ON THE VORONOI FORMULA FOR GL(n)
ATSUSHI ICHINO AND NICOLAS TEMPLIER

ABSTRACT. We prove a general Voronoi formula for cuspidal automorphic representations of GL(n) over
number fields. This generalizes recent work by Miller-Schmid and Goldfeld-Li on Maass forms. Our method
follows closely the adelic framework of integral representations of L-functions. The proof is flexible enough
to allow ramification and we propose possible variants. For example the assumption that the additive twist
is trivial at places where the representation is ramified is sufficient to obtain an explicit final statement
with hyper-Kloosterman sums.

1. INTRODUCTION.

A Voronol summation formula is an equality between a weighted sum of Fourier coefficients of an
automorphic form twisted by an additive character and a dual weighted sum of Fourier coefficients of the
dual form twisted by Kloosterman sums. The weights are related by a Bessel transform.

Our purpose in this article is to formulate a GL(n) Voronol formula in general and derive it from
the classical theory of integral representation and the formalism of local/global functional equations of L-
functions on GL(n), as may be found in the work of Jacquet, Piatetskii-Shapiro and Shalika [17,[1820H24].
We hope the present article might help to open the road for new developments.

Such a generalization was probably expected, although not yet available especially when ramifications
come in. Several distinct approaches have been developed before and it has not been clear so far which
techniques are the more appropriate for the Voronoi formula, see below for a brief summary. We feel
that the present article gives the proper framework to understand this problem. In particular the exact
relationship with the functional equation may now be clearly seen.

The Voronoi formula for GL(2) is a basic tool for the study of analytic properties of automorphic
forms, see the series of papers by Duke-Friedlander-Iwaniec [5] or Kowalski-Michel-VanderKam [25] and
Harcos-Michel [14], and the references herein. Recent applications of the formula for GL(3) may be found
in Miller-Schmid [2931], Sarnak-Watson [32] and Li [26],27].

1.1. Main result. Let F' be a number field; denote by A = Ap the ring of adeles. Let n > 2 and
let Acusp(GLy,) be the space of automorphic cusp forms on GL,(A). Let 7 = ®,m, C Acusp(GLy) be
an irreducible cuspidal automorphic representation of GL,(A). Let ¢ = ®,1, be a non-trivial additive
character on A/F. More notations will be recalled in § [[L7] most of them being standard.

For all places v of F, to a smooth compactly supported function w, € C°(F,*) is associated a dual
function w, so that:

n—1 n—1

(1.1) /F To(x®) "yl T dy = x(=1)""(1 — s, x x,ww/w wu(y)x() [yl 7 dy
for all s € C of real part sufficiently large and all unitary characters x : F.X — S'. The equality (L)) is
independent of the chosen Haar measure dy on F) and defines w, uniquely in terms of m,, 1, and w,.
Such an explicit relation makes the Voronoi formula very useful in practice, especially if one is willing to
determine the asymptotic behavior of w,. Details on this generalized Bessel transform are given in §[5.3l
The function w, is smooth of rapid decay at infinity but not necessarily compactly supported.

Let S be a finite set of places of F' including the places where 7 ramifies, where v ramifies and all
archimedean places. Denote by AS the subring of adeles with trivial component above S. Denote by
ws = vas W, the unramified Whittaker function of 7% = ®yg¢smy above the complement of S. Let
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WS = [Togs W, be the unramified Whittaker function of #° = ®upgsTy-  We recall that Wo(g) =
W (wtg™!) for all g € GL,(A®) where w is the longest Weyl element of GL,,.
Our main result is the following.

Theorem 1. Let ( € A®, let R be the set of places v such that |(|, > 1 (then R and S are disjoint), and
for allv e S let w, € C°(F,*). Then:

02 S weows (7)) Hwe = 3 oW (7)) T

yEFX YEFX veS
where Kg(7y,(, WoR) s a certain Kloosterman integral as in Definition [2.2.

Let T C GL,, be the maximal torus of diagonal matrices. The Kloosterman integral may be further
decomposed into a finite sum, see § 6.2

(13) KR(/% Ca WOR) = Z WOR(t)K:E(’yC_lv t)

teT(ARr)/T(or)
where K/ is the hyper-Kloosterman sum of dimension n — 1, and ¢t = diag(ty,...,t,) is a diagonal matrix.
The Whittaker function W,g(t) is zero unless for all v € R:

Then the hyper-Kloosterman sum K¢(y¢™!,t) is zero unless for all v € R:

(15) 1 S |t2|1)7 |det(t)|v = |t1 e tn|v = |/7|1)7 |tn|v = |<|U .
When the conditions (L4]) and (5] hold for all v € R, we have (Corollary [6.7):

(1.6) Ke(y¢tt) = Z Z Y(Wn_1 4+ Fv)Y((=1)"¢ oyt o).
Vn_1€tn_105/0R v2€l205 /0R

Note that this sum degenerates into a product of the Ramanujan sums at places v € R such that |t5], = 1.
Denote by T the set of elements (t2,--- ,t,-1) in A%‘Q such that for all v € R:

1< |ta|, < < |tn-1l, <[], -

It is clearly invariant by multiplication by T, = (UI,X%)"_2 and there are finitely many 7T,-orbits. For
t € T¢/Ts, we denote by a(t) the diagonal matrix diag(tq,...,t,) € T(Agr)/T(or) uniquely completed so
that |t,|, = [(|, and |t;---t,|, =1 for all v € R.

Replacing Kr(v,¢, Wor) in (I2)) in the main theorem by the decomposition (L3), the right-hand side
of (L.2) may be written as:

> X ket (7)) TLauo

teT, /To yEFX veS

The range of the first sum over t is finite and independent of . This traditional fact makes the Voronoi for-
mula of practical interest. As far as one is concerned with upper bounds it is possible to focus on the inner
sum only. The inner sum is really dual to the left-hand side of (I.2]), with the additive twist replaced by
the hyper-Kloosterman sum.

Remark 1. We briefly address the convergence issues in (I.2]) which are classical. The left-hand side is
finitely supported for v € F*. For the right-hand side, the conditions (L)) and (LE) imply that |v|, is
bounded for v € R; for v ¢ RUS, the Whittaker functions being unramified, we have v € orus (Dedekind
ring of R- and S-integers); for v € S, the function = — w,(x) is of rapid decay as |z|, — oo. Together
this implies that the sum Z«/e px is rapidly convergent.

Remark 2. In §[[5 we explicate the formula in the most studied case where F' = Q and S = {c0}. Over
number fields our formula is more general than one could get from the functional equation which in some
sense is one-dimensional, see the next § for a review of previous methods. For instance above the
infinite places our truncation function has the form v +— Hv| ~ Wy (Y) whereas making use of the functional

equation one could achieve only v +— w(Npg /7).
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1.2. Brief summary of the literature. For GL(2), the formula is well established. The treatment of
the divisor function 7 goes back to Voronoi himself. His purpose was to establish a good remainder term
for the asymptotic of >, _ 7(n) as X — oo.

The version for holomorphic and Maass cusp forms has been worked out at several places. For full level,
Duke-Iwaniec [6H9] have derived the formula from the functional equations of the L-functions twisted by a
character on GL(1). This is also implicit at several other places. A general version of the Voronoi formula
for GL(2) may be found in [25, Appendix].

Progress in higher rank are more recent. A proof of the Voronoi formula for GL(3)-cusp forms of
full level has first been given by Miller-Schmid [28,29] introducing the heavy machinery of automorphic
distributions. It should be noted that Sarnak (oral communication) had also developed a version of
the Voronoi formula for prime denominators, based on the functional equation and contour integration.
This was motivated by his work with Watson on L*-norms of Maass cusp forms (unpublished). Miller-
Schmid [28] were then able to establish the formula for non-prime denominators. The machinery of
automorphic distribution is natural from the point of view of Fourier duality and interesting because
many independent problems have been raised in the process. When revising the article we learned that
in [30] Miller-Schmid have extended their results to GL(n)-cusp forms of full level.

Voronol type formulas for GL(n) and full level have also been established by Goldfeld-Li [I1] using
the functional equations of the twisted L-functions, as in the above Duke-Iwaniec approach. The proof
has been written for additive characters of prime conductors, although the method should extend to
square-free conductors. These assumptions are removed in a second paper [I12] by another method. Note
that [30] precedes [12] (this is acknowledged in the addendum to [12]).

