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Abstract— This paper establishes necessary and sufficient con-
ditions for reliable transmission of a source over a relay channel
when source side information is available non-causally (a) only at
the receiver, (b) only at the relay, or (¢) at both the relay and the
receiver. For the cases of side information only at the receiver and
at both the relay and the receiver, we establish tight necessary and
sufficient conditions that apply to any relay channel and show
that source-channel separation is optimal. When side information
is available only at the relay, we establish a necessary condition
for reliable transmission and show that it is tight for the class
of degraded relay channels and that source-channel separation
is optimal in this case,

I. INTRODUCTION

The general problem of multiple user information theory
is that of reliable transmission of correlated sources over
noisy channels. In [1], Shannon showed that source-channel
separation is optimal for sending a source over a channel.
This is not in general the case for multiple user scenarios.
In [2], it was shown that source-channel separation is not in
general optimal for sending correlated sources over a multiple
access channel. The paper also proposed a joint source-channel
coding scheme, which was later shown not to be optimal in
general [3]. In [4], the problem of sending a source over a
broadcast channel with receiver side information is studied,
where a sufficient condition is proved using a joint source-
channel approach [4].

In this paper we study the problem of sending a source
over a relay channel with source side information available
non-causally at the relay and/or at the receiver. This problem
is motivated by the sensor network setting depicted in Fig.
1 in which a sensor 57 is queried about its measurement by
a data collection center D). To send 57’s measurement to ),
other nodes in the network can be used as relays. In many
applications the nodes, including the collection center, may
have measurements V5,..., Vs that are correlated with that
of $1. How should these measurements be used to help in
transmitting 57’s measurement to D)7

The problem of sending a source over a relay channel with
side information available only at the relay was studied in
[5]. The paper established a sufficient condition for reliable
transmission of a source that uses block-Markov and list-
decoding and showed that the correlated source at the relay
can increase the transmission rate. This sufficient condition
was proved using a joint source-channel scheme.

The remainder of this paper is organized as follows. In
Section I, we provide the needed definitions and review
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Fig. 1. Sensor network with correlated measurements.

the main results in the paper. In Section III, we study the
case when side information is available only at the receiver.
In Section IV, we study the case when side information is
available at both the relay and the receiver and in Section V,
we study the case when the side information is available only
at the relay.

II. DEFINITIONS AND MAIN RESULTS

Let (U, V) ~ p(u,v) be a pair of correlated i.i.d. sources
and (X, X1, p(y, v1|z,®1), V, V1) be a discrete-memoryless
relay channel. We wish to send U reliably from X to Y at a
rate of one symbol per transmission in the presence of side
information V' available non-causally (a) only at the receiver
Y, (b) only at the relay (X1, ¥1), or {(c) at both the receiver
and the relay as illustrated in Fig. 2.

More precisely, we define a (277
with-side-information to consist of:

,n) code for the relay-

1) An encoder that maps each sequence u™ < U™ into a
codeword z™{u™).

2) A set of relaying functions defined as zy; = f; (yifl),
i = 1,2,3,..., for scenario (a), and as z1; =
Flom i1, i =1,2,3,. ., for scenarios (b) and (c).

3) A decoder that maps each received sequence pair
(y™,v™) into an estimate 4™ in scenarios (a) and {c)
and maps each received sequence ™ to an estimate @™
in scenario (b).

The average probability of decoding error is defined as

P — prirm £ U,

The source U/ can be sent reliably over the relay channel if
there exists a sequence of (2"#,nr) codes with P 0as
n — oo. We seek to find necessary and sufficient conditions
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Fig. 2. Relay channels with source side information V™.

for reliable transmission of {7 over the relay channel for each
of the aforementioned side information scenarios. We also seek
to answer the question of whether source-channel separation
is optimal for each of these scenarios.

In the following, we shall denocte the capacity of the relay
channel (X, X1, p{y, 1|z, z1), ), )V,) by ' and recall the
multi-letter expression for C' in [6]

C = lim C,,

—0G

where
1

C, == max

T{X™ Y™,
ey, {FiiT

Note that without side information, IV can be reliably transmit-
ted over the relay channel iff H(U) < C, ie, if H{l) < C,
then there exists a sequence of (27#,n) codes with PR
as n — oo, and H(I7) < C for any sequence of (27% n)
codes with Pe(n) — 0 as n — oc. The proof of this result is
straightforward and therefore will not be included.

