Lecture 7 Limits of functions

§ 1 Definition of the limit of a function at X,

Definition 1.1 [.et f(x) be well defined on a

neighbourhood O(x,,8) of x, with x; deleted (which
is denoted by O(%,,0) in the following)and 4 a
constant.

If forany £ > 0, there is some & >0 such that forall x:

0<|x—x,|<8, [f(x)-A4<¢,
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then we call A the limit of f(x) at X,, denoted by

Im f(x)=4_
Y
A+ e e ?
A e
A—¢ :
X —I-r;:? x'; ;:0:—5 ¥
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Examples 1.1 (1) Prove lim(xsin 1) =0,

Theorem 1.1 If Iim f(x)=4 then P—ﬂ 7 )| =|4.

XX

The proof casily follows from the definmition and the
following estimate:
7G4 < |- 4.

The function sgn(x) shows that the converse of Theorem

1.1 does not hold.
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Theorem 1.2 hlm f(x) =0 1f and only 1f Pﬂl f(@)]=0.

X }Iu

The proof 1s obvious.
% 2 Operations
Theorem 2.1 If lim /(x)=4_ and J!i_{lgu g(x) =B then

lm(/ ()£ g(x)=4+B and lim(g(x)/ ()= 4B

Theorem 2.2 If !'P} f(x)=A4, and Pﬂ g(x)=B #0_then

gt 4
=u g(x) B

0000




Proof It follows from Im f(x)=4 and hm g(x)=8

that for any £> 0, there is ;nme o,>0 such I;hat for all
x € (x,,d,),

f(x)—4<s;
and there 1s some &, >0 such that for all

X € 0(.-*.:]:-51):

2(x) —B| o
Since !i{lsu Bg(x) = ‘B?‘| . we see that there is 8,>0 such
that for all xeO(x,.8,).

I 3
—B < Be(xy<—08"
> g{}3
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Let 6=min{,,5,.6,}. Then 6 >0 and forall xeO(x,,
S _A|_|Bfe)-4gw)|_2(4|+|B)
g(x) B Bg(x) B* -
This shows that
f (x) é
H‘“ g(x) B

1
Example 2.1 Show that IImxsm —=0_

x>0 x

Theorem 2.3 lm f(x)=4 if and only if there is some

I3,
sequence {£(x)} suchthat f(x)=A+£(x) with
Iim £(x)=0_
X->K

),
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By letting =z(x) = f(x)— 4, the proof easily follows.

$ 3 Properties (I)

Theorem 3.1 If hm f(x) = 4>0, then there is some 0 >0

such that for all xc O(x,,8), f(x)>0.




A
Proof Let £= PR Then there 1s some 6 >0 satisfying

there exists some neighbourhood O(x,,0) of x, such that
forall x€0(%,,9),
f@-4<.
This implies that
D-::;-if{x]{%fl,

Corollary 3.1 Il Iim f(x)=4, !iﬂug(x)=ﬂ and A> 8B,

then there exists some 4 >0 such that for all x € O(x,,5),

J(x)>g(x).
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By letting F(x) = f(x) - g(x), we easily know that the

proof follows from Theorem 3.1.

Corollary 3.2 If f(x)20 and lim f(x) exists, then

lim f(x)>0_

X-¥Xg

Proof Suppose lim f(x) <0 Then by Theorem 3.1, it

XXy

is impossible.

Corollary 3.3 If hm f(x)=4>B_  then there is some

XXy

d >0 such that for all x€0(x,,5), f(x)>B.
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Corollary 3.4 (Uniqueness) If EE' f(x)=A4 and
im f(x)=58,then A=8.

Theorem 3.2 If there is some §>0 such that for all
s = G{iﬂaﬁ} ¥
J(x) =< g(x) < h(x)

and ,lim f(x) =4 =limA(x), then limg(x)=A4.

I—3Xp I—3Xp
Proof Forany £ >0, there is somed, >0 such that
for all xe O(x,,9,),

A-e< f(x)<A+e.

Also there is some 6, > 0 such that for all x€0(x,,6,),
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A—e<h(x)<A+¢.
Let 6§ =min{5,,35,}. Then forall xeO(Z%,,9),
A—e<g(x)< A+¢.
This shows that
g(x)-4<¢g,

which implies that
Im g(x) = A.

L—*iy

Homework: Page76: 1 (1,3); 2(1)
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