The method of [12] relies on an explicit description of Maass forms on GL(n,Z)\GL(n,R) which is
developed in the book [I3]. The authors provide a nonadelic proof of the functional equation for the
L-functions of these Maass forms, a variant of which yields the desired Voronoi formula. We point out
that the proof of [12, Proposition 5.3] is rather difficult, see below.

As noted by several authors, implicitly and explicitly, the knowledge of the functional equation for the
L-functions twisted by characters is not sufficient for a general formula. This is partly because an explicit
assessment of the twisted local e- and L-factors would be fairly complicated in general.

When applying Fourier transforms back and forth, both on the GL(1)-characters and on GL(n), one
quickly feels the need of a more organic setting. This is partially achieved: in |25, Appendix] for GL(2)
where the identities are derived from the action of the modular group, a la Hecke; in [29,[30] for GL(n)
where automorphic distributions are introduced; and in the approach of [I12] where a nonadelic approach
of the functional equation is involved.

In this paper we go further by making full use of the adelic formalism of integral representations of
L-functions. Our method works over number fields and is well-suited to address all kinds of ramification.

1.3. Our approach. Implicit in those previous works is the belief that a new ingredient or a new setting
has to be developed to be able to establish the Voronoi formula. On the contrary, in this paper we rely
on the classical analytic theory of L-functions on GL(n) and derive the Voronoi formula without extra
input and in complete generality.

This is done in several independent steps, each owning its own motivation; thereby we gain flexibility.
We begin with a global identity, which is related to the global functional equation. Then we are reduced
to local identities. Above the twisted places, the Kloosterman integral Kpr arises. Above the ramified
places, the local functional equations are used to characterize explicitly the dual weight functions with a
Mellin transform (LIJ). The reader is referred to §[L.0l for a detailed outline.

Formally we are close to [12]; the attentive reader will recognize related calculations in the detail of the
proofs. The Proposition 5.3 of [12] is really delicate because the proof includes at the same time a global
identity (which corresponds to our Proposition [I[L1]), a manipulation of archimedean Whittaker functions
(which corresponds to the local functional equation, see §[Bl) and a computation of Kloosterman integrals
(that we perform independently in § [6]).

Also the Proposition 5.6 of [30] is similar to our Proposition [[.T] below. Independently, both [30]
and the present article isolate that proposition as a cornerstone to the Voronoi formula. Our approach
differs mainly in that we then use Kirillov models to construct the duality (1) from the local functional
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equations (which we recall in § 5.1]). Another difference with [30] is that we do not make explicit use of
principal series representations. We recall that [30] proceeds to construct the automorphic distribution
by applying Casselman’s theorem to embed the archimedean component into a principal series.

1.4. Pseudo-Whittaker functionals. Consider the following Weyl element:

1 0 0 0
0 0 0 1
/ 0 0 1 0
w = € GL,
0 1 )

We introduce the unipotent subgroup Y which consists of matrices of the form

1 0 wis - uUlnp-1 Ul,n
0 1 u2,3 U2,n—1 U2,n
0 0 1 cer U3 p-1 U3, n
. € GL,,
0 0 o 1 Un—1.m
0 0 0 0 1

and the character ¢ on Y'(A), trivial on Y (F'), given by ¢ (u23 + -+ + up—1,,). We denote by du the
Tamagawa measure on Y (A), see § [T for details.
We define a linear functional P : Acysp(GLy,) — C by

Po = / P i, o € Awsy(GLy).
Y(F)\Y(A)

We refer to P as a pseudo- Whittaker functional. Let X be the unipotent subgroup which consists of
matrices of the form

1 0 O 0 O

xTo 1 0 0 O

T3 0 1 0 0
) e GL,,.

Tp—1 o o --- 1 0

0 o o --- 0o 1

We define a dual pseudo-Whittaker functional P : Acusp(GLy,) — C by:

’]5(’0 = / [/ gp(uxw/)Qb(u) du dﬂj‘, p e Acusp(GLn)'
X(A) [JY(F)\Y(A)

The absolute convergence of the outer integral follows from the Whittaker expansion of the pseudo-
Whittaker functional (see Lemma 2I]) and an estimate of a Whittaker function by a gauge (see [20]
Lemma 2.6] and [23, Lemma 5.1]). Both functionals are constructed from integrations over unipotent
subgroups, like Whittaker functions. This explains our terminology. We note that the dual pseudo-
Whittaker functional is defined by a more sophisticated formula.

We have an involution ¢ on G L, and then on Acysp(GLy) defined by tp(g) = ¢(g*) = ¢(*g~1). Impor-
tant in our proof is the following identity between the two pseudo-Whittaker functionals. This identity
or possibly a variant thereof is implicitly used by Jacquet, Piatetskii-Shapiro and Shalika to establish
the global functional equation of the L-functions for GL(n) x GL(1) from the Rankin-Selberg method

(see §ET).
Proposition 1.1. The following holds:
(1.7) P=PouL

The above identity is the basic ingredient of both the Voronoi formula and the global functional
equation. We will include a proof of this proposition in section @ for the sake of completeness. We
proceed by a recursive application of Fourier expansion. We have learned recently that a related proof
will appear in [30, Appendix A].
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1.5. Classical formulation. We assume in this section that F' = Q and S = {oo} so that 7 is unramified.
The ring of finite adeles A% = A 7 is denoted with a subscript f; this convention is valid for the Whittaker
functions as well. For the sake of clarity we state our main Theorem [1lin that case.

Theorem 2. Let w be an irreducible unramified cuspidal automorphic representation of GLy(A). Assume
also that 1 is unramified above all finite places. Let ( € Ay and w € C°(R*). Then:

S weow (7)) e = X5 ket (7)) a6,

yeQX teTe /To veQX

With different notation, the above is exactly Theorem 1.10 of Miller-Schmid [30]. The Theorem 1.1
of Goldfeld-Li [12] is a special case, see the remark below. A minor improvement compared to [12] is on
the assumption that the Maass form be even. In our formulation this aspect (even or odd) is encoded
in the duality (ILI). More precisely, that identity takes into account the two possible gamma factors
Y(8, oo X X,%0) built from the two unitary characters x of R*. As we have seen this rephrasing is
convenient for a generalization to all places.

As in [30] there is no assumption on 7, the formula is not restricted to spherical Maass forms. Unitary
representations of GL,(R) besides the principal series may occur in Acusp(GLy,), see Sarnak [33] for an
account on the generalized Ramanujan conjectures and Vogan [36] for a complete classification of the
unitary dual of GL,(R).

Remark 3. For the sake of clarity, we make explicit the link between the notation in [1'27 Theorem 1.1] and
ours. We take our additive character ¢ to be the standard one. Namely 1 (z) = e~ 2™ for all z € R C A.
For x € Q C Ay we then get the usual character with a plus sign, traditionally denoted by e(z) = e2mie,
Our ¢ corresponds to their %. The set of places R contains the prime divisors of ¢. Their function ¢ is our
function w (with an evenness restriction) and their function @ is our w. Their m € Z—{0} in the left-hand

n—2 .

m [T d7 ™"
side is our v € Q*. Our + in the right-hand side corresponds to their %. Up to normalization their
Fourier coefficients A correspond to our W, and W, #. Their sequence d = (di,ds, ..., d,—2) corresponds

to our t € T¢/T,. More precisely, dy is qt,—1 up to a unit, dids is gt,—2 and so on until d; - - - dp,—2 is gta,
up to units as well. Their hyper-Kloosterman sum K L(h,m;d, q) equals our K¢(y¢™1,t) in (L6). To see
this, one first moves their (—1)"h to the last exponential in their expression. Then ¢;/(q/d;) corresponds
to our v,_1, t1ta/(q/d1ds) corresponds to our v,_o and so on until ¢,_st,—2/(q/d; - - - d,,—2) corresponds
to our vy. Then their (m/q) - #,_2/(q/dy - - - dn_2) corresponds to our yuy ' ---v,

n—1-

1.6. Outline. Although our proof is short, several points were not obvious. In this section we provide a
detailed outline.

In § 2Tl we choose a suitable factorizable vector ¢ = ®,¢, € ™ depending on the initial data ¢ and w,,.
This is made possible because the Kirillov model of a cuspidal representation is large enough: it contains
all smooth compactly supported functions, see §

We denote tp by ¢. The starting point is the identity from Proposition[I.1] (whose proof is given in §[I):

Py = Pp.
In § 2.2 we give the Fourier expansions of the two sides in terms of the global Whittaker functions W, of
@ and W of ¢. This is not difficult because the functional P is already chosen so as to factorize in an Euler
product. In words, the X (A)-integral breaks into a product of local integrals and the Y (F')\Y (A)-integral
is made of upper-triangular matrices so that the link with Whittaker functions is straightforward.
In §[2.3 we verify that the Fourier expansion of Py is equal to the left-hand side of the Voronoi formula.