Main Results

The main results of this paper are as follows:

« For scenario (a) discussed in Section III, we show that a
source can be transmitted over a general relay channel iff
H{U|V) < C. This shows that source-channel separation
is optimal in general for this case.

¢ For scenario (c) discussed in Section IV, we again show
that a source can be sent over a general relay channel
iff H(UV]V) <  and that source-channel separation is
optimal in general.

« For scenario (b) discussed in Section V, we show that for
a source U to be reliably transmitted over a general relay
channel, it is necessary that

H({) < max min{I (X, X1;Y),

piz,21)

IXn|X)+1E V)Y )
We show that this condition is sufficient for the class
of degraded relay channels. The proof of sufficiency
follows from the result in [5]. We provide a proof, which
uses separate source and channel coding that shows the
optimality of source-channel separation for this class.

III. SIDE INFORMATION ONLY AT THE RECEIVER

We establish a necessary and sufficient condition for sce-
naric (a), that is, when the side information V™ is available
only at the receiver Y.

Theorem 1: A necessary and sufficient condition for U7 to
be reliably sent over the discrete-memoryless relay channel
(X, X1, ply,y1|z, 1), YV, V) with capacity ' is given by
H{{V) <.

Proof: To establish sufficiency we use separate source
and channel coding. The encoder performs Slepian-Wolf en-
coding followed by optimal channel encoding of the bin index,
and the relay uses its optimal set of functions. The decoder first
decodes the bin index, then performs Slepian-Wolf decoding.
Clearly this can be performed reliably if H(U|V) < C.

To show the necessity of the condition, we first apply Fano’s
inequality to obtain

HUT™) < ne,.,
for some ¢, — 0 as n — co. Next consider
nH(U) = (U™ U™ + HU|U™)
< Iy [7”) + ney,
SIS Y™ V™) 4 ne,,
= HU™SY™) + [T VY™ + e,
= IU™Y™) + HV™) = HVY™,U") + ne,

@ [ ey ¢  HVTY - HVHU™ 4 ney

()
< XYMy +nl(U; V) +ne,

(e)
< n(C+ U V) +e).

Step (a) follows from the fact that V™ — U™ — Y™ form
a Markov chain, step (b) follows from the fact that /™ —
X™ — V™ form a Markov chain, and (e) follows by the
multi-letter definition of relay channel capacity in Section II.
Thus as n — oo, H(U|V) < C. This completes the proof of
the theorem. ]
Note that proof of the above theorem also shows that source-
channel separation is optimal for this scenario.

IV. SIDE INFORMATION AT BOTH THE RELAY AND
THE RECEIVER

We now consider scenario (c¢), where the side information
is available at both the relay and the receiver.

Theorem 2: A necessary and sufficient condition for send-
ing U7 reliably over a discrete-memoryless relay channel when
the side information V' is available at both the relay and the
receiver is given by

HUV) <C. @
Proof: To establish sufficiency we use the same scheme
as in scenario (a). Because the condition is same as that of
scenario (a), H(U|V) < C is achievable.
To show the necessity of the condition, we first apply Fano’s
inequality to obtain inequality

H{U™V™ Y™ < neg,
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where ¢, — 0 as n — oco. Now consider
nH{UV) < IU™ Y™V™) 4 ney

< TX™YTV®) + ney

= Zp(v”)I(X”; Y% |o™) + ney,

(a)
< Zp(vn) max XY™™
= ple=lom), {felyy Hom)}
+ ney
=nCy + ney,
where the last step follows by the fact that the
max term in the previous step is the same as

max, .. {fl(yi—i)}I(Xn;Yn) = n(,. To see this note
that the mutual information term in () is a function of the
conditional pmf

s

s
pla"v"™) H pleily ™ v") H p(Ys, yis 21, 211).
i=1 i=1

Thus »™ is simply a label and does not change the range of
plz™|v™), {fi(y7 1 v™)} in the maximization. Hence as n —
oo, H{U|V) < . ]
The above theorem shows that source-channel separation is
also optimal for scenario {c).

