
1�Ù ·>|(Electrostatic Field)

>õ4Ý
Electric Multipole Moment

4ýùìÜ�Ó�ÆÔn�>f�ÆÆ�
October 21,2013



?n�!¯K�A:



?n�!¯K�A:
>Ö©Ù3�«�S§|:qål>Ö©Ù��§=l ≫ r¢~µ

1 �fØ¥>Ö£�f¤©Ù��Ý∼ 10−13cm ∼ 10−15Fm



?n�!¯K�A:
>Ö©Ù3�«�S§|:qål>Ö©Ù��§=l ≫ r¢~µ

1 �fØ¥>Ö£�f¤©Ù��Ý∼ 10−13cm ∼ 10−15Fm
2 >f��fØ�²þål∼ 10−10m



?n�!¯K�A:
>Ö©Ù3�«�S§|:qål>Ö©Ù��§=l ≫ r¢~µ

1 �fØ¥>Ö£�f¤©Ù��Ý∼ 10−13cm ∼ 10−15Fm
2 >f��fØ�²þål∼ 10−10m
3 �fØ¥�>Ö¤-u��^3>fþ�>³Ò�±^:õ4ÝL«



?n�!¯K�A:
>Ö©Ù3�«�S§|:qål>Ö©Ù��§=l ≫ r¢~µ

1 �fØ¥>Ö£�f¤©Ù��Ý∼ 10−13cm ∼ 10−15Fm
2 >f��fØ�²þål∼ 10−10m
3 �fØ¥�>Ö¤-u��^3>fþ�>³Ò�±^:õ4ÝL«



ïÄSN



ïÄSN
1 >³�õ4�m



ïÄSN
1 >³�õ4�m
2 >õ4Ý



ïÄSN
1 >³�õ4�m
2 >õ4Ý
3 >ÖNX3	>|¥�Uþ(�p�^
U)



ïÄSN
1 >³�õ4�m
2 >õ4Ý
3 >ÖNX3	>|¥�Uþ(�p�^
U)



�!>³�õ4�m



�!>³�õ4�m
1 1. �«�>Ö©Ù



�!>³�õ4�m
1 1. �«�>Ö©Ùe®�ρ(~x ′)§�Kþ�ÏL:

φ(~x) =

∫

∞

ρ(~x ′)dV ′
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f (x) = f (0)+ 1
1!
df (0)
dx

x + 1
2!
df 2(0)
dx2

x2+ · · · (3)
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(2) n�¼ê�ð�N��m

f ( ~x) = f (x1,x2,x3) = f (0,0,0) (4)

+ 1
1!
(x1

∂f (0,0,0)
∂x1

+ x2
∂f (0,0,0)

∂x2
+ x3

∂f (0,0,0)
∂x3

)

+ 1
2!
[x21

∂2f (0,0,0)
∂x1

+ x22
∂2f (0,0,0)

∂x2
+ x23

∂2f (0,0,0)
∂x3

+ 2x1x2
∂2f

∂x1∂x2
+2x1x3

∂2f
∂x1∂x3

+2x2x3
∂2f

∂x2∂x3
] + · · ·
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∂2f (0,0,0)
∂x1

+ x22
∂2f (0,0,0)

∂x2
+ x23
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∂x3
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∂2f
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+2x1x3
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ð�N��mµ
f ( ~x ) = f (0)+ 1

1!
(x1

∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3
)f (0)

+ 1
2!
(x1

∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3
)2f (0)+ · · ·

= f (0)+
3

∑

i=1

xi
∂

∂xi
f (0)+ 1

2

∑

ij

xixj
∂2

∂xi∂xj
f (0)+

= f (0)+ (~x ·∇)f (0)+ 1
2
(~x ·∇)2f (0)+ · · · (5)
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(3) ò1/r3 ~x ′ = 0:�m

1
r
= 1
∣

∣~x − ~x ′
∣

∣

= f (~x − ~x ′) , ~x ′ = 0 , 1r =
1
R

f (~x − ~x ′) = f (~x)+ (~x ′ · ∇′)f (~x)+ 1
2
(~x ′ · ∇′)2f (~x)+ · · ·

1
r
= 1
R
+(~x ′ · ∇′) 1

r

∣

∣

∣

~x ′=0
+ 1
2
(~x ′ · ∇′)2 1

r

∣

∣

∣

~x ′=0
+ · · ·

=
1
R

− (~x ′ · ∇) 1
R
+ 1
2
(~x ′ · ∇)2 1

R
+ · · ·



�!>³�õ4�m



�!>³�õ4�m
=

1

R
− (~x ′ · ∇)

1

R
+

1

2
(~x ′~x ′ : ∇∇)

1

R
+ · · ·

Ù¥
(∇′ 1

r

∣

∣

∣

~x ′=0
= −∇

1
r

∣

∣

∣

~x ′=0
= −∇

1
R

,

~a~a : ~b~b = (~a ·
~b)2)
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ϕ(~x) =