The identification of the right-hand side is less obvious. Preliminary simplifications are made in § 2.4l
We are reduced to computing for each place v the following integral

1 1
(1.8) / B W, (fy 1 > x ly_o w [ =¢ 1 dzx.
FJL n—1 1 1n_2



In § we deal with unramified places v ¢ R U .S, which are much easier.

The § is concerned with the evaluation of local Kloosterman integrals. Their properties may be
found in § [0l where we extend work of Stevens [34] and Friedberg [10].

The § 2.7 is concerned with the ramified places v € S (for those ¢, = 1). We emphasize that the
integral (I.8]) cannot be evaluated explicitly. Rather it is identified with the Bessel transform ~ — 0, (7).
This is done thanks to the local functional equation.

In § 2.8 we gather the above computations to complete the proof of Theorem [l

1.7. Notation. All local and global fields are of characteristic zero. If v is a place of a number field F,
we denote by F, the associated local field and consider F' as embedded in F, without further mention.
When F, is non-archimedean, we denote by o, the ring of integers and by m, the maximal ideal of o,.

Let G = GL;,. We recall that Acusp(GLy,) is the space of automorphic cusp forms on G(A). We denote
by p the action of G(A) by right translation. Let 7 C Acusp(GLy,) be an irreducible cuspidal automorphic
representation.

Let t(g) = ¢g* =tg7! for g € G. For ¢ € T C Acusp(GLy), we define tp € @ C Acusp(GLy) by
tp(g) = ¢(g*), where 7 is the contragredient representation of m. Often we denote vy by @.

Let T be the maximal torus of G consisting of diagonal matrices. We let U = U, be the maximal
unipotent subgroup of G of upper-triangular matrices, and U~ the opposite maximal unipotent subgroup
of lower-triangular matrices. As in the introduction, v is a non-trivial unitary character on F\A. We
denote by the same letter 1 the character on U(A) trivial on U(F') given by

P(u) = P(ure +u23 + -+ + Up_1,n)

for u = (u; ;) € U(A).
For ¢ € Acusp(GLy), let W, be the ¢-Whittaker function of ¢ given by

W,(g) = / o (ug) () du
U(F)\U(A)

for g € G(A), where du is the Tamagawa measure on U(A).

For n > 0 we denote by 1,, the identity n x n matrix and J,, = the matrix filled with 1’s

1 0
on the opposite diagonal. In particular J2? = 1,,. We often let w = J,,.

The ¥-Whittaker function W,, of ¢ is given by W,(g) = W, (wg") for g € G(A). Note that W, (ug) =
Y(u)W,(g) for u € U(A). We have p(h)W,(g) = Wp(hbw(g), where p is the right translation.

We recall briefly the construction of Tamagawa measures that shall be used in the rest of the text on
the unipotent groups U(A), Y(A) and A"~2. First one constructs the Tamagawa measure dz = [], dz,
on A by requiring that dz, is the self-dual measure on F;, with respect to the additive character 1,,. Then
we fix a non-zero

w € Homp(A™PLie U, F),

and the same for Y. The form w, together with the measure dz, defines a measure on Lie U(F,),
which then corresponds to an invariant measure on U(F,). The product of these measures is the global
Tamagawa measure. The volume of Y (F)\Y (A), U(F)\U(A) and F\A is one.

We consider the further Weyl elements:

w = , 0= 1n—2
Jn—l 1

1.8. Structure of the article. In §[2 we give a proof of the main result, taking for granted the Propo-
sition [[.T] some properties of Kloosterman sums and Whittaker integrals, which are established in subse-
quent sections. In §[3 we give two variants of the main result and explain how to modify the proof under
these new assumptions.
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The integral representations and analytic properties of L-functions on GL(n) are now well-understood ; the
reader may refer to the excellent survey by Cogdell [3] for an introduction to the work of Jacquet,
Piatetskii-Shapiro and Shalika. Because the Voronoi formula is intimately related to the functional equa-
tion of L-functions, we have chosen to provide a detailed proof of the key Proposition [[LT] in § (] so that
the paper is essentially self-contained. We hope the relationship with the functional equation will now
appear transparent.

Background on representations of GL(n) over local fields and on Kloosterman sums may be found in §[5l
and § [@ respectively.
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2. PROOF oF THEOREM [11

2.1. Local vectors. In this section we construct a suitable vector ¢ € m whose image under P and P

will produce the two sides of the identity (IZ) in Theorem [II We have chosen to explain our choice at

the outset for the sake of clarity and concreteness. Several arguments below are valid for a general ¢ € .
Recall that ¢ € A®; consider the following matrix A € G(A®%) C G(A):

L ¢
(2.1) A= 1
1n—2
We take ¢ as a pure tensor: ¢ = ®,,. Below we shall often omit the ® symbol when no confusion is
possible.
The vectors ¥ = ®ugspy outside S are chosen to be a translation of the unramified vector @2 by A.

The vectors pg = ®uespy above S are chosen in the following way. According to Lemma [B.1] there
exist Whittaker functions W, € W(m,,,) so that:

wy(y) = Wy <<y 1n_1>> , forallye F)f.

We choose such a Whittaker function W, and obtain a corresponding vector ¢, € m,.
In summary, the vector ¢ € 7 is defined to be:

(2.2) o = p(A)pS ps.

Before continuing we introduce some more conventions. We shall abbreviate W for W o; W, for W, ;
Wy for Wy, W* for W,s and W5 for W,s. We adopt similar conventions for the dual Whittaker

functions: we write W, for W, and so on.

2.2. Whittaker expansions. Let Wso € W(#,¢1) be the Whittaker function of @.

Lemma 2.1. The following holds:
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Proof. The first identity is stated in [21], § 3.1] (see also [3| Proposition 5.2]). Consider

1 =«

F:a:r—>/ olu 1 Y(u) du.
Y(F)\Y (A) 1o

A possible proof consists in expanding in Fourier series. Indeed we infer that:

Y . X
| F@itm - W(( 1n_1>>’ el
F\A

0, ify=0.
The second identity follows from the first. O

2.3. The left-hand side. From the expression (2.2 and the previous Lemma [2.1] we infer that:

Po= 2 Ws <<7 1n—1>> wo <<7 1”‘1> .A>.

yeFX%

It is easily seen that for all v € F*:

L ¢
Y _ Y
()=l ) ()

1n—2
This may be combined with the behavior of W2 under left multiplication by U (A), which pulls out the
multiplication by ¥ (y().

From our choices in § 21 Wg <<fy ) 1>> is equal to [],cqwu(7)-

We thus arrive at the expression of the left-hand side of (L.2)). The remaining part of the proof consists
in showing that P¢ is equal to the right-hand side of (L.2]).

2.4. The dual functional. We apply Lemma 2.1l and incorporate the translation by the matrix:
1
A= —-C 1
1n—2

The dual functional P is equal to the sum over v € F* of the integral:

1 1
(2.3) WeWegWEYS | (7 R 1 —¢ 1 dx.
An—2 1n—1 Jﬁ—l
1 1n—2

This integral breaks into a product of corresponding local integrals I, over F"~2. In §2.H (resp. § 2.6]
resp. §[2.7]) we shall study the integral I, when v is an unramified place (resp. twisted place, resp. ramified
place). By abuse of notation, we shall often denote by A, ~, ¢ their local components A,, v, (, respectively.

2.5. The unramified places. Let v € R U S, a non-archimedean place of F. Recall that v, is an
unramified character on F,,, 7, is an irreducible unramified representation of G(F,) and Wo,, € W(m,, 1)
is a non-zero unramified vector. The dual Whittaker function W, € W(#,,v; ") satisfies Wo,(g) =
Woy(wg®) for g € G(F,).

Since 1 J and A* are in G(o,), these leave W, invariant. We claim that:
n—1

1
_ i Y T Y
(2.4) I, = /F,;LQ Wou < 1n_1> A P ' dx = Wy, << 1n_1>> .

