
第三节第三节第三节第三节        分部积分法分部积分法分部积分法分部积分法

第五章

d dd dd dd du v uv v uu v uv v uu v uv v uu v uv v u= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫



问题问题问题问题 d ?d ?d ?d ?xxxxxe xxe xxe xxe x ====∫∫∫∫
解决思路解决思路解决思路解决思路 利用两个函数乘积的求导法则....

设函数 ))))(((( xxxxuuuuuuuu ====和 ))))(((( xxxxvvvvvvvv ====具有连续导数,,,,

(((( )))) ,,,,vvvvuuuuvvvvuuuuuvuvuvuv ′′′′++++′′′′====′′′′ (((( )))) ,,,,vvvvuuuuuvuvuvuvvvvvuuuu ′′′′−−−−′′′′====′′′′

d d ,d d ,d d ,d d ,uv x uv u v xuv x uv u v xuv x uv u v xuv x uv u v x′ ′′ ′′ ′′ ′= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫ d d .d d .d d .d d .u v uv v uu v uv v uu v uv v uu v uv v u= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫
分部积分分部积分分部积分分部积分(integration by parts)(integration by parts)(integration by parts)(integration by parts)公式公式公式公式



例例例例1111                求积分 cos d .cos d .cos d .cos d .x x xx x xx x xx x x∫∫∫∫
解（一）解（一）解（一）解（一） 令 ,,,,coscoscoscosxxxxuuuu ==== (((( ))))22221111d d dd d dd d dd d d

2222
x x x vx x x vx x x vx x x v= == == == =

cos dcos dcos dcos dx x xx x xx x xx x x∫∫∫∫
2 22 22 22 2

cos sin dcos sin dcos sin dcos sin d
2 22 22 22 2
x xx xx xx xx x xx x xx x xx x x= += += += + ∫∫∫∫

显然，                            选择不当，积分更难进行....vvvvuuuu ′′′′,,,,

解（二）解（二）解（二）解（二） 令 ,,,,xxxxuuuu ==== cos d dsin dcos d dsin dcos d dsin dcos d dsin dx x x vx x x vx x x vx x x v= == == == =

cos dcos dcos dcos dx x xx x xx x xx x x∫∫∫∫ dsindsindsindsinx xx xx xx x==== ∫∫∫∫ sin sin dsin sin dsin sin dsin sin dx x x xx x x xx x x xx x x x= −= −= −= − ∫∫∫∫
....coscoscoscossinsinsinsin CCCCxxxxxxxxxxxx ++++++++====



例例例例2222                求积分
2222 d .d .d .d .xxxxx e xx e xx e xx e x∫∫∫∫

解解解解 ,,,,2222xxxxuuuu ==== d d d ,d d d ,d d d ,d d d ,x xx xx xx xe x e ve x e ve x e ve x e v= == == == =

2222 ddddxxxxx e xx e xx e xx e x∫∫∫∫ 2222 2 d2 d2 d2 dx xx xx xx xx e xe xx e xe xx e xe xx e xe x= −= −= −= − ∫∫∫∫

....))))((((22222222 CCCCeeeexexexexeeeeexxxx xxxxxxxxxxxx ++++−−−−−−−−====

（再次使用分部积分法） ,,,,xxxxuuuu ==== d dd dd dd dxxxxe x ve x ve x ve x v====

总结总结总结总结                                                    若被积函数是幂函数和正((((余))))弦函数
或幂函数和指数函数的乘积,   ,   ,   ,   就考虑设幂函
数为   ,    ,    ,    , 使其降幂一次((((假定幂指数是正整数))))uuuu



例例例例3333                求积分 arctan d .arctan d .arctan d .arctan d .x x xx x xx x xx x x∫∫∫∫
解解解解 令 ,,,,arctanarctanarctanarctanxxxxuuuu ====

2222

d d dd d dd d dd d d
2222
xxxxx x vx x vx x vx x v

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞
= == == == =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠
arctan darctan darctan darctan dx x xx x xx x xx x x∫∫∫∫

2 22 22 22 2

arctan d(arctan )arctan d(arctan )arctan d(arctan )arctan d(arctan )
2 22 22 22 2
x xx xx xx xx xx xx xx x= −= −= −= − ∫∫∫∫