V. SIDE INFORMATION ONLY AT THE RELAY

Here we consider scenario (b), where side information V'
is available only at the relay. In the following subsection we
establish a general necessary condition for reliable transmis-
sion of U7 over the relay channel. In Subsection V-B, we show
that this necessary condition is also sufficient for degraded
channels and that source-channel separation is optimal in this
case.

A. Necessary condition

We establish the following necessary condition for scenario
(b).

Theorem 3: A necessary condition for the source U7 to
be sent reliably over a discrete-memoryless relay channel
(X, X1, p{y, vz, x1), V, V,) with side information V' avail-
able non-causally only at the relay is given by

H{U) < max min{{ (X, X1; ), I(X; Y, Y| X)+({U V)L

p(z,21)

for some ¢, — 0 as n — oo. To show the first inequality,
consider

nH (N < I{U™; [Afn) + ne,
< LU Y™) + ney
=D IUHYY T + ne,

i=1
= HY) - HYU™, YY) + ney
i=1
< E(H(K) — H(Y;|X;, X1, U™ YY) + ne,,

i=1

= ST(HY) — H(Yi|X:, X02) + nen

e
-

|

Il
-

X, X955 Y5) + ne,.

T

To show the second inequality, consider

rHUV) < I{U™U™|V") + ney,
< TX% Y™ YV™) + ney,

X" Y, YV YL YY) +one,

I
[]=

Y

[I&
&

i

M ¥ =

I(Xn: 1/2‘3 Y15|Vﬂ, Yl?:_la Xlia Yi_l) + nen
1

.
2

< O (H (Y Y X1g) — H{Y;, Vi Xug, X)) + ne

s
sl
=

I(X5 Y3, Y05 X)) + nea,

s
Il
-

where (@) follows from the fact that X1; = £(V™, Y/ 1), &
B. Degraded Relay

We show that the necessary condition in the previous
subsection is tight for the degraded relay channel, that is, when
the channel conditional pmf is given by

ply, |z, z1) = plalz, z1)p(y|n, 1),

for all (z,z1,vy,v1). Note that for the degraded relay, the
necessary condition in Theorem 3 reduces to

plE,Ty
“4)

We now show that this condition is also sufficient.
Proposition 1: The necessary condition in Theorem 3 is
tight for the degraded relay channel.
Proof: The achievability of the above necessary condi-
tion was proved using a joint source-channel scheme in [5].

. . (3) We show that it can also be achieved using separate source and
Proof: By Fano’s inequality charnel coding scheme. This is acheived by a combination of
i Slepian-Wolf source coding and decode-and-forward [7]. The
H{U™U™) < ney, set of u™ sequences is partitioned into roughly 2(H{U[V)+e)
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Fig. 3.

bins. Each typical sequence u" € A™, where 4™ refers to
the set of weakly e-jointly typical sequences as defined in [8]
is then assigned a unique pair of indices, its bin number w
and its index number % in the bin (non-typical «™ sequences
are assigned & = 1). In block 4, the sender sends the bin
number of the sequence w7 and additional partial information
about the bin number of uj 4 to cooperate with the relay to
resolve the receiver’s uncertainty about u3_;. The relay first
decodes the bin number of ¥, then finds «7 by using the side
information v. Simultaneously, the relay cooperates with the
sender to resolve receiver’s uncertainty about uf_; in block
7. This scheme is illustrated in Fig. 3.

We now provide a more detailed outline of the proof.
Generation of codebooks: For the source codebook, randomly
partition the set »™ into 2 WIV)+€) ping, In each bin, there
are almost 27U WiVI+e) o7 typical sequences. Assign a unique
index w & [1,2*HWUIV)9)] to each bin and assign a unique
index k € 1,27 UiVIHe)] to each typical u™ sequence in each
bin. Assign the index & = 1 to non-typical «™ sequences.

