Lecture 19 Properties of definite integrals

§ 1 Properties
Proposition 1.1 If f cR[a,b],then forany kcR,
kf € Rla,b] and
e @de=k[ f(x)dx
The proof 1s easy.
Proposition 1.2 Ifboth f, g€ R|a,b], then f+geR[a,b]
and

| :[f(x}ig(x)]dr = :f(x)dx £ :S(I}dr _
The proof follows from the defimition.
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Proposition 1.3 Ifboth f,g € Rla,b],then f-ge<R|a,b].

Proof It follows from f.g € R|a, b] that there is some
M >0 such that

/)| =SM and |g(x)|<M .
Forany & >0, thereis some & >0 such that for any
parlition P={x}., with A(p)<S¥,

Zml (f-) lﬂ.xl' { 6- aﬂd Z m I(g) M} { E =
=1 1
This yields that

2.0 (JR)Ax, <MY o (/) Ax, + MY o (g) Ax,
<2Me¢. |
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Proposition 1.4 If f(x)=0 and f € Rla,b], then
[" foyde>0.

The prool directly follows from the definition.
Corollary 1.5 If f,geR[a,b] and f(x)<g(x), then
b b
[ fxac<| gxyax.

Proposition 1.6 If f € R[a.b], then | f|€ Rla,b], and
[ fedael< || £l
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Proof For any £>0, there is some 6, >0 such that for
any partition P ={x}., with XUR)<4,

Yo (NHA<zs .
It follows from o
ﬂ;_a‘(f|)£m (N
that > af) s <.
Hence
U:f(ﬂfﬂ‘ = !j‘fg_if(ff,-}f\r.- i}j'_};_i]lf(é)l Ax, =I:I f(x)|dx
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The following example shows that the converse of
Proposition 1.6 1s not true.
Example 1.1 Let P(X)

1 X 18 rational

" 'l—l, X 18 1rrational -

>

Discuss the

integrability of D(x) and |[D(x)] on [a,b].

Solution Obviously, for any partition P ={x}_, of
a,b] and each 1, the oscillation @ of f(x) on [x . x]
satisfies that @ =2 . This shows that D(x) is not integrable.

Since D(.r)| is a constant which 1s continuous, we know

that 1t 1s integrable.
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Proposition 1.7 Suppose a<c<b and suppose [ € Rla,c]
and feR|e,b]. Then feR|a,b] and

b ! = b
[, f@yde=] f)dx+] [(x)dx,
Proof Forany £>0, 1t follows from the hypotheses
f€Ra,c] and feR[c,b] that there are partiions

P'={x} _ of [a,c] and P"={x},., of [c,b] such that

Zm(ﬂx’u— a:l.ﬁ' and Zrﬂi{f}mf{%g-

[ac] [c. 8]

Let P=P'uP"={x,};,. Then P is a partition of [a,b]

and
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2.0, (Nx, =3 0,(Wx+ 3 o,(Wx, < &
The integrability of f(x) on [a,5b] follows from the
first critenon.

It follows that

J . reodx=Tim > £EN =Tim Y FEMx, +Tim > FEN

=i+l

=[*feyde+f fayar.

0000




Corollary 1.8 Forany a.b,c,if feR[a,c] and
f€Rlc,b], then fe€R[a,b] and
b [ B
[ foac=| feya+| fya
Proposition 1.9 (The first mean-value theorem) Suppose

(1) f€Cla,bl;
(2) g 1s nonnegative (or nonpositive) and g is integrable.

Then there 1s some & €|a, b] such that

,[: S(x)g(x)dx = f(&) E g(x)dx
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Proof Without loss of generality, we may assume that
g(x)=>0.Let M= max {f(x)} and m= min {f(x)}.

xe[a, b] xE[a. k]
Then
mg(x) < f(x)g(x) = Mg(x).

It follows that

m| g(x)dx <[ f(x)g(x)dx <M [ g(x)x

& b
() If [g(x)dx=0_ then [/(x)g(x)dx=0_ This implies that

we can take any pointin [ab] as &;
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b
[ g f ()
<

b
Q) If Ig(x)cir} 0 then ™= & *M Hence
a | g(x)ax

there is some ¢ €|a,b| such that
[ g0 f ()

f@="
| g(x)ex

Our result follows.
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Remark 1.10 If g=1, then f(&)=

average value of f(x) on [a,b].

—['f@)dx - The

Theorem 1.10 If f € Rla,b], letF(x)=[ f(x)dx_.Then
F ella,b].

Proot Itiollows from f € R|a,b] that there 1s some

M >0 such that forall xec[a,b],

S()<M|,
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We deduce that
x4Ax

Fx+Ax) - F(x) =| | f(x)dx|=|f(EAX < M|Ax|,

The proof 1s fimished.

Homework Page304: 2;3;5;7.
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