2 22 22 22 2

2222
1111arctan darctan darctan darctan d

2 2 12 2 12 2 12 2 1
x xx xx xx xx xx xx xx x

xxxx
= − ⋅= − ⋅= − ⋅= − ⋅

++++∫∫∫∫
2222

2222
1 11 11 11 1arctan (1 )darctan (1 )darctan (1 )darctan (1 )d

2 2 12 2 12 2 12 2 1
xxxx x xx xx xx x

xxxx
= − ⋅ −= − ⋅ −= − ⋅ −= − ⋅ −

++++∫∫∫∫

....))))arctanarctanarctanarctan((((
2222
1111arctanarctanarctanarctan

2222

2222

CCCCxxxxxxxxxxxxxxxx
++++−−−−−−−−====



例例例例4444                求积分
3333 ln d .ln d .ln d .ln d .x x xx x xx x xx x x∫∫∫∫

解解解解 ,,,,lnlnlnln xxxxuuuu ====
4444

3333d d d ,d d d ,d d d ,d d d ,
4444
xxxxx x vx x vx x vx x v

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞
= == == == =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠
3333 ln dln dln dln dx x xx x xx x xx x x∫∫∫∫ 4 34 34 34 31 11 11 11 1ln dln dln dln d

4 44 44 44 4
x x x xx x x xx x x xx x x x= −= −= −= − ∫∫∫∫

....
16161616
1111lnlnlnln

4444
1111 44444444 CCCCxxxxxxxxxxxx ++++−−−−====

总结总结总结总结                                                若被积函数是幂函数和对数函数或幂
函数和反三角函数的乘积，就考虑设对数函
数或反三角函数为   .   .   .   .uuuu



例例例例5555                求积分 sin(ln )d .sin(ln )d .sin(ln )d .sin(ln )d .x xx xx xx x∫∫∫∫
解解解解 sin(ln )dsin(ln )dsin(ln )dsin(ln )dx xx xx xx x∫∫∫∫ sin(ln ) d[sin(ln )]sin(ln ) d[sin(ln )]sin(ln ) d[sin(ln )]sin(ln ) d[sin(ln )]x x x xx x x xx x x xx x x x= −= −= −= − ∫∫∫∫

1111sin(ln ) cos(ln ) dsin(ln ) cos(ln ) dsin(ln ) cos(ln ) dsin(ln ) cos(ln ) dx x x x xx x x x xx x x x xx x x x x
xxxx

= − ⋅= − ⋅= − ⋅= − ⋅∫∫∫∫
sin(ln ) cos(ln ) d[cos(ln )]sin(ln ) cos(ln ) d[cos(ln )]sin(ln ) cos(ln ) d[cos(ln )]sin(ln ) cos(ln ) d[cos(ln )]x x x x x xx x x x x xx x x x x xx x x x x x= − += − += − += − + ∫∫∫∫
[sin(ln ) cos(ln )] sin(ln )d[sin(ln ) cos(ln )] sin(ln )d[sin(ln ) cos(ln )] sin(ln )d[sin(ln ) cos(ln )] sin(ln )dx x x x xx x x x xx x x x xx x x x x= − −= − −= − −= − − ∫∫∫∫

sin(ln )dsin(ln )dsin(ln )dsin(ln )dx xx xx xx x∴∴∴∴ ∫∫∫∫ [sin(ln ) cos(ln )] .[sin(ln ) cos(ln )] .[sin(ln ) cos(ln )] .[sin(ln ) cos(ln )] .
2222
xxxx x x Cx x Cx x Cx x C= − += − += − += − +



例例例例6666                求积分 sin d .sin d .sin d .sin d .xxxxe x xe x xe x xe x x∫∫∫∫
解解解解 sin dsin dsin dsin dxxxxe x xe x xe x xe x x∫∫∫∫ (((( ))))sin dsin dsin dsin d xxxxx ex ex ex e==== ∫∫∫∫

sin d(sin )sin d(sin )sin d(sin )sin d(sin )x xx xx xx xe x e xe x e xe x e xe x e x= −= −= −= − ∫∫∫∫
sin cos dsin cos dsin cos dsin cos dx xx xx xx xe x e x xe x e x xe x e x xe x e x x= −= −= −= − ∫∫∫∫ (((( ))))sin cos dsin cos dsin cos dsin cos dx xx xx xx xe x x ee x x ee x x ee x x e= −= −= −= − ∫∫∫∫
sin ( cos dcos )sin ( cos dcos )sin ( cos dcos )sin ( cos dcos )x x xx x xx x xx x xe x e x e xe x e x e xe x e x e xe x e x e x= − −= − −= − −= − − ∫∫∫∫
(sin cos ) sin d(sin cos ) sin d(sin cos ) sin d(sin cos ) sin dx xx xx xx xe x x e x xe x x e x xe x x e x xe x x e x x= − −= − −= − −= − − ∫∫∫∫
sin dsin dsin dsin dxxxxe x xe x xe x xe x x∴∴∴∴ ∫∫∫∫ ....))))coscoscoscos(sin(sin(sin(sin

