z) = y/logz/x, d(z) = wy *(x)/x. Then by Lemma B

N(x) nQK(mg:“) 1 N(x) o i (un)
nf - - (1+40(1
Vi > pr— - o (1+0(1))
n=M (z)+1 n=M(x)+1
N(x) un  EA,(H)
_ Ve / St (1 +o(1))
H n=M (z)+1 " ¥n+1
d(z) £ (1)
- ﬁ/ © a1+ o(1))
o Je(x)

as  — oo, uniformly for p(x) < p < 1. It remains to show that

U\/—(l— p) 4 et 2 A, (u(p))
Mr/ Lt — e F MO ()| - 0

We start by computing the derivatives of A,(¢):

1
sup —
p<p<t eneulp

2
AL (t) = —Tlogp — %H— o(?) and A1) =-L 4 o),

and note that ¢ — 0 for all 0 < ¢ < d(z). Also, we have u(p) = —Z—jlogp + O((log p)?) = %(1 p) +
O((1 — p)?) € (0,d(x)) for all p(z) < p < 1. Set e = g(x) = 1/loglogx and note that for p(z) < p < 1
u(p) = o(d(x)), so for sufficiently large = we have

d(z) ,ihe(t)
O'\/E(l —P) / err dt—G%Ap(u(p))(I)(—’Y(p,I))
,u3/2 /o t

)

E(p,z) £

1 p) [e@VOtu(e) EAn(0
< |22 /. it~ F MDD (o (p, ) (6.1)
V2w Je@wvia-oue) ¢
d(x) P EM (D) c(@)V(1-e)u(p) LEA ()
+CVz(1 —p) / dt+/ dt (6.2)
c@Vteulp) o(z) t
To bound (ET]) note that for some & between ¢ and u(p),
)
c(z)V(1+e)u ZAL(t) V(l+e)u p (t—u(p))?
/() (o) e dt:e%w(p))/ cloireuie) ¢ dt.
cl@V-eup) 1 e(@)V(1—<)u(p) t

so (B is bounded by e (“P) F(p z), where

0,\/—(1_ )/c(m)V(1+E)u(P) emAg:&)(tfu(P))z
p3/2y/2 W(i—e)u(p) t

F(p,x) = dt — @ (—y(p, 2))|.
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To see that sup;(,)<,<1 F'(p, ) — 0 note that for (1 —e)u(p) <t < (1 + e)u(p) we have Aj(t) = —“—2 +
O(Jlog p|) and also t = u(p)(1+0(1)) = —Z log p(1+0(1)) = Z (1= p)(1+0(1)). Let A = {c(x) < (1-e)u(p))
and let ((p) = max _cyu(p)<t<(1+eyu(p) [N (t)|. We start by analyzing F(p, ) 1(A), for which we have

F(p,x)
{ W [ B | R >>}1<A>
(1—e)u(p)
VEG) ) 22 _
7a e ViE(1 = €)u(p) U\/—logp
{ 1+0(1)) _%mw(p)\/gdz—i-@( . P )}1(/1)
{ (14001 (1—2@ (— f/é;—fp)gu(ﬂ)>>+‘1’(—@(1+0(u(ﬂ)/5)))}1@4)

IN

30 ( “m( )(1+0(1))) Fo(l) =0

x A7 (£¢)
as x — oo, uniformly for j(z) < p < 1. To analyze F(p7 x) 1(A°) we note that on A° we have e™ 2# (t=u(p))® =

o~ 32z (t—u(p)*+O0(eu(p)®) _ (1+o0(1))e” =y (t—u(p))? , which yields

c@Vte)ulp)
_ |V (1+o(1))/ e 3a7 )’ gt §(—ny(p, 2))| 1(A°)
oV 2 e(a)
( T ) — B(—(p,2))| 1(4%)
=|(14+o0(1 dz 1(c(z) < (L+e)u(p)) — P(—v(p,z))| 1(A°
Y (o) —u(p)) V2T

IN

@ (Y2 () clo)) = @(-(p. )| elo) < (14 ulp) 14

+d( - \/(';ﬁsu(ﬂ)) 1(e(z) < (14 e)ulp)) + P(—v(p,z)) 1(c(z) > (1 +e)u(p)) + o(1)

=¢ ’%w = c(@)) +7(p,x)| Ue(@) < (1+£)u(p)) 1(A°)
# 0 (o) 0 (et + Ofaeta)®)) + o)

< OVze(r)? + 20 (— \/ﬁac(x)(l + 0(1))) +0o(1) =0

g

as x — 0o. We have thus shown that &1) i s o (e%AP(“(p))) as ¢ — oo, uniformly for p(x) < p < 1. We now
need to show that the same is true of ([G2).