This would follow from the computations at the twisted places from the next section and §[6.2] For the
sake of completeness we provide a more direct argument.
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We have that W, is supported on N(F,)T(F,)*G(o,), see [6.2). For all z € F"2 it is possible to

1
express the Iwasawa decomposition of (m ln—2 1). Then we infer that the integrand is non-zero if and
only if z € 0”72 and |y|, < 1. The integrand is constant under these conditions and this establishes the

claim.

2.6. The twisted places. Let v € R, a non-archimedean place of F. We have that w, and %, are
unramified and [(|, > 1 (the latter inequality is actually strict but the computations below are also valid
when |¢], = 1). We will compute

) 1 . 1
I, :/ Wou <7 ) R T ( > —¢ 1 dz.
Fr2 11 1 Jn-1 1, o
1
Recall that w' = <1 J ) and o = <1nz 1>. Let Uy =UNo 'U~0. We have
n—1
1n—2 * 1
U, = 1 , oU 07! = % 1p_o ,
1 1
so that
1

I, = |’7|Z_2 /F"2 Wov z 1,9 <’Y 1, 1> w A" | dx
v 1 -

= |7|;‘_2 /U(F | Wo (cmcr_l (fy 1n_1> w'A‘) du.

The measure on U, (F,) is transported from F»~2. Since w'o € G(o,) and

1 1n-—2
o' Avw'o = O'_1< Ln—z )0 = ( 1 )
—¢ 1 —¢ 1
1n—2 1n—2 1p—2
= 1 —¢! ¢! -1,
1 - 1 —¢t

we have (the last matrix above is also in G(0,)):

n—=2 ~ l1p—2 1n_2 1p_2
I, = v, Wy | ou 2! 1o—¢! ¢! du
(ﬂ;(P}) 1 1 —C
_ ~ 17172 1n72
= |y[m 2/ Woy (O”LL( 1 —wc‘l) < —¢! >> du.
Us (Fy) ! —¢
1n72 x
For u = 1 € U, , we have
1
1p_2 1n_2 ¢t 1 —y¢t
ou 1 - ') =0 1 — ¢t Ju= oo —¢ 'z |ou.
1 1 1

If n = 2, then we have
]’ _ n—2 —1\171 _JYC_J
v = |'7|v Yo (7C ) Wou e .

If n > 3, then we have

—

With a few more transformations we have I, = K, (v, (, Wo,), where K, is as follows.

1n—2
I, = ’7‘2_2/ wv(’yc_lun—ln—l)wov (O’U _'VC_l du.
Us (Fv)
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Definition 2.2 (Hyper-Kloosterman integral). For v,( € F°, let:

(2'5) Kv(’Yn ¢, Wov) = ’C’ZL_2 / wv(un—ln—l)wov(Tu) du,
Us (Fv)
where
1 1n—2
(2.6) 7= |1p—2 —y¢t
1 —C

We let KR(,}I? C7 WOR) = HUER KU(V?M Cva I/i/ov) fOI' Y, C € A;{

The properties of this integral will be studied in detail in section Bl In § 6.2l we evaluate it explicitly in
terms of hyper-Kloosterman sums.

2.7. The ramified places. Let v € S be an archimedean or non-archimedean place of F. In this section
we make use of the local functional equation, recalled in § 5.1l

Because (;, = 0, the last matrix in (2.3]) is the identity 1,. We claim that the corresponding integral is
equal to

(2.7) I, = 10y(7),

where w, is defined via the duality (LI]), see also Lemma This follows at once from the following
lemma, whose proof is postponed to § 5.3l

Lemma 2.3. Let W € W(my,1y) be a ,- Whittaker function so that

wv(y):W<<y 1_1>>, for ally € E.

Let W(g) = W (wg") be the dual Whittaker function (it belongs to the space W(,1;Y)). Then for all
y € F), one has (dz is the self-dual measure with respect to 1, ):

~ 1

(2.8) wv(y):/ 2VV (y 1> r 1,9 w' | dz.
Fy~ 1

2.8. Conclusion. Let ¢ € 7 be as in § 21l From Proposition [T, we have Py = Pp. We have seen
in § 23] that Py is equal to the left-hand side of ([2)) in Theorem [II The dual functional P is equal
to the sum over v € F* of (23]). The latter is the product over all places v of F' of the respective
expressions (Z4)), (25) and (27)), which yields the right-hand side of (L2]). This concludes the proof of
Theorem [T O

3. VARIANTS OF THE MAIN IDENTITY.

In this section, we give two variants of Theorem [Il In the Theorem [B] below we allow a shift of the
unramified vector. In the Theorem [ below we consider a summation of Fourier coefficients of a new-vector,
which is not necessarily unramified.

Recall that S is a finite set of places of F' including the places where 7 ramifies, where 1 ramifies and
all archimedean places. Let v € S. For ~,( € F and £ = diag(&y,...,&,) € T(Fy), let:

N |§{"2§§1---§;1\U/ Woy(THu) du if |¢&1E], <1,
K5(77C7§7W0v) = Us (Fy) ~
|Cn_2£§_2£3_1 T 5771‘1} / . ¢U(5253_1un—2,n—1)wov(7_ﬁu) du if ‘4'51_152‘” >1,

where
I L R B B (TIPS
diag(¢, 1,60, &5, —¢TG —CgTh) F|CgTG], > L
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At least when &¢5 is an integer it is not difficult to express Kg in terms of hyper-Kloosterman sums as
in §[6.2] details are left to the reader.

Theorem 3. Let ¢ € A% and ¢ = diag(¢y,...,&,) € T(A%). Forv € S, let w, € CP(F)X) and let b,
be the dual function associated to w, given by (LI)). Let R be the set of places v such that |C|, > 1 or
& € T(0y). Then:

> weows (7)) Twt = & whoceiis (7)) Lo

yEFX veS yEFX vesS

where K}j{(/}/) Ca Ea WOR) = HUER Kg(’ylh CU? 5127 Wov)'

Proof. We explain how to modify the arguments of § 2l Let A € G(A®) be as in (ZI). We take ¢ € 7
given by
p = p(A&)p3ps,
where 5 and pg are as in § 211
For v € R, v,( € F)f, and £ = diag(&1,...,&,) € T(Fy), let

1

Ig:/ 72WOU <’Y 1 ) z 1,9 w A€ da.
Fn n—1 1

~ 1,_2
It = |7|Z_2/ Woy (Ju( v >O'_1’LU,AL£_1> du.
Us (Fy) !

If | (&7 '¢|, < 1, then we have £A'¢™! € G(o,), so that

~ 1,—9o
Iﬁ = |7|Zl_2/ Woy <0u< 5 >J_1w/£_1> du.
Uy (Fy) !

Since o w'¢tw'o = diag(&;1, 61, & &Y and w'o € G(o,), we have

As in §[2.6] we have

-1
gn

IB - |/7|Z_2/ WO” ou ; &t du, = Kg(’}/, ¢ &, Wov)'
Us (Fy) )

—1
I3 .
52

Assume that |C§1_1§2‘U > 1. Since o~ ' w'o - oM AT’ o is equal to

571
<1n2 > <1n2 L 1n2
-1 1 —¢Tragt —¢Tragy -1
R 1 e 1 —¢lagt))
1 et
2
we have
et
f n—2 T In—2
I =1, Woy | ou 1 -t e du
Ui(F) 1 w3 —1g—1
o\ —v¢( 7€,
&t
571
-9 — ~
= h/’:; / TZJU(_’YC 1un—2,n—l)Wov au et du
Us (Fo —v¢eg !
&t

= K5(7, ¢, & Woy).

Now the theorem follows from the arguments of § 2l O
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We give another variant of Theorem [Il We fix a subset S’ of S which does not contain any archimedean
places. For v € S — 5, let w, € C°(F)) and let w, be the dual function associated to w, given by (LII).
For v € §', let Wo, € W(my, 1) be a non-zero new-vector (see [19, § 5]). Namely, W, is right G(o,)-
invariant when 7, is unramified, and W, is right invariant by the congruence subgroup

{ (f:‘ Z) € GL,(0y)

when , is ramified, where f;, > 1 is the conductor of m,. Note that W, is unique up to scalar. Set

a € GLy 1(0,), d € 0X,d=1modm/™, ¢=0mod m{”v}

We define a smooth function w, on F,* by

1
wv(y) = / s Wov <y 1> X 1n—2 ’lU/ d$7
By 1

where Wo,, € W(#,, ;1) satisfies Woy, (9) = Wy (wgt) for g € G(F,). Note that this integral is absolutely
convergent by [20, Lemma 2.6].