1

4πε0

∫

V

ρ(~x ′)[
1

R
− ~x ′ · ∇

1

R
+

1

2
~x ′~x ′ : ∇∇

1

R
+ · · · ]dV ′

3!�«�>Ö©Ù�)�>³
ϕ(~x) =

∫

∞

ρ(~x ′)dV ′

4πε0r

µ
Q =

∫

V

ρ(~x ′)dV ′

~p =

∫

V

ρ(~x ′)~x ′dV ′
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↔

D =

∫

V

3~x ′~x ′ρ(~x ′)dV ′

þªǑ>o4Üþ
Dij =

∫

3x ′
i
x ′
j
ρ(~x ′)dr i = 1− 3, j = 1− 3

ϕ(~x) = Q
4πε0R

−
1

4πε0
~p · ∇

1
R
+ 1
4πε0

1
6

↔

D : ∇∇
1
R
+ · · ·

= ϕ(0)+ ϕ(1)+ ϕ(2)+ · · ·
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1!�mª�Ôn¿Â

ϕ(0)= Q
4πε0R��u�I�::>Ö�)�>³"Ïd�>ÖNX3>Ö©Ù«	�)�>³3"?Cqe�ÀǑò>Ö8¥u�:?�)�>³"

ϕ(1)= −
1

4πε0
~p · ∇

1
R
= −

1
4πε0

~p · (−
~R
R3

) =
~p ·

~R

4πε0R3��>ó4Ý~p �)�>³"�{ü�NXǑü�:>Ö�)�>³"
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ϕ(2) =

1

4πε0

1

6

↔

D : ∇∇
1

R
=

1

4πε0

1

6

∑

ij

Dij

∂2

∂xi∂xj

1

R

↔

D : ∇∇ =
∑

ij

Dij~ei~ej :
∑

kl

∂2

∂xk∂xl
~ek~el

=
∑

ij

Dij

∑

kl

∂2

∂xk∂xl
δjkδil =

∑

ij

Dij
∂2

∂xi∂xj

φ(2)��ǑNX>o4ÝÜþ�)�>³"�{ü�NXǑ�I�:NC£+§-§+§-¤o�:>Ö�)�>³
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2!>o4ÝÜþ

↔

D =

∫

V

3~x ′~x ′ρ(~x ′)dV ′

k9�©þ
Dij =

∫

3x ′
i
x ′
j
ρ(~x ′)dV ′

duDij =Dji¤±>o4Ýk8�ØÓ�©þ"#½Âµ
↔

D =

∫

(3~x ′~x ′ −R ′2
↔

l )ρ(~x ′)dV ′
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§ØUCφ(2) D11+D22+D33= 0�k5�Õá©þ,y²µ

ϕ(2)= 1
4πε0

1
6
[

∫

3~x ′~x ′ρ(~x ′)dV ′] : ∇∇
1
R

= 1
4πε0

1
6[
∫

3~x ′~x ′ρ(~x ′)dV ′ : ∇∇ 1
R
−
∫

R ′2
↔

l :∇∇ 1
R
ρ(~x ′)dV ′]

= 1
4πε0

1
6[
∫

(3~x ′~x ′ −R ′2
↔

l )ρ(~x ′)dV ′] : ∇∇ 1
R
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o�:>Ö3���þU£+§-§-§+¤ü�§�w��é�K>ó4f"

l = a+ b

~P=Q(b − a)~ez = ~p

~P= −Q(b − a)~ez = −~p

NXo>Ö!o>ó4ÝǑ",�½ÂD33 6= 0Ù§©þþǑ".
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D33 =

∫

V
3zzρ(~x)dV =

∫ z=∞

z=−∞
3zzQ ′δ(z − z ′)dz

= 3z1z1Q − 3z2z2Q − 3z3z3Q + 3z4z4Q
= 3(b2 − a2 − a2 + b2)Q = 6Q(b2 − a2)
= 6Q(b − a)(b + a) = 6pl

ϕ =
1

4πε0

1

6
· 6pl~ez~ez : ∇∇

1

R
=

1

4πε0
pl

∂2

∂z2
(
1

R
)§���O�(J����£l ≪ R)

ϕ=
~p · ~r+
4πε0r 3+

−
~p · ~r−
4πε0r 3−

= −
1

4πε0
~p · [∇ 1

r+
−∇

1
r−
]

= −
1

4πε0
p

∂

∂z
( 1
r+

−
1
r−
) (~p = p~ez)
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r+ ≈ R −

l

2
cos θ r− ≈ R + l

2
cos θ

1

r+
−

1

r−
=

r− − r+

r+r−
≈

l cos θ

R2

∂

∂z

1

R
= −

1

R2

∂R

∂z
= −

1

R2

z

R

= −
cos θ

R2
(z = R cos θ)

ϕ =
1

4πε0
pl

∂2

∂z2
(
1

R
)
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>o4Ý�{üNXÞ~µ
>o4ÝÙ§~f:

D11 6= 0o�:>Ö3 x ¶
D22 6= 0o�:>Ö3y ¶
D12=D21 6= 0 x-y²¡
D13=D31 6= 0 x-z²¡
D23=D32 6= 0 y-z²¡
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