Note that ([E2) is bounded by

CVz(1—p) ( o (c@Vteule)) 4 oihe((=2)ulP)) 1(c(2) < (1 — e)u(p))) /( : gdt

1
< OV = p)tog (L) (EM0HD 1((1 4 2Julp) > o)

FeEME) 1(1 4 eu(p) < ef)) + eFM DU 1(1 = eJu(p) > e(a)))
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Note that for any ¢ and some & between ¢ and u(p),

A// 4
20) = Ayfue) = N0 ) — 1)+ 22 ) a2,

which gives that for (14 e)u(p) > c(x), A, (1 £ e)u(p)) = Fue) O(u(p)?), and

o2

A (1 £ 2)u(p)) < A, (u(p)) = |A,((1 £ ulp))leu(p) + —eu(p)* (1 +o(1)
2
= A, (ulp) = 55&2u(p)*(1 +o(1))
< Ay (u(p)) = 2= c(@)*(1+0(1))

20
= A, (u(p)) = 2= (elw) = u(p)*(1 + o(1))
< A, (u(p) = 5=5&"c(@)* (1 + 0(1))

Therefore, ([G2) is bounded by

Cvz(1 - p)(log x)e%Ap(“(P))*2“;—%520(1)2(1+0(1)) — 0o (eﬁAp(U(p))) _
This completes the proof. |
Finally, we give below the proof of Theorem B4l

Proof of Theorem[5) Note that by Theorem we know that

P(Wpy(o0) > )
Zﬁ(p, CL‘)

so for the first statement of Theorem B4l it suffices to show that

lim sup
T30 0<p<l

An(p, CL‘)

lim sup m

T—00 )< p<l

- 1‘ ~0. (6.3)

The second statement, which refers to the uniformity in « as p /1 will follow from Lemma 3.3 in ﬂﬂ] once
we show that supg,«(1—p)-1/4 [As(p,z) — 1] — 0 as p /" 1. To see this is the case simply note that for all

0<z<(l—p)~t/4

K, (x)
[An(p.z) =1 < (1—=p) > n+

n=1

< C(1—p)z® + Callogp| < C(1 = p)*/>+C(1 - p)~/*|log p| — 0

eEM D) 1| < 0(1 = p)K,(2)? + |exde(wlom) _ 1‘

as p /1. We now proceed to establish (E3]).
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Let hy(r) = wy *(2) if K = 2 and h,(z) = rlogz if x > 2, and set u,, = (x — nyu)/z. Then,

o\/T & enQu(53)
Zo(p, 1) — An(p,7)| = 1) (e > 2
12x(pr) = Anlp,0)] = | Zo= _MZ(:)H( PP e >2)

N(z) n z—np N(z) LA (up
_ oVl —p) S (=) e olun) 1> 2)
27‘—” n=M (z)+1 T np n=M (z)+1 Lln
N(z) LA (un)
o(1—p) e
— 1(k > 2)
V2T px n_MZ(I)H Unp,

+E {pa@-z) 1(cZ < \/ﬁhn(x)/\/z)} _ eiAew(pa))]

Define p(z) = e~ 2#Q@)/* We separate our analysis into two cases.

Case 1: p(z) < p < 1.

Note that for this range of values of p we have, by Lemma B3 that u(p) = —Z—z log p(1 4+ o(1)), and by
—1

Lemma BTl (a.), that u(p(x)) =~ 201%@) <4 z(m) for all sufficiently large x. It follows that w(p,x) =

min{u(p),w; ' (z)/2z} = u(p). Also, by Lemma Bl we have that there exists a function ¢; () | 0 as x — oo
such that

< 1 2 6.4
STt S T e (6.4)
N(z) Z A, (up)
a(l—p) err = A, (u(p))
= — eEM O (—r(p,2))| 1k > 2) (6.5)
V2T px n—MZ(z)—H Un

+ [FN O D (p,2)) 1(n > 2) + B [p"5 D1 (07 < k(@) /V/7) | = 00D

where y(z, p) = /ulogz /o + o+/x log p/p?/?. Furthermore, by Lemma we have that (B4 and ([GH) are
bounded by ’ |
o1 (2)en e WO (B (—~(p, x)) + pa(@)) + pa(a)en 2o P

for some other @, (z) | 0. Since by Lemma B we have that Z,(p,z) > Cex ) on j(z) < p < 1, it only

remains to show that the term following (1) is o (G%Ap(“(’) ”). First we notice that exact computation gives

EN D~y (p,2)) L > 2) + E [p"5 D1 (07 < i (2) V) | = eF 00D

z UQ(IOgP)Z
) £ (toert 22525, ) (ia(a) | oy/Tlogp
=enr D(—v(p,x))1(k >2) +e o + -1
U\/E /1'3/2
o2 (u(p) g (_ ﬁ;g;(m) _ o\/;}ggp) , k=2,

2 2
f(logp+7" Coge) _Ap(u(P))>

MO (y(p, 2)) [ “1], k>2,
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When k = 2 we simply have

