Lecture4 Properties and four arithmetic
operations of limits of sequences

§ 1 Properties
Theorem 1.1 Let {x,} and {¥,} be two sequences.
If

Imx, =A=lmy,

H ) H =l
and forall n, x, <z, <y .

then

lmz, =A4_

H—»al
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Proof Forany £>0, theassumption limx, = 4

implics that there is some N, >0 such that forall »> N,

A—e<x <Ate,

And the assumption 1Im y, =4 implies that there is some

A—3o0

N,>0 suchthatforall n>N,, A—-s<y, <A+e&.

Let N =max{N,,N,}.Thenforall n>N,

A-e<x <z <y <A+¢.

This shows that mz, =4

b e
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Corollay 1.1 If therc 1s some N such that for any n>N.
a<z <y and hmy,=a_

f—x0

Then hm zZ =4

R0

Corollay 1.2 If there 1s some N such that for any n>N.
x,<z,<a and hmx,=a_

n—ye0

Then PEIDE,, =a.
Examples 1.1

. +1
(1) Find lim ”n?_ ;

(2) Suppose a, >0 (i=1,2,---, k). Prove that

oo lom n, N n n ___ W
lll}l;lj\,iﬂl +a, +---+a, =maxia; &, Sl
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(3) Suppose 0<a <1. Prove that lm[(n+1)" —n"]=0.
Hint : The proof of (3) follows from the following estimates:
1
0<(n+n”—n”:n“ul+gr’—u

<n®[(1+ ) 1]
I

l-x =

n

Definition 1.1 A sequence {x,} 1s called bounded if there is

aconstant M >0 such that forall n,
xﬂ‘iM_
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Or we call {I,, } bounded if there are two constants 4 and
B such that A<x < B where A is called a lower
bound and B aupper bound.

Theorem 12 If limx, exists then {x,} isbounded.

Ao

Proof Assumethat lmx, —a andlet &, = 1.

ety

Then the hypothesis lim x, =a implies that there is some

A—¥cn

N >0 such that forall n>N |
l-ag<x_<a+tl;

Let M =max{|x, 5 [ Xgls ==, ’INL, ‘I-I-H, ]—a|} . Then for all »,
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‘xn’ <M
This shows that {x,} is bounded.

n

Examples 1.2 (1) Find hm(l+ ?:1]{1 * :2}'"(1 I: ”1);

Hint: (1) For x>0, —— <log(1+x)<x;
1+x

= nln+1
@ =700
3) 1, L

n +f_n1+n'

Examples 1.3 Prove lm2z+1)=0 does not hold.
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Hint: mx, #a ifand only if there is some >0 such

that for any N >0, there must exist some n>N such that
|.1::M = ﬂ‘.‘| 2E.

Proof Let £=1 and [2n+1|>1. Then »>0.This implies
that for each n,
|2ﬂ+ 1| > 5.

Hence Im(Zrn+1)=0 does not hold.

e =i

Homework: Page 55: 6; 7; 8 (2); 9(1, 3, 5).
Page 56: 11.
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