Lecture 23 Computation of definite integrals

(IV)

% 5 Added examples (II)

r COSX
Example 5.16 Suppose _[ T2y ;adx=A4_Fmnd

dx .

j’ 5 SIN X COS X
0

x+1
x SIN X
0 x+2

dx

_ > sinxcosx > sin 2x
Solution I ;

x+1 x+1

: . ]
COSX :_J msxzm_ ——A
x+2 ° (x+2) x+2 2

dx = j dx =

0000




Example 517 Suppose f €C]0,1] and f(x)>0_Show that
log(| S () > [ log f(x)akx
Proof Since (logx)"<0 on (0,1), we see that
log > /()= =S log /(5
A= A" A n
It follows from J € C[0,1] that

log(f, /(x)dk) > [ log / (x)dk

Example 5.18 Suppose f(x)>0. Show that forall x>0,
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[, rwa
[ rad

P(x)=

18 INCcreasing,.
Proof Since
[, G=nfe St
(, fwdry’

P'(x) =

we know that
P'(x)=0,
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| @
whence @(x)=.-ﬂx s

Example 5.19 Suppose f €C’[a,b] and f(a)=f(b)=0.
Show that

1S INCreasing.

: (b-ay :
|, /(x| == max | /().

Proof By parts, we have that

i~ [ (- a) S e =—[ (x-a)f @)dx_

[ f)dx = (x—a)f ()
Further,

_I-:f'(-r)(x —a)dx = J-:f(-’i)cir = J-jfu(x)(.r—a)(x—b)dr.

'_ﬁ-l
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Hence
8 1 ’ Tt
J S~ [ [0~ a)x by

It follows that

[WEE & 12") max { /"(x)}

Example 520 Suppose f, g € K|a, b]. Show that

(J regexxy <[ r* s g* o

Proof For any partition P={x,{", of [a,b],

(], 7@)E) = Gim > £(&)8(E)Ax)’

0000




~[lim >° (f E/A% Y@ (&) AR )T

<Bim Y’ (f (§)VAx) -1im Y (2(€) /A% Y
lim Z F(&) Ax, lj‘muz g(&) Ax,
This implies that
b - b 2 b 3
(], f@e@ady <[ f @] ¢ (xax.

Example 521 (1) Suppose f€Rla, b]. Then

[I:f(x)cir]l ﬂ(b—a)j:ff(xm_
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(2) Suppose feRa, b] and f(x)=m>0_Then

b O |
' — dx>(b—a)
Lf(x)aer G (b—a)”
(3) Suppose f, g€ Rla, b]. Then

[ (f)+ g <[ f2Gde? +[f | g*(x)x]?

The proofs of (1) and (2) easily follow from Example 4.15.
The proof of (3)

I: (f(x)+ g(x)) dx = _I.: A (x)dx + ZI: f(x)g(x)dx+ I: 2% (x)dx
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1A

[© i 2’ 2o [ g2 o [ g2 Gone,

b 2 = E . S .
=[(| A0 +([ g’ (x|
It follows that

b ’ b : b :
[ U@)+2) & <[f f* (e +[[ g ()T .
Example 5.22 Suppose Jf €C[0,4]. Then

lim [ [/ + B~ fOM = ()~ f(@) (a<x<d).

Proof

[rem-rom [ roa-[™ rod
W h = am

- - f®) - f(@).
g
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Example 523 Suppose f(x) is continuous and
J(x+y)=f(x)+f(¥) Find f(x).
Solution Obviously,

| S+ pyde = [ fyde+ [ f)de =[S (x)de+ 3/ ().

Since

[, S Gt yyde=["" sy,

we see that

) =[ " f@d-| f@dt-| [t
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This shows that forall X and y, x/(y)=yf(x) which
imphes that forall x#0, y#0

) _ /)
y x
This implies that for x # 0, f(x)=kx

It 1s obvious that f(0)=0. Hence

J(x) =kx.
Example 524 Suppose

[1+(—) ]I1+(—) I- [1+(—) 1, y,=> sin—"

ey Cap il




and

z::"tzm1 !

o Nn+k

Find HI” limy, and Imz

0

2
[ i
Solution (1) Since IUEIH=;Z[1“EI+[_J ] and
i=1

n

s f.l 1 T
im—Slog|1+| = |=| log(1+x) dx=lop2—-2+—
n:-uun; g! [”J] In g( ) ﬂg 2'
Hence

a

. —-2
limx, =2e*

n—m
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1 & nvl . kx

Qir = — S1n
{2) Smce Y. e & 1 We have that
; ) 1 n+l . 1 ‘ﬂl] X
limy =lim sin
Him-}’" ﬂ]ﬂtﬂn_l_lé H_l_l I

(3) Itiollows from

2 4 4
tan’ x — x* =5* +o(x")
that

whence

mn+k ot Jn+k

0<z, =Y tan’ —tha:n fl —[.-1 ]1]'*2 1




" 1 T
Since I]EZ:[temE —[ Jjﬂazn—z,wc have that

k=1 \.ﬂ+k ﬂ,‘-':ﬂ+k
]imgﬂ :ELE: 1&:]{)‘%2
o Hl_l_fn e -
n

The other two Iimits can be found in a similar way.

Example 525 Supposec that f(x) is continuous and
decreasing, and that f{(x)>0_

| B

a,=Y [~ fydx.
k=1
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Show that {ﬂ,,} 1s convergent.
Poof 4 =)+ 2 [} s3] fiax
L)+ Y] - e

It follows that
4y, —a,= [ [f @+ ) f(@)de <0,

whence {ﬂn} 1s decreasing.

Since

a, =Y f0-3 [ r= Y f®) -3 f®)= f(m) >0,
k-1 k-1 = k-1 e
0000




we see that {a,} is convergent.

Homework Page 319: 14
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