Lecture 6 Infinitesimals and infinity

§ 1 Infinitesimals
Definition 1.1 If E_Iix,, =0, then {x,} iscalledan

mfinitesimal.

1
For example, when »n — oo, both sequences {;} and {0}

are i finitesimals.

Theorem 1.1 If {x,} is bounded and {y,} is an

infinitesimal, then {x,y,}1s still an infinitesimal.
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Proof since{x,}is bounded, we see that there is some

M >0 suchthatforall n>0,
<M.

Iﬂ

It follows from{y,}being an infinitesimal that for any
£>0, thereis some N >0 suchthat forall n> N,

‘ y,,| SE
Hence forall n> N |

|xn yn| <Me.

This shows that
hmx, y =0.
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Example 1.1 Find the limats.

-
(1)11mg'““ (2) hm(2+—) sin .
\n
§ 2 Infinity
Definition2.1 If 15'?3@-1?,, = then{x,} is called an
hinity

Thas 1s equivalent to the following:

Forany G >0, thereis some N >0 such that for all
n>N,

x,|>G.

There are two cases:
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Case I limx, =+ ifand only if forany G>0, there is

some N >0 suchthatforall »>N,x,>G.

Case Il hmx, =-— ifand only if for any >0, there 1s

T iy

some N >0 suchthatforall »>N,x, <-G.
Example 2.1 Prove {2"} 1s an infinity.

Proof Forany G>0,let 2">G.

Take N =|log7]+1. Then forall n>N ,
27 >G .

The proof is fimished.
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8 3 Their relationships

1
Theorem 3.1 If {x,} isan infinity, then {I—} is an

"

infinitesimal, and the converse also holds if for each
n, x 0,

| L1 .
Proof Forany £>0 let G= = Then the hypothesis

{x,} being an infinity implies that there is some N >0

such that forall n> N |

1
}—-
g

xﬂ
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Hence i‘ <& It follows that 11_132 A_L =0
The proof for the converse 1s the same.

Theorem 3.2 Ifboth {x,} and {¥,} are positive (resp.
negative) infinities, then {X, +¥,} is still an infinity.
The proof is obvious.

Theorem 3.3 If {x,} isaninfinityand {y,} is bounded,
Then {I,, +J?,,} 1s still an infimity.

The proof 1s obvious.
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Theorem 3.4 If {x,} isaninfinityand {y } satisfies
that there is some N >0 and ¢ >0 such that for all
n>N, |v,/2q,then {x,y,} isan infinity.

Proof Since {X,} is an infinity, we see that there is
G>0 and N >0 suchthat forall n>N |

x, >G and |x,y,|>Gyg.

These show that {x,y,} 1san infimty.

The following 1s a direct consequence of Theorem 3 .4.
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Corollary 3.1 If {x,} isaninfinityand limy, =a+0,

F—eol

then {x,y,} isan infinity.

Remark 3.1 The condition a=0 1is necessary. For

1
example, we take x,=n and y,=—.
n

k k—
an" +an" ' +---+a,

_ e -
Example 3.1 Let X, A B il , Where

a, #0, b, # 0_Discuss the existence of Imx,

Example 3.2 Show that lim ¥n =1_

Proof Let ¥n=1+x_. Then




1 2
—n(n—1)x." <n.
- (n—1)x,

This imphes that forall n=>2,

f 2
O<x < |—.
n—1

Thas yields that

lmx =0.
Hence

Iim E’JE =1

Remark 3.2 As an exercise, please show that for any
a>1() 5 lim {ﬂ'lg =]
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. 3n+s
Example 3.3 Find lim "

|arctan 7 +sin”* n]_
nrapn” +cosn+1

Example3 4 If a, >0and lima, = a, then lilﬂ(ﬂlﬂz ---a,)n =a

[y R L]

Proof We divide our discussions into two cases.

Casel a=0.

S e =

It follows that luﬂ =1,

n

By using the fact

a+a,+---+a

"
=4

0< ﬁa,ai -, <
n

We see that lﬂ(alaz ---a_Jn =0.
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Case2 a>0

e S
It follows that Im —=—.
ﬂ—}ﬂ'}ﬂﬂ {1
This implies that
1 1 1
— 4+ — - —
fig 2T+ 4, i, T a, a, a, 1
B0 F i ] —# e H a
and
" —
o 1 1 I
—+— - —
a, o a,
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It follows from the following double inequalities

] a-+a,+---+a
<%aa,---a, <
1 1 2 1 H

lim(aa, -a,) =a.

o
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