Theorem 4. Let ¢ € [[,cq 00 X A%, Assume that (, € mi forallve S ifn=2. Forvels, let w,
and W, be as above. Let R be the set of places v such that |C|, > 1. Then:

S e (7)) Mowtn = & satctbeai® (7)) I e

YEFX YEFX
where Kg(7y, ¢, Wor) is the Kloosterman integral as in Definition [Z2.

Proof. We explain how to modify the arguments of § 2l Let A € [], .o G(0,) x G(A”) be as in [ZI)). We
take ¢ € m given by

¢ = p(A)pS posps—s,

with Yogr = Qpes Por and Yg_g = Qpes—_g/Py. Here o, € m, is a non-zero new-vector for v € S’ and
Yy € Ty 18 a vector associated to w, as in § 2T for v € S — §'. For v € S’ and v € F'*, we have

1 1
W, 7 x l,_9 1 —G 1 dx = wy(7)
2 ov 1, 1 n— ) Jo 1 v v

1n—2

since W, is a new-vector and (, € 0, ({, € m{"” if n = 2). Now the theorem follows from the arguments

of § 2 O

4. PROOF OF PROPOSITION [I.1]

Proposition [I1] is implicitly used by Jacquet, Piatetskii-Shapiro and Shalika to establish the global
functional equation of the L-functions for GL(n) x GL(1), but does not seem to have been written down.
In this section, we give details of the proof for the sake of completeness. Note that a similar proof is also
given in the appendix of Miller-Schmid [30].
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All the measures of this section are normalized to be Tamagawa. To prove Proposition [[LT] it suffices
to show that

1 0 wigs * *
0 1 wu23 * *
/ 0 0 1 * * ,
(4.1) olwel. . . | Y(—ugs — - —up—10) du
(F\A)(n=1)n/2—1 R : IR :
0 0 0 1 Un_inm
0 O 0 0 1
1 0 w3 * * 1 0 O 0 0
0 1 wag - & * za 1 0 0 0
0 O 1 * * x3 0 1 0 0
= %) S . .
An—2 (F\A)(n—l)nmfl . X X X X X X . . .
0 O 0 1 Un—1,n ZTp—1 0 0 .- 1 0
0 O 0 0 1 0 o o0 .- 0o 1
X P(ugz+ -+ up_1,n) du|dx
for ¢ € Acusp(GLy). The left-hand side of (@) is equal to
1 0 0 0 0
0 1 0 0 0
gl x —ues 1 .- 0 0 ’
plw]. . . . S |w ¢(—’LL2,3 — un—l,n) du
(F\A)(n—=1n/2—1 : : : . : :
* * 1 0
* * —Un—1,n 1
0 0 .- 0 0
* 1 —Un—1,n .. * *
* 0 1 * *
= (2 . . . . . . 1[)(—U273 — = un_l,n) du
(F\A)(n=1)n/2-1 N : IR .
* 0 0 1 —u2,3
0O 0 0 0 1
1 0 0 0
* 1 un—1,n * *
* 0 1 * *
= ) . . . . . T/)(’LLg,g —+ e+ un_lm) du.
(F\A)(n—1n/2—1 Do : R :
* 0 0 1 w23
0 0 0 0 1
Let
1 0 0 . 0
0 1 ‘w23 . * *
, , 0 O 1 * *
U'={u=(uij) €Uluz= =uy, =0} = S
00 0 o 1 wyaig
0 0 0 0 1
For 2 <k <mn,let
1 0 -+ 0 @ - xn
n 0 1 0
Uk = el,n(xn) T el,k(xk) = : v
00 1
1 0 0
y2 1 0
Up = e21()epalyn) = |w o o o CUT,
b o - 1

where e; j(x) = 1, + 2E;; and E;; is the matrix with 1 at the (7,7)-th entry and O elsewhere. Let
U:H = Uy = {1,}. Then U’ normalizes U, _,, and U;" normalizes U;;_lU/UlJSrl fork+1<[1<n.In
particular U := U,;_lU’U;Jrl is a subgroup of GL,. Note that the natural map U, _, x U’ x U,Ll — Uy

is bijective. Put
¢(u_u/u+) = ¢(u2,3 +---+ un—l,n)
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for uw € U, (A), v = (us;) € U'(A), ut € U;H(A). Then 1 defines a character on {(A) trivial on

4(F).
For p e Acusp(GLn)y let

Fre(Wks - Yn—1)

= / o(uek1(yYx) - en—1,1(yn—1))Y(uv) du
(F)\ Uy (A)

1
u2,1
u3, 1

= / %) ’U‘k—'l,l
U (F)\ Uy (A) 0

and

the right-hand side of (4.1]).

0
1
0

u2,3
1

0 wuikyr - Uln—1 UL,n
* *
1 Un—1,n

Iy :/ . Fe(, - Yn—1) dyk - - dyn—1.
An—k

The absolute convergence of Zj will be given later. Note that Z,, is the left-hand side of (@1l and Zs is

For each 2 < k <n — 1, we first show that

(4.2) / Fro(Uk, Ykt1, - > Yn—1) dYk = Frgp1 (U5 - - - 2 Yn—1)s
A

at least formally. We may assume that yr 1 = ---

e1n(Tn) €1 pr1(@ht1) € U:H(A). Since

(4.3)

with v’ = eg1(u2kyk) - - - €k—11(uk—1 kyx) and v’ =1,

er,1(Ur)”

F\A F\AJU"(F)\U'(A) YU, _ (F)\U,_, (A)

X p(u— uelna:n-

/F\A /F\A/’ FPO\U' (A /kl(F)\Ukl(A)

X p(u_u'ey p(zy) - -

1,/ A /]
wuper(yp) = u_uwu uy

— YTh+1Ep kg1 —

‘e k+1($k+1)ek 1€+ y)) (') du— du’ dzy, - - -

ce1 k1 (Thy1)er,1 (Yr)) Y (U )P (Expy ) du— du' day, - - -

1/1(U273 + .-

- — YrTnEy n, we have

dryyq

for £ € F and y; € A. By applying the Fourier expansion to the function of zj, 1, we have

B /F\A /F\A / "(EO\U'(A) /Ukl(F)\Uk1(A)

Z Fk(g + Yk, 0,

el

X gp(u_u'elm(a;n) .

Using (4.3)) with zx+1; = 0 and changing variables, we obtain

/F\A /F\A/’(F)\U’(A) /Ukl(F)\Ukl(A)

Z Fk(& + Yk, 0,

{er

Now we have

Ty :/ . Fr(Wr, - Yn—1) dyr - dyn—1 :/ - Frrt(Wrsts s Un—1) dYrg1 - dYn—1 = Tp41,
An— n—k—

X p(er,1(yp)u—u'er n(zy) - -

This implies (£2]), at least formally.

“e1 pr2(Tpra)er 1 (yr)) (') du du’ day, - -

cep pt2(Trp2)) (W) du_ du' day, - - -

dryqq

dxy 2.

dxp 2.

+ Up—1.) du

= yYp—1 = 0. Write v/ = (u;;) € U'(A) and uq =



15

at least formally. Moreover, the absolute convergence of Zj implies that of Zx 1. Since Zy is absolutely
convergent, this justifies the calculation and we have

This completes the proof of Proposition [I.1l

4.1. Integral representations of L-functions. In this section we briefly recall the constructions of the
Eulerian global integrals of the GL(n) x GL(1) convolution. This enables us to place Proposition [[.1] in
that context.

Recall that Y = {u = (u; ;) € U|uy2 = 0} and let

P:{(S T)}CGL2<—>GL2><GL1><---><GL1CG.

Then P is the stabilizer in GLy of the character 1|y
For ¢ € Acusp(GLy,), we define a cusp form Py on P(A) by

Poty) = L 2 [ o u(” L)) T

for p € P(A). Then we have the Fourier expansion
Yy —1,,—(n—2)/2 y Yy
()= S () ()
yEF'X

for y € A*. Tt is clear that Pyp(1l) = Py for all ¢ € Acusp(GLy) so that the above is equivalent
to Lemma 2.3
Let x be a character on A*/F*. We consider the integral

I(s,0,x) = /FX\AX Py <<y 1)) X(w) [yl dy.