Viws ' (z)  oyElogp _ Vi (z)  20Q(x)
ﬁ(zs)lgd(b(_ oz pd? >_(I)(_ o\/x +u1/2\/5>_)0

as x — oo, since by Lemma Bl (a.) Q(z)/w; ' (x) — 0. When s > 2 note that

5 (tom o 2202522 -, o))
sup @ (y(p,z)) |e" * -1
plz)<p<li
T 1
<C sp @ <\/u ogr U\/EI3 ngl) o] log p°
pz)<p<t o p
C T
< wp O (Lg - t) g
ag

\/5 0<t<20Q(x)/\/nT
c C 1
it swp @ (o (1- YEET) 6 o

IN

T t>g1/8 U$1/8

as r — oo.

Case 2: 0 < p < p(x).

For this range of values of p we use Lemma to obtain that Z,(p,z) > Cp(1 — p)~te~?®) which together
with Lemma B gives, for 0 < p < p(z),

N(x) o2, (un)

|Zi(p,2) = An(py)| _ C = p)e®™) | (1—p) 1(x > 2)

Zn(p, x) - P \/5

U
n=M(xz)+1 "

FE [P0 (07 < Jihu(@)/V3)] + eﬁAp<w<m>>}

. wfl(m)-i-u 1
S Op—leQ(I) \/EegAp(w(pvm)) /\/— —d’ll, 1(/4/ > 2)
z log x u

Lok 1ogp+"2’”;L7°§'”2(1) (\/ﬁhn(iﬂ) Uﬁlogp) n e%Ap(w(p,z))} '

0—\/5 ,LL3/2

Let ¢ = max{1,2u%/0?} and p(x) = e=¢@r @)/ and note that

sup 1 2alp.2) —Acp D)l Cp—lec;(m){\/glogxeﬁwll(x)/m)
0<p<p(x) Zy(pyx) 0<p<p(x)
o~ x(lo; 2
—i—eﬁlongr; éluggp)2¢ _U\/ﬂ log p| 1 hue ()
u3/? o2x|log p|
v o2z(log p)?  o2z(log p)? %y (x)
< sup CpleQ® ) perteeri@ym L Rleser s o sy (1-2s)
O<p<ﬁ(ac) \/E| 1Og p|
(w—w Y (@)—p) (wt@)?
< Ce?®)  sup :velflogﬁo(% +71 e o p
- 0<p<[3(iﬂ) \/E| log p|

¢wl (@)

-1
_CGQ(x){xe—  (1o(1) | VT 6_417“(1%(1))}7

wy *(x)
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which converges to zero as x — oo since by Lemma BTl Q(z)/w; *(z) — 0 and /z/w; *(x) — 0. For the
range p(z) < p < p(z) we have, by Lemma B3]

Zn ) - An )
sup |Zx(p, ) (p, )]
P(2)<p<p() Zx(p; )

d2m(log p)2

< sup CeB® {\/Elog zen o) 1 (5 > 9) + e OB/ TR e%AP(“(’)))}

p(z)<p<p(w)

. 22 (log p)?
<  sup Ce®W@gen log pt ==, 55— (1+o(1)
p(z)<p<p(z)

Q@)+ E o8 (@) (140(1) _ (1= Qe)(10(1))

which also converges to zero as x — oo since Q(z) > 2logz by [Z2). This completes the proof. O

7. Numerical examples

We conclude the paper with two examples comparing simulated values of P(W(p) > x) to the approxima-
tions Z,;(p,z) and A,(p, x) suggested by Theorems and B4l For illustration purposes we also plot the
heavy-tail and heavy-traffic approximations
o x
= pF(x) and exp{ M(l p)} .

The simulated values of P(Wx(p) > z) were obtained using the conditional Monte Carlo algorithm from
ﬂﬂ], and each point was estimated using 100,000 simulation runs. We point out that simulating heavy-tailed
queues in heavy traffic is very difficult, and in particular, the simulated values of P(W(p) > z) for pairs
(z, p) in the region around the point where the queue’s behavior transitions from the heavy traffic regime into
the heavy tail regime, are highly unreliable. In terms of the approximations Z,(p, z) and A, (p, z) suggested
in this paper, they tend to be sensitive to the mean and variance of the integrated tail distribution, yx and
o, respectively, so we suggest first scaling the queue in such a way that both parameters are small (of order
one). We give two examples below, one in which the integrated tail distribution is lognormal and one where
it is heavy-tailed Weibull; note that no M/G/1 queue can have exactly Weibull integrated tail distribution,
since its density is not monotone, but there are valid distributions (with decreasing densities) whose tail is

asymptotically Weibull. For the lognormal(a, 3) example we used Q(x) = (logz —)?/(26?), which although
an approximation to log F'(z) works well in practice.
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