Lecture S Four arithmetic operations, and
monotonic and bounded sequences

? 1 Four arithmetic operations

Theorem 1.1 If mx =a and limx, =5,

a0 n—pot

then liﬂ(x,, 9 Y=ath,

The proof directly follows from the definition.

Theorem 1.2 If lmx, =a and hmx, =b,

H =3 ald il Seil

then lm(x_ y )=ab.

— el

The proof of Theorem 1.2 follows from the following

two statements: Yy
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(1) The definition of the limit; and
(2) If limx, =a,then {x,} 1s bounded.

H—»oO

Remark 1.1 In general, the inverses of Theorem 1.1

and 2.2 are not valid. We can take x,=n, y,=—n,
1

and x_=n, y, as counterexamples.
M

Theorem 1.3 If limx, =a and limy, =b6+0,

A-—#aD H—>oh

then lim> " - ¢
ko0 y"

Proof Forany & >0, thereis some »,>0 such that
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forall n>N,,

d—eg<x <a+s,

And there i1s some N, >0 such thatforall n> N,

b—e<y <b+e.

5 B ’
It follows from by, »>b* > : that there is some N,>0,

Such that for all n> N,

Since




By Let N - max{N,,N,,N,}, we see that forall »> N

x a 2
y—" 2 Eb—z {|a| i |b|)£,
This shows that
lim X, _4a
n—»e0 yﬂ b 2

Examples 1.1 Find the following limits.
. n+2n+5

(1) lim

ot 41

2

. | 1 2 Hh
(2) H;;[(”;ﬂ)+(x+—a)+---+(x+—a}];

R (]
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=

(3) limsin® (:ﬁfﬂz +n

l1—cos2x

Hint of (3) Wsin’x=—"—;
(2)cos x = cos(2nm —x).

Examples 1.2 Find the error in the following
inference.

l=lm(n—)=hmn-hm 1= 0.
n—3ah H R0 H—>al F |

Theorem 1.4 Imx, =4 1f and only 1l there 1s some

e

sequence {z,} suchthat x,=4+g, with limg =0.

By letting ¢, =x, — 4, the proof easily follows.
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§ 2 Monotonic and bounded sequences

We give the following result as an axiom.

Theorem 2.1 If {x,} is monotonic and bounded,

then hmx, exists.

Ay

Example 2.1 Suppose a>0 1is a constant.

— i - ! i —
Let y,=va, y,=va+va, -, Y,=yatvat-—-ivya,—-,

w
H

First prove that limy, exists and then find this limit.

H—Fal
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Proof @ Obviously, V.. > Va:
@ y:rl =ﬂ+_}’n {'ﬂ_l_yml: y.l'H] < "‘"I:E_I_ 1'
Thesc show that {y,} is decreasing and bounded.

Theorem 2.1 implies that limy, exists.
Assume that /= H]l_ﬂ ¥.. It follows from ! =+a+1 that

FF—l—a=0_
We see that

o 14+ 1+ 4a

[ =
2
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Example 2.2 Let {y, =1+ 1}"}.Prnvc lim y_ exists.
M

Proof (1) Since
1 a(r-1)1 n(n—1)---3-2-1 1
+ S ) -

7 Nn ! n"

=141+ l('l—l]+ l—(l —l){'l—3]+---+l{l—l}(l —%)---(l—
21 7] 3! n /] H

il H
and

1 1 1 1 2
=31 —(l—— 34—l —— A — =}
Yan 2!( n+1) 3!( n+])( n+1)

y.=1l+n-

m—1

)

n

n—1
n+1

1 1 2
+E(1—E)(1—E)"‘(1— )

L g1 y0-.2 5 paay

(n+1)! n+l n+l n+1

_l_
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We see that

yﬂ{yﬂ+l'
It follows that {y,} isincreasing.
1 1
2 O<y <l4+l+—+---+—
@) e
=1+1+L+---+ :
(n—Dn
=1+1+1—-—<3_

fl
Hence {y,} 1is increasing and bounded. Theorem 2.1

implies that lim y, exists, which is denoted by

n—r<0

e=2.71828182845926---,1¢_,

lim(1+ l}” = e,

= 0000




k
| | n
Example 2.3 Let x, = Py where a>1 and £>0
are constant. Prove .]:'_'H, x, exists.
Hint: Since
ﬁumr+lj*=1

i —pad H

and a>1, we easily know that there 1s some N>0
such that forall n> N,

1
1+ <a.
H

Example 24 Let xeR and y,=smsm---sin x_

-
"

Prove lﬂyn(x) exists.

0000




Proof (O without loss of generality, we may assume
that sm x> 0. It follows that

LACIRS A ECID
This shows that {y,(x)} 1s decreasing.
@) Obviously, 0<y,(x) <sinx,
The above discussions show that {y,(x)} 1s decreasing
and bounded. Theorem 2.1 implies that Im y, exists,

A=Jod

which is denoted by /. Then /=sin/.Hence [ =0.

Homework Page56: 12; 13; 14(1, 4); 16
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