For the channel codebook, fix p(z1)p(z|z:1). Generate at

random 2o+ WiVIte) i d a2(s k), ¢ € [1,27F0] accord-
ing to [[;_, p(z1:). For each 7 (s, k), generate 2°(H WIV)+e)
conditionally independent z"{w|s, k) sequences according to
117, p(x:]z1s). For each bin number w, assign an index s(w)
at random from [1,2%%%]. The set of bin numbers with the
same index s forms a hin S, C [1,24HUIV)+e)],
Encoding: In block j, the source encoder at the sender finds
the bin number for the new source sequence uj and the index
of w7 in that bin. Let w; be the source message bin number to
be sent in block j, and &; be the index of »} ; in block j—1.
The sender source encoder outputs (w;,k;41) to the channel
encoder. Assume that w;_; € SSJ. The channel encoder at the
sender sends ™ (w;|s;, k;).

The source decoder at the relay has an estimate of w7, and
outputs ﬁ;{l to the source encoder atﬂthe relay. The source

encoder at the relay estimates (éj,l,fﬂj) of (w;_1,k;) and

sends (zﬁj,l, f:cj) to the channel encoder at the relay. Assume

that ;1 € S , then the channel encoder at the relay sends
~ 7

2% (8, ky) in block 3.

Source-channel separation for the degraded relay channels with source side information V'™ at the relay.

Decoding : Assume that at the end of block 5 — 1, the
channel decoder at the receiver knows (wi,ws,..., w;_2),
(s2,...,8;_1), and (ko,...,k;_1), and the channel decoder
at the relay knows (wi,ws,..,wj_1), (s2,..,8;), and
(ko,....k;). The decoding procedures at the end of block j
are as follows.

1) Upon receiving y7'(7), the channel decoder at the relay
declares that «; was sent if it is the unique index
such that (™ (;]3;, k), 27 (35, k), 47 () € ALY,
otherwise an error is declared. The source decoder
at the relay then finds the unique index k;4; such
(" (33, kj 1), v) € A™ . Tt can be shown that u; =
wy and a unique index %, is found with an arbitrarily
small probability of error if n is sufficiently large and

H{UV) < I(X; ¥1|X1).
Adding {(U; V') to both sides gives
H{U) < I(X; Y| X))+ [U; V).

2) The channel decoder at the receiver declares that
(§j,ffj) was sent if it is the unique index such that
(@7 (55, k), 4" () € A otherwise an error is de-
clared. The indices (s;, k;) can be decoded with arbi-
trarily small probability of error if n is sufficiently large
and

Ro+ I(U; V) < I(Xy;Y).

3) Assuming that s; is decoded correctly at the receiver,
it constructs the list L{y™*{7 — 1)) of message indices
whose codewords are jointly typical with v™(j — 1) in
block 7 — 1. The chamnel decoder at the receiver then
declares that «w;_1 is sent in block j—1 if it is the unique
bin number in S;; N L{y"(j — 1)), otherwise an error
is declared. It can be shown that @; 1 = wy;_1 with an
arbitrarily small probability of error if n is sufficiently
large and

HUIV) < I{(X; Y| X1) + R
< IOGY X)) + I(X3: Y) — (U3 V).
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Thus
H{UYy < (X, X;;Y).

Now, given k; and w;_1, the u}il sequence can be
decoded with arbitrarily small probability of error at the
source decoder of the receiver.

]
The above result shows that source-channel separation is
optimal for the degraded relay channel as shown in Fig. 3.

VI. CONCLUSION

We showed that a source U/ can be reliably transmitted
over a discrete-memoryless channel with capacity ¢ in the
presence of side information V' only at the receiver or at
both the relay and the receiver iff H{U/|V) < . This also
shows that source-channel separation is optimal for these
cases. When the side information is available only at the relay,
we established a necessary condition for reliable transmission
of 7. We showed that it is tight when the channel is degraded
by using a combination of Slepian-Wolf coding and decode-
and-forward. A tighter sufficient condition can be found by
using a combination of lossless source coding with side
information [9] and partial decode-and-forward. We do not
believe, however, that separate source-channel coding is in
general optimal when side information is available only to
the relay.
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