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The Fibonacci numbers:
Fo =0 Fi =1
Fiio = Fiaa+ Fi
Fori # j defineg; to be the matrix irbLy(Z) with

entryij and all diagonal entriesand all other en-
triesO.
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Lemma. For n > 0, the words

€3 1(€23632) €131 (€23632) "Bz L (E23E32) "E13(€23630) €237,

and

823_1(623632)_n912_1(923632)nezs_l(ezsesz)_nelz(ezrsesz)n6232

equale;s™ andest2+1, respectively, irSLs(Z).



Zeckendorf’'s Theorem. Every positive integer m
can be expressed as

m= Fk1+|:k2+---+|:kr,

with k; > 2and k.1 —kj > 2forall 1 < j <.

Proposition. There exists G 0 such that for all
N,m,i,j € Zsuchthat N> 3,1 <1i,j <N, and
i # j, we can find a wordwy, on {exg™ | p # g
with wy, = ;™ in SLy(Z) and

t{(w) < C+Clog(1+ |m).



Lemma. Suppose m is a positive integer ex-
pressed as per Zeckendorf. Write

m=(FR1+FR2+"'+F%)+(FR1+FR2+'”+FRF)

wherek; < ... < k: are the even numbers amongst
ki,...,k andk; < ... < ks are the odd numbers.
Let n be the integer such that eith2n = k. or
2n+ 1 =k,. Let uy,, be the word

anbn(€23€37) . . . Aba(E23€32)a101(€23€3))

in which @ = e;3if 2i € {k,...,k} and is the
empty string otherwise, and b= ex if 2 + 1 €
{El, - ,Rr} and is the empty string otherwise. Let
Vm be the word obtained from,iby replacing ev-
ery e, and g3 by e, ! and g3, respectively.
Define

Win '= €3 (€23832) "VimE23 (€23€32) "Ume23".
Then w;, equals 3™ in SL3(Z) and has length
{(Wy) < 4+ 6log,(1+mV5).



The subtractive version of Euclid’s algorithm

Example 1.Findgcd(-32 8,-12) = 4in 6 steps:

(-32,8,-12)

111111

(-20, 8,-12)
(-8,8,-12)
(-8,8,-4)
(0, 8, —4)
(0, 4, —4)
(0,0, -4).

Example 2.Findgcd(1, m) = 1in msteps

(1, m

11

1

l:

I

(L, m-1)
(L, m-2)
(1, m-3)

(1 1)
(1,0).



Theorem. (A.C.Yao & D.E.Knuth)Theaverage
number of steps to compuged(n, n) by the (de-
terministic) subtractive version of Euclid’s algo-

rithm, where mis uniformly distributed in the range
1<m<n,is

67 ~%(In n)% + O(logn(log nlogn)>?).



Theorem. (A.C.Yao & D.E.Knuth)Theaverage
number of steps to compuged(n, n) by the (de-
terministic) subtractive version of Euclid’s algo-
rithm, where mis uniformly distributed in the range
1<m<n,is

67 ~%(In n)% + O(logn(log nlogn)>?).

Theorem. Theworst—case non—deterministcom-
plexity of the subtractive Euclid’s algorithm for
computing thegcdof N > 3 integers(ay, ..., an)
IS

O(logn),

wheren := max{lay|, ..., |an|}.



The Mozes—Lubotzky—Raghunathan Theorem

Theorem. Fix N > 3. Fix a finite generating set
A for SLn(Z). There exis€C,, Co > 0 such that for
all M e SLn(Z2)

Cyilog|IM]| < €a(M) < Cy loglIMiII.

Moreover, ifA = {e.j |1 # j} thenC, is indepen-
dent of N and C, < C3NN for a constantCz > 0
that is independent ofl.

Notation.
e {7(M) = word length w.r.t.A,

e || M|| = max. of the absolute values of the entries.



Proof thatf{4(M) < CsNN log|IM|.

ReduceM to the identity matrix using row opera-
tions:

1. Run theaccelerated versiorof the subtractive
Euclid’s algorithm on the columns to get a ma-

trix of the form

T
+1 % .. %
+1 - :

%k

+1

2. Make all the entries on the diagoriaby pre-
multipling by matricege;e; ‘&)

3. Clear the columns usimmpmpressedorms of
powers ofg;.



Remark. The proof amounts to an algorithm that
finds anormal formw,, of linearly bounded length
for matricesM € SLn(2):

C3NN
C1
and so yields an ‘ficient means of navigating” in

SLn(Z).

Wy < CsNNlog M| < La(M),




Similar constructive methods yield —

Theorem. dC; > 0,YN > 3andV primes p,
Diam Cay(SLN(Pp),{e.j = j}) < Ci1N?Inp.

and an algorithm for finding paths within this bound.



Similar constructive methods yield —

Theorem. dC; > 0,YN > 3andV primes p,
Diam Cay(SLN(Pp),{e.j = j}) < Ci1N?Inp.

and an algorithm for finding paths within this bound.

Compare:

SLn(Z) enjoys Property®) for N > 3.
So for a fixedN > 3 and generating setl for
SLn(Z),

(Cay(SLn(Z/NZ), A) | n e N}

is a family of expanders. S&K > 0, such that for
all primesp,

Diam Cay(SLn(Fp), A) < Klogp.



Lemma. Everye; equals a word inAn*t and
Byt of length at most 182, where

11 01
1 01
AN = 1 , BN = 0 --.

=

o

1 (-1

Corollary. There exists € > 0 such that for all
N > 3 and primes p,

Diam Cay(SLn(Fp), {An, Bn)) < CoNInp.

Problem. (Lubotzky). Can théN* be improved to
N2. Such a result would be best possible because
[SLa@Ep)| ~ P



Fix N > 3.

Problem. Does Sly(Z) enjoy uniform PropertyT)?

Problem. (The Independence Problem 8ty(Z).) Is
{ CayfSLn(Z)/H, X) | [SLn(Z) : H] < 00, (X) = SLn(Z) }

a family of expanders?

Problem. Does there exidK > 0 such that for all
generating setX for SLy(Z) and all primes

Diam Cay(SLy(Fp), X) < Klogp ?



Problem. Give an elementary proof of the re-
sult of Gromov that Sg(Z) admits an exponential
Dehn function.

Problem. Prove the assertion of Thurston that
SLn(Z) admits a quadratic isoperimetric function
forall N > 4.