For ¢ = ®,¢,, we choose a decomposition W, = Hv W,. Then we have
1(87 2 X) = H \PU(‘S? Wgowxv)v
v

where

(4.4) Uy (s, W, Xo) = /F W, <<yv 1n_1>> Xo (o) yol 5~V 2 dy,.

v

Recall that t(g) = g* = tg~! for g € G. Let P =1 oPo.. Then we have

Bt = e [ o (w (P ) P
Y(F)\Y(A) n=2
for p € P(A). It is clear that Pp(1) = P@. We consider the integral

(4.5) Haga= [ Be(( ) )t

Then we have the global functional equation

I1—s,¢,x7") =1(s,0,%).
We have

(4.6) I(s,8,x7") = [[ Wols, p(w )Wy, , X3 1),

(2
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where p is the right translation, see §L.7]and where (the measure dy, has to be the same as in the definition
of ¥, and dz, is the Tamagawa measure with respect to v ):

Yy 0 0

@n) W= [ [ W (o e 0] i) s 2 do, .
v A 0 0 1

The identity (ZG) is not obvious and is fundanlental to the global functional equation. It follows by
inserting (7)) from Proposition [T, which reads Py(1) = P, into the integral (45]). Surprisingly details
on a proof of (46]) do not seem to have been published, see [2 section 2] and [30, Appendix A].

5. BACKGROUND ON REPRESENTATIONS OF GL(n) OVER LOCAL FIELDS.

5.1. Local functional equation. The reader is referred to the survey by Cogdell [3] for a comprehensive
introduction.

Let F be a local field. Let m be an irreducible admissible unitary generic representation of G(F') and
X a character on F*. Let W € W(m, ) be a ¢-Whittaker function. Jacquet and Shalika [20,23] proved
that W (s, W, x) and ¥(s, W, x) given by (@4) and [@7) extend to meromorphic functions of s, that the
L(s,m X x) L(s,7m x x)
and W,,_,) respectively. The following functional equation holds (see also Jacquet [24] for another proof
when F' is archimedean):

(5.1) W(L— s, p(w )W, x71) = x(=1)" (s, 7 x X, 1) ¥(s, W, x).
Recall that p is the right translation and W(g) = W (wg') for g € G(F) and (s, 7 x x,%) is defined as
L(1—s,7xx 1)

L(s,mxx)

When F' is a number field, 7 is an irreducible cuspidal automorphic representation of G(A), and y is
a character on A* /F* we recall that we have the global functional equation

L5(s,m x x) = H’}/(S,ﬂ'v X X, Up) - L5(1 — 5,7 x x 1)
ves

ratios are entire (in our notations, ¥ and U correspond to the integrals ¥q

the ratio e(s,m X x,v) -

where S is a sufficiently large finite set of places of F', although we do not use it in the proofs.

Example 1. When F' = R, let 7(7) be the semi-simple n-dimensional representation of the Weil group
Wr associated to m by the local Langlands correspondence. The L- and e-factors may be defined as the
Artin-Weil L- and e-factors of 7(m).

Tempered Maass forms correspond to principal series representations 7 of G(R). We recall the ex-
pression of the L-factors as a product of I'-functions. These representations are fully induced: w
Ind%(|.|" ®---®|.]™), where B is the Borel subgroup of G of upper-triangular matrices. Then L(s, )
[Ti-, Tr(s + ri), where

1R

s s
Lg(s) := /T <§) .
Recall that the corresponding local factors over the complex field is I'c(s) := 2(27)~*T'(s).

5.2. Kirillov models. In this section we show that the space of Whittaker functions is sufficiently large.
Let F be a local field and 7 an irreducible admissible unitary generic representation of G(F).

Lemma 5.1. Let w € C°(F*) be a smooth compactly supported function. Then there exists a smooth
Whittaker function W € W(rw, 1) so that

(5.2) wly) =W ((y 1n_1>> . foralyeF*.

Proof. Let M be the miraboloic subgroup of G. When F is non-archimedean, according to Bernstein-
Zelevinsky [I, p.50] (see also [22, § 1.3]), the Kirillov model K(m,4)) contains the space c-ind¥ (1) of
smooth functions f : M (F) — C so that f(um) = ¢ (u)f(m) for all w € U(F) and m € M(F') which are
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compactly supported modulo U(F). When F is archimedean, the corresponding statement is proved in
Jacquet-Shalika [22], § 3.8].

Let B~ be the Borel subgroup of G of lower-triangular matrices. According to the Bruhat decomposi-
tion, U(F)B~(F) is an open cell in G(F). If g is a smooth compactly supported function on B~ (F'), the
function f on U(F)B~(F) so that f(ub) = ¢ (u)g(b) is smooth and well-defined, and extends to a smooth
function on G(F') by letting f to be zero on the remaining cells. Restricting f to M (F') we get a function
in c-indM (). Choosing g suitably we can satisfy (5.2). This concludes the proof of the lemma. O

5.3. A transform. In this section we define a generalized Bessel transform w ~~ w which is the dual-
ity (LI)) and establish some general properties. Both w and w are smooth functions on F* where F' is a
local field (of class C* when F' is archimedean and locally constant when F' is non-archimedean). When
F =R, the reader may refer to [12}, § 6-7] for an alternative approach.

Lemma 5.2. Let w € C°(F*). There is a unique smooth function w on F*, of rapid decay at infinity
and with at most polynomial growth at zero so that

n—

(5.3) /F By)x(y) "y T dy = X (1) (1 - s x X, ) /F w(y)x(y) |y~ dy

for all s € C of real part sufficiently large and all unitary character x : F* — S'. The measures on the
left- and right-hand side are the same.

As in the main theorem we assume that w is compactly supported. We note however that the lemma
is valid even if we only assume that w is a Schwartz function: smooth and rapidly decaying (i.e. faster
than any polynomial) at zero and infinity. In practice, when one applies the Voronoi formula to analytic
problems, the assumption on the compactness of the support is not an obstacle. One usually applies a
dyadic decomposition and estimates trivially the boundary terms.

A familiar example is when F' = R, the presence of the characters y in the above lemma is crucial in
order to prescribe the behavior of @ on the two components of R*.

Proof. First observe that the integral on the right-hand side of (5.3]) is defined for all s € C and that the
~-factor has no pole when Re s is large enough. The existence and unicity of w then easily follow from the
properties of the Mellin transform over local fields (see the chapter 2 of [35] for example). More precisely,
if A(s,x) denotes the function on the right-hand side of (5.3]), we have for o large enough:

ay) = cly) T / Ao x)x(y) dx

where ¢ is a certain constant which depends on the normalization of the Haar measures, and the integration
is over the group of unitary characters on F*. O

It is noteworthy to observe that the same transform appears in the approximate functional equation
method for the special values of L-functions (this is essentially the case ¢ = 0 in the Voronoi formula).
The reader may refer to [15] or [16} section 5.2] for more details.

Next we shall give a proof of Lemma [2.3] which explains the relevance of the transform in the context
of Whittaker integrals. This lemma would give an alternative definition of the function w, since by
Lemma [5.I] the Whittaker function W always exists. However it is more difficult to extract from the
integral (2.8)) the analytic properties of w (e.g. rapid decay at infinity).

Proof of Lemma[2.3. This is achieved by a Mellin transform and an application of the local functional
equation.

First the integral in the right-hand side of (2.8]) is absolutely convergent, it defines a smooth function
y — $(y) of rapid decay at infinity and moderate growth at zero. This is not obvious and may be
achieved by majorizing the Whittaker function by a gauge (see [23, p.134] and [17, § 2.3]). Uniform
bounds may be found in [20, Lemma 2.6] for non-archimedean fields and in Jacquet-Shalika [23, Lemma
5.1] for archimedean fields (see also [24] § 11]).
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All the Mellin integrals will be well-defined for Re s sufficiently large. By the definition (4.7 of U we
have:

s—n=1 T, —
[ o)™ " dy = W)
On the other hand by the definition (4.4]):

/FX w(y)x(y) [y~ dy = W(s, W, x).

The function y — $(y) satisfies (5.3, as follows from (51 with 1 — s in place of s. Indeed the corre-
sponding integral of $) in the left-hand side of (5.3)) is equal to (s, p(w' )W, x ') and the corresponding
integral of § in the right-hand side of (5.3]) is equal to ¥(1 — s, W, x). Thus we have $) = w because of
the unicity of such a function. This completes the proof of the Lemma 2.3] O

6. BACKGROUND ON KLOOSTERMAN SUMS.

A good reference is Stevens [34]. Let N be the normalizer of the standard torus 7. Let UT = U
be the subgroup of upper-triangular unipotent matrices and U~ the opposite unipotent subgroup. For
7 € N(F'), we have the decomposition:

U=UfU; =U-UT,

where U := U N7 U7,
From now on the ground field is a non-archimedean local field F' with ring of integers o and residue
field IF,.