2222
CCCCxxxxxxxxeeee xxxx

++++−−−−====

注意循环形式



例例例例7777                求积分
2222

arctanarctanarctanarctan d .d .d .d .
1111

x xx xx xx x xxxx
xxxx++++

∫∫∫∫

解解解解 (((( )))) ,,,,
1111

1111 2222
2222

xxxx
xxxxxxxx
++++

====
′′′′

++++∵

2222

arctanarctanarctanarctan dddd
1111

x xx xx xx x xxxx
xxxx

∴∴∴∴
++++

∫∫∫∫ (((( ))))2222arctan d 1arctan d 1arctan d 1arctan d 1x xx xx xx x= += += += +∫∫∫∫
2 22 22 22 21 arctan 1 d(arctan )1 arctan 1 d(arctan )1 arctan 1 d(arctan )1 arctan 1 d(arctan )x x x xx x x xx x x xx x x x= + − += + − += + − += + − +∫∫∫∫
2 22 22 22 2

2222
11111 arctan 1 d1 arctan 1 d1 arctan 1 d1 arctan 1 d

1111
x x x xx x x xx x x xx x x x

xxxx
= + − + ⋅= + − + ⋅= + − + ⋅= + − + ⋅

++++∫∫∫∫



2222
2222

11111 arctan d1 arctan d1 arctan d1 arctan d
1111

x x xx x xx x xx x x
xxxx

= + −= + −= + −= + −
++++

∫∫∫∫ 令 ttttxxxx tantantantan====

2222

1111 dddd
1111

xxxx
xxxx++++

∫∫∫∫ 2222

2222

1111 sec dsec dsec dsec d
1 tan1 tan1 tan1 tan

t tt tt tt t
tttt

====
++++

∫∫∫∫ sec dsec dsec dsec dt tt tt tt t==== ∫∫∫∫

CCCCtttttttt ++++++++==== ))))tantantantanln(secln(secln(secln(sec CCCCxxxxxxxx ++++++++++++==== ))))1111ln(ln(ln(ln( 2222

2222

arctanarctanarctanarctan dddd
1111

x xx xx xx x xxxx
xxxx

∴∴∴∴
++++

∫∫∫∫

xxxxxxxx arctanarctanarctanarctan1111 2222++++==== ....))))1111ln(ln(ln(ln( 2222 CCCCxxxxxxxx ++++++++++++−−−−



例例例例8888    已知

))))((((xxxxffff

的一个原函数是

2222xxxxeeee−−−−

, , , , 求

( )d( )d( )d( )dxf x xxf x xxf x xxf x x′′′′∫∫∫∫

.... 

解解解解 ( )d( )d( )d( )dxf x xxf x xxf x xxf x x′′′′∫∫∫∫ [[[[ ]]]]d ( )d ( )d ( )d ( )x f xx f xx f xx f x==== ∫∫∫∫ ( ) ( )d ,( ) ( )d ,( ) ( )d ,( ) ( )d ,xf x f x xxf x f x xxf x f x xxf x f x x= −= −= −= − ∫∫∫∫
2222

( )d ,( )d ,( )d ,( )d ,xxxxf x x e Cf x x e Cf x x e Cf x x e C−−−−∴ = +∴ = +∴ = +∴ = +∫∫∫∫(((( ))))( )d ( ),( )d ( ),( )d ( ),( )d ( ),f x x f xf x x f xf x x f xf x x f x
′′′′
====∫∫∫∫∵∵∵∵

两边同时对            求导, , , , 得xxxx ,,,,2222))))((((
2222xxxxxexexexexxxxffff −−−−−−−−====

( )d( )d( )d( )dxf x xxf x xxf x xxf x x′′′′∴ =∴ =∴ =∴ =∫∫∫∫ ( ) ( )d( ) ( )d( ) ( )d( ) ( )dxf x f x xxf x f x xxf x f x xxf x f x x−−−− ∫∫∫∫
222222222222 xxxxeeeexxxx −−−−−−−−==== ....

2222

CCCCeeee xxxx ++++−−−− −−−−


