Lecture 11 Continuity of functions (II) and
the concept of the orders of infinitesimals
and infinities

8 1 Properties of continuous functions on
closed intervals
1.1 The Weierstrass boundedness theorem
Theorem 1.1 Suppose Jf(x) iscontinuousin [a, b].
Then [(x) 1is bounded in [a,b] .
1.2 The Weierstrass maximal-value theorem

Theorem 1.2 Suppose f(x) is continuous in |a, b].
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Then J(x) attains its maximum value and its minimum
value in |a, b].

1.3 The root existence theorem
Theorem 1.3 Suppose f(x) is continuous in [a, b]
and f(a)f(b) <0. Then there 1s some & €[a,b] such that

f(¢)=0.

1.4 The Bolzano-Cauchy intermediate-value theorem

Theorem 1.4 Suppose f(x) is continuous in |a, b].

[et M = max {j{x}} and m =;E_?ﬂ1 {f(.m)}

x| a, bl
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Then for any g c[m, M], there 1s some ¢& €[a,b] such
that

f()=q.

Hint Consider g(x)= f(x)-g. The proof easily follows
from Theorem 1.3.

1.5 The cantor-Heine theorem on uniformly continuity
Definition 1.5 f(x) is called uniformly continuous in

X 1ifforany £>0,there1ssome §>0 which depends

only on & such that forany pair x,, x, € X |
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if |5, —x,/<&, then
|f(xl)_f(xz)| <&,

: ' ]- - - 5
Example 1.5 Prove that sin — is uniformly continuous
X

on (¢l) (¢>0), butnoton (0, 1).

| U e | ‘ x, —x, |
Hint (1) sm—-sm—< :
( ) 4 Iz‘ 2|le1
N1 l d X.= :
el X, = n %
(2) Le : Q.m:’a“ o
2

Theorem 1.5 Suppose f(x) is continuous on [a, b].
Then f(x) 1s umformly continuous on [a, b].

0000




§2 Added exercises

Example 2.1 If f(x)is continuous in [a,+) and
Ihm f(x) exists,then f(x) is bounded on [a,+®).

=40

Hint By the existence of Im f(x), we divide [a,+)

ol Rl

into the union of two parts, [a,+0)=|a, X |U(X,+»0).

Then f(x) is bounded in [a,+x), we divide into [a,X]
and (X,+o), respectively.
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Example 22 If f(x) is continuous at x, and f(x,)>0,

then there is some neighborhood 0O(x,.6) of x, such that
for all

x € 0(x,,6), f(x)=c,where C 1is apositive constant.

- ¥
Hint In the definition of
Pjgﬂf{IF f(x,), we take
& f{x}
o x, :—5 x. .xu—zl—:ﬁ' _*E
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Example 23 If f€Cla,b] and a<x <---<x,<b, then
there is some ¢ €[x,,x_| such that

r

1)

Hint By using the weierstrass-Cauchy maximal-value

theorem and the intermediate value theorem in [x.x, ].

% 3 Infinitesimals

Suppose lim f(x) =0 P_{lgug{x).

I—» l'.'u

3.1 The comparison of infinitesimals




Definition 3.1 (1) f(x) is higher order than g(x) if
S(x) _o-

2

hm ~——
I—*X, g(x}

(2) f(x) and g(x) are of the same order if

R’ i 0-
s g(x)

(3) f(x) isequivalentto g(x) if 111131 ;2 I
which 1s denoted by

f(x}~ g(x).
Example 3.1 Show that sinx~x, tanx~x and

In{x +1)~x
Example 3.2 Find the following limits.
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@® lim( ’ﬁ,l"x FYX+yx -w.,-“;}; @) ling{l I sin x)**

; _
Hm log(x" —x+1)
s Jog(x" +x+1)°

]jm(sinl+m31)‘_
X el .I x

=X
log(x* ~x+1) 2]ng|x|+]ng 2

Hint of @

log(x" +x+1) x+1

101og|x|+

1
X
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Homework Page 95: 17(1);
Page 97: 1(1, 3, 5, 7);
Page 98: 2(1, 3, 5).
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