Definition 6.1 (Kloosterman integral). Let 7 € N(F'). Let ¢ and ¢’ be unitary characters on U(F) and
UZ (F) respectively. Let W be a ¥-Whittaker function. The Kloosterman integral associated to these
data is:

KW= [ W(rugiilidu, g€ G(F).
U (F)
Below are some remarks to draw comparison with conventions in previous works. These observations
will not be used in our computation of Kloosterman sums and the reader might go directly to the next
section.

Remark 4. Our definition differs from the one given in Stevens [34]. There the character ¢’ is defined on
U(F) and it is required that 1’ coincides with ¢(7.771) on U} (F). In the context of the Coxeter element
in the hyper-Kloosterman integral from Definition 2.2] the character 1’ could always be extended from
U7 (F) to U(F) so that there is no real difference. For the sake of clarity we have preferred the simpler
definition above.

Remark 5. Assume that the character ¢/ on U- (F) may be extended on U(F) so as to coincide with
Y(r.771) on UF(F). Then the function u +— W (Tug)y/(u) on U(F) is left UT (F)-invariant. Recall that
the Haar measure on U(F) coincides with the product of the Haar measures on UX(F) and U- (F).
As a consequence the integration fU; (r) du could be seen over UF(F)\U(F) as well. In particular the

Kloosterman integral g — K(W,1)', g) is left U(F)-invariant under that assumption.

Remark 6. The effect of a left translation from 7'(F') may be inferred by a change of variable: the charac-
ter ¢’ will be replaced by a conjugate. When W is unramified and the assumption in the previous remark
is satisfied, the Kloosterman integral is both left U (F')-invariant and right G(o)-invariant. Therefore it is
possible to apply the Iwasawa decomposition to reduce to the case g = 1.

6.1. Kloosterman sums. Now we want to obtain more traditional formulae in the unramified case. We
recall in this paragraph a standard definition of Kloosterman sums. For 7 € N(F), consider the following
set:

C(r) := U(F)TU= (F) N G(o).
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The intersection will be non-empty in the cases we are interested in. Form the following double quotient:

X(7) == U()\C(1)/U (o).

It follows from the Bruhat decomposition that we have well-defined maps u : X (7) — U(0)\U(F') and
u : X(1) = UZ(F)/U: (o) so that:

r=u(x) 7 -u'(x), forxe X(r).
Indeed we recall that UrU = UrU- (Bruhat cell). Observe that both u and u’ are injective.

Definition 6.2 (Kloosterman sums). Let 7 € N(F'). Let ¢ be a character on U(F) trivial on U(0) and
Y’ a character on U~ (F) trivial on U~ (0). The Kloosterman sum is defined as:

Ke(, o 7) =Y lu(@))d! (' (x)).

z€X(T)

When W is invariant under G(o0), the Kloosterman integral from Definition [6.1l may be expressed as a
finite sum of Kloosterman sums:

(6.1) KW', 1) = Y WHKL m¢tt),4").

teT(F)/T (o)

The idea is to apply the Iwasawa decomposition to 7u with w € U~ (F) which yields 7u = tv~'z with
veU(F), teT(F)and x € G(0); so that W (ru) = ¢ (tvt~1)~1W (¢). Furthermore, since:

vt lru =2

is a Bruhat cell decomposition we infer that # € C(¢t~!7). When u is in the quotient U= (F)/U- (o), t is
in T(F)/T(0), v is in U(0)\U(F) and z then runs though the quotient X (t~!7); moreover u = u'(z) and
v = u(x). Observe that C(t~17) is empty for all but finitely many t € T(F)/T (o).

The previous proof is an adaptation of the proof in [34, Theorem 2.12]. We do not require the assump-
tion that 1) extends on U(F) and coincides with 1 (7.771) for assertion (6II) to be valid, but one can
check that it is not used in the proof. We recall that vol(U (0)) = 1 which is also the normalization used
in [34).

6.2. Hyper-Kloosterman integral. In this section we shall compute the following Kloosterman integral
which appeared in § 2.6] Definition Assume that n > 3 and that 7, ¢, and W € W(7,y~!) are
unramified. Let v,( € F*. The integral was:

K= Ko W) =" [ Bl an W (ru)du
Ur (F)
where
1 1n—2
T=|1p2 —’YC_l
1 —<
By (6.1)), we have
KE=[¢"% > WK 1),
teT(F)/T(0)
where 1y (u) = Q,Z)(tut_l)for u € U(F). Note that W is a ¢)-Whittaker function unlike in Definition
For t € T(F'), we have W (t) = 0 unless t € T(F)*, where
(6.2) T(F)" = {t =diag(t1, ... ,ta) € T(F) | [ta] < [to <+ < [tal}-

We have chosen to work with Kloosterman sums because this enables to quote a few lemmas from
Stevens [34], but we feel that the framework of Kloosterman integrals is more natural in several aspects.
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We have
0 0 —¢ M7t 0
ty? 0 0 0
tir = :
0 tl 0 0
0 -~ 0 0 —Ct!
By [34, Corollary 3.11], we have:
K = ’C‘"_2 Z W(t)]cg(s, wtu 1/;)7
t=diag(t1,....tn)ET(F)t /T (0)
[tn|=[<]
where
0 - 0 —¢ly!
t2_1 0 0
s=stvO=|" . . :
0 - 1 0

(K¢ is the (n — 1)-dimensional Kloosterman sum). Note that 1, is U(o)-invariant for ¢t € T'(F)", and the
1-dimensional Kloosterman sum:

1 fta| = ],

0 otherwise.

Ke(—Cty by, ) = {

Lemma 6.3. Let t = diag(ty,...,t,) € T(F)* with |t,| = [¢|. The Kloosterman sum IC{(s,1);,) is zero
unless:

lta] > 1,...,|th—1| > 1,
and

[titz - taoa| = [7¢TH

Proof. In general, according to Stevens [34], th. 3.12], C'(7) is non-empty if and if only det(7) € o* and
every exposed subdeterminant of 7 is integral. We do not recall the definition of exposed subdeterminant,
but it is not difficult to see that this criterion is equivalent to the statement above in our case. O

Thus we have

(6.3) K=" > W ()l (5,10, 7).
t=diag(t1,....tn)ET(F)t /T (0)
1< |t2| < <L tn—1|<[tn]=[C]

ltrto -ty 1]|=|7¢

6.3. Hyper-Kloosterman sums. In this section we shall compute the hyper-Kloosterman sum KC/(s, ¢, 1))
in (63). Let t = diag(ty,...,tn,) € T(F)* so that 1 < |to] < -+ < |ty_1] < |tn| = [C] and |tity - tp_1| =
h{ _1|. To ease the following computations we change notations slightly. Let r = n — 1 > 2; we work in

GL,. Let p= (1 1). Then U, =UN p~ YU~ p consists of matrices of the form:
r—1

() P (0

Write s1 = —’yC‘ltl_l, and s; = ti_l for 2 < i <r. Let a = diag(si,...,s,) be the r times r diagonal
matrix with entries si,...,s,. We now have:
0 0 S1
S9 0 0
s=ap=
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Furthermore |det(s)| = |s1s2---s,| =1 and sg,...,s, € 0.

From now on we differ from Stevens [34] because we need to consider the general case where some
of the s; are allowed to be units. The following proposition provides a recursive construction of X(s)
which is of great practical use when evaluating the Kloosterman sum. It is close in its principle to
Dabrowski-Reeder [4] who provide an explicit description of the sets X (s) in terms of various root data.
Their description is complicated even in the present case of GL,, although it is sufficient for the purpose
of obtaining the cardinality of X(s). With some work it should be possible to compute the hyper-
Kloosterman sum K/(s,v;,1) from [4]. Anyway we follow a third approach for which we provide a
self-contained treatment. A fourth approach would be to use Pliicker coordinates as in Friedberg [10], a

brief sketch is outlined in Remark [Tl

Proposition 6.4. Let notations be as above.
(i) When s; € 0* for all 1 <i <r, X(s) is a singleton.

s 0 —s51v"
S2 0 0
(it) Assume that |s,| < 1. Forv € s;1o™, let s, = [ . : : be an r — 1 times r — 1
0 s 0

matriz. There is a canonical surjective map

X(s) — |_| X(sy), x+—y

vEleoX/a

whose fibers have the same cardinality |s,|*”" = ‘3;10X/0‘T—2_ It satisfies the following recursive property:
the (r —1,r)-entry of u/'(x) is equal to v; u(y) is the restriction of u(x) to the r — 1 times r — 1 upper left
corner; and the (r — 1,7)-entry of u(x) is equal to s, 's,_1 times the (r — 2,7 — 1)-entry of u/(y).

