Lecture 20 Computation of definite integrals

§1 Computation
1.1 Newton-Leibniz’s Formula
Theorem 1.1.1 If f€Cla,b] and F(x):_[: f(x)dx 1s
denivable, then
F(x)=f(x).

Proof For any xe€la,b], without loss of generality, we
may assume that x €(a,b)_Then

F(x+Ax) - F(x) I S (x)dx
Ax Ax
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Then there 1s some ¢ between x and x+Ax such that
Fix+an—F(x) .
Re = f(<).

Since EJ?Dcf x  we see that
i FG+ A —F(x)

Ax—>0 Ax
The proof 1s completed.

=Jf(x).

As the first application of Theorem 1.1.1 we have that
Corollary 1.1.2 If feCla,b] and u(x) isderivable

on [a, f] with u(a)=a and u(f) =05 then

Fey=["" fat
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18 denvable and
F'(x) = f(u(x))u'(x) .
Proof Let y=u(x) and GU’)=I: Jf(@)dt _ Then

G')=1().
Since F(x)=G(y), we see that

Fi(x)=G'()y'= f'ulx)u'(x).

Corollary 1.1.3 Suppose that f(x) is continuous,

u(x) and v(x) are derivable.
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Then
F(x) = j’f; f(Hdt

1s derivable and
F(x) = fu(x)u'(x)— f (W(x)v'(x).
The proof casily follows from

_ u(x) wix}
Fe=| " f@a-| " f@d
As the second application of Theorem 1.1.1, we get

Theorem 1.1.4 (Newton-Leibmiz’s Formula) If
fe(la,b] and F(x) isone of its anti-derivative, then

[ faya=rml.
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Proof Let G()=[ f(x)dx Then
G(x)=F(x)+c and c=—-F(a).
It follows that
[ fG)de=F @) -F(a)
= F(x) f: .

- 12 5,
Example 1.1.1 Find _I.u e dx

3 12 5. | =1
Solution Iﬂ edx EE s E(E 1)
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2 X _
Example 1.12 Find [, ———dx.
'\.11+.!C

d+x?)

P— =
=V1+x* g =51,

Solution _[ fi— :%J‘;

Example 1.1.3 Suppose F(x)= .[1 sinxde . Find F'(x).

Solution F'(x)=2xsinx”—sinx_
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% 2 Integration by substitution

Theorem 2.1 Suppose feCla,b]. Let x=@(f), where
@(f) satisfies that

(1) @'(1) iscontinuous on [a,b];
Q) p@)=a,¢(f)=>b and a<@()<b.
Then
b B . .
[ feya=[" f@)e' .
Proof Let G(x) be one of the anti-derivative of

J(x) . For example, let

G(x) = [_f(x)dx.
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Then G (x)= f(x) and obviously, G(@(?)) is an
anti-derivative of f(o(0)) (f)

It follows from
[ £ (e = G(b)—Ga)
that
b~ G(b) - G(a).

["1@@e @)di - Gty
This yields that
[0 reods = [ f (o) Wt
The proof 1s fimished.
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Example 2.1 Find J-:vaz—xzftt.
Solution T.et x=asinf_ Then

T
a2 e I 5
L va —x"dx =_[f va® —a’ sin® tacostdt
T

=—ﬂ':!
4 -
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