In the quotient s, '0* /o above, the group o acts additively on s, '0*. One could extend the formula
to |s,| = 1 so as to include case (i) with the convention that s;10* /o = {1}, i.e. imposing that v is equal
to 1. We prefer distinguish the two cases (i) and (ii) for the sake of clarity.

Proof. (i) When s € GL,(0), it is not difficult to check that the condition usu’ € GL,(0o) implies that
u,u’ € GL,(0). Therefore X (s) is a singleton.

(ii) For 1 < i < r — 1, let v; be the (¢,r)-entry of u/(z). Put v = v,_1. We recall the Bruhat
decomposition in C(s) given by z = u(z)su’(x), which we look upon in the following way:

0O --- 0 s
S -+ 0 sov
(6.4) u(z) e = su'(z) = ’ .
0 -+ s SpUp_q

Since |s,| < 1 one necessarily has s,v = s,v,_1 € 0* because x € GL,(0). Therefore there is a unique
1r—1 *

0 1
zeros except the (r,r)-entry. Namely:

(6.5) e = <0 ysr s?v)

for some r — 1 times r — 1 matrix y. We now proceed to verify that the map x — y has the required
properties.

Since x € GL,(0) one sees by inspection on the last column of (6.5) that u; € U, (o). Therefore
wz € GL.(0) and thus y € GL,_1(0). Also the (r — 1,7r)-entry of u(z) is equal to —s,_1v,_gs; v~}
modulo o.

unipotent matrix u; = ) € U, with the following property. The last column of u;z consists of
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Let p' = ( 1, 1). We deduce from (6.4]) the following equality

1 0 - 0

o 9G Y[, )

0 -+ s spv

where us € U o and ug € Up_,. Indeed we shall give an explicitly construction for us and ug which will be
uniquely determined by u'(x).

Put
10 0 s1s, o1
01 0 32013;1?)_1
us = | ¢ : :
0 0 1 Sr_lvr_28;1U_l
00 0 1
17’—2
InU . we write u'(x) = uyug where u, = 1 v ]. We construct uz as follows:
1
us3 0 17"—2 17"—2
0 1) "= —U | U2 1
1 —p L

It is not difficult to see that uz € Up_,. Inserting the above in the right-hand side of (6.6]) and comparing
with the right-hand side of (6.4]) we infer the equality (G.0]).
It follows from uix = uju(x)su'(x), [G3) and (6.6]) that

1 0 --- 0
~(ug 0Y (s, O\ [us O\ [O " :
(6.7) “1:”_<0 1) (0 1><0 1) : ’
: 1 0
0 - s spv

for a certain unipotent upper-triangular matrix ug. We deduce that y = ugs,us. Therefore y € C(sy),
U4 0
0 1

The map 2 +— y descends to a well-defined map from X (s) to X(s,). Indeed ug € U, (0) as soon as
uz € U, (0) (recall that [v] > 1). Similarly, if u(z) € U(o) then uy € U,—1(0).

Conversely, given y = ugs,us € C(sy), it is not difficult to see that the right-hand side in (6.7)) belongs
to C(s), and that its image in C(s,) is equal to y. Furthermore when the image of z is y, the (r — 1,7)-
entry of u/(z) is equal to v and the remaining entries are uniquely determined modulo v~'o by u3 and v.
Therefore there are |v|"~2 possibilities for «/(z). Then because of (6.35), u(z) is uniquely determined up
to multiplication by u;. Since u; € U, (0) we have that x € X(s) is uniquely determined by y and u'(z)
as well. This concludes the proof of (ii). O

uy = u(y) and uz = u/(y). Note that uyu(z)us = < > and the (r — 2,7 — 1)-entry of ug is —v,_gv ™1

Corollary 6.5. Let notations be as above. Let 1)’ be a character on F, trivial on o.
(i) If t,—1 € 0 then t; € 0 for all2 <i<n—1 and we have

IC@(S,wt,lb/) =1.
(11) Assume that |t,—1| > 1. Then:
Kﬁ(s,zﬁt,l//) = Z w/(v)lcg(svawzuw%
vEL,—10% /0

where 2 is the restriction of ¥y, to Up_o(F).
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Proof. We apply Proposition [6.4l The claim (i) is easy. For (ii), we use the definition of Kloosterman
sums and the recursive description of X (s):

K€(37¢t7¢/) = Z wt(u(x))w/(ul(x))
zeX(s)
- Y Y )@ ) o)

vesy LoX /o yE€X (sv)
where 1° is given by the following rule: form the upper-triangular unipotent matrix with only non-trivial
entry (r — 1,7) which is given by s 's,_; times the (r — 2,7 — 1) entry of «/(y), then apply the character
Yp. Since 9y (u) = P(tut™), t = diag(ty,...,t,) and s; = t; !, we see that ¢°(u'(y)) is equal to (v (y)).
This concludes the proof of the corollary. O

The following is usual, we provide a proof in our notation for consistency.

0 S1
S92 0
characters on F', trivial on 0. Then the Kloosterman sum is given by:

Lemma 6.6. Let s = with s1 € F and sy € 0 so that |s1s2| = 1. Let 11 and 1y be two

1 Zf|82| = 1}
Kl(s,1p1,42) = Z P1(—s5 510 Dha(v) if |sa] < 1.

vEsgloX/o

Proof. Consider z = u(x)su'(x) € X(s), and let u/(x) = <(1) 11)> and u(z) = (1 u), then:

0 1
- SoU 81 -+ Sauv
T\ s SoU )

The claim easily follows from the fact that € GLa(0). O
Corollary 6.7. Let notations be as above. Then the hyper-Kloosterman sum is given by:
Ki(s,gp, )= Y o Y (pe o o)((—1)" ¢ oy o ty).
Un_1€tn_10%/0  wa€t20% /o
Proof. Recall that 1 < |ta] < --- < |tn_1]. If |t2] > 1, then we have
Ke(s,p, )= D o > b(—ne F vng o ) (—1)" Pty tsrsy Moy o)

Up—1€tn_10%/0 v2E€ta0% /0

by Corollary and Lemma Thus the claim follows from the assumption that s;t; = —y¢~! and
sote = 1. If |to] =1, we let k = max{2 < i <n— 1| |t;| = 1}. Similarly, we have

1)k it |, 4| < q
S S MR B A
Un—1€tn—10"/0 Vg y1€LL10% /0 Bt ¢
Thus the claim follows from the assumption that [t1] < [ta] = 1, [t1tg - tp—1] = [7¢ 7|, and ¥ is trivial

on o.

Remark 7. In this remark we briefly outline the relationship with the computations by Friedberg [10].
The computations in [10] are performed over the base ring Z, but one may check that the proofs are valid
over a local ring as well. We consider K¢(s,v;,) as given in (6.3]). In [10] it is required that det(s) = 1,
so without loss of generality we assume that t;---t, = —y¢~!. The dimension n in [10] corresponds to
our integer r = n — 1. The character #; in [10] corresponds to ¢y and «; = t,-tijrll forl1 <i<r-—1
in the notations of [10]. The character 5 corresponds to 1, and (3,_1 = —1; the other values of 3 are
unimportant and uniquely determined, see our remarks following Definition The diagonal matrix
c in [10] corresponds to our a, and ¢; = t. !, co/c; = tr__ll, ceey Cro1/Crog = t2_1 (the value of ¢,_1 is

unimportant). The sum S(61, 02, ¢, w) in [10] is then equal to our Kf(s,1,1). The Theorem 4.3 from [10]
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corresponds to our Corollary under the following modifications for the right-hand sides: x; = —v,t, !,
ToT] = fur_lt;_ll, ey Ty 1Tpg = vgt2_1. The first entry in the sum is equal to t1Z,—1 which equals our

v¢™

34]
(35]

121,;1 ...v ', by a straightforward verification. The other entries correspond to our v; for 2 <i < 7.
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