Lecture 24 Special class for exercises in
Chapter 7

Example 1.1 (Page 298: 3) Discuss the relations of mtegrability
f(x) and f*(x).

of the functions on [a, b]: f(x),

Solution Since
@=L =| /D=0,
we see if f € Rla, b] then |f|€Rla,b]. Also

f*<Ria,b] since f”=|f||1].
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The example shows that the converse 1s not true.

Let
1) I—l, x is rational
x) =
ll, x is irrational
Obviously, |f|€Rla,b] and f* € R[a,b],but f & Rla,b].

The following holds: |f|€Rla,b] if and onlyif f* < R[a,b]

The proof easily follows from the followmg result.

Lemma 1.1 Suppose ¢cC[4,B] and f € R[a,b] with
AL f(xX)<B . Then

po f € Rla,b]. mog‘&c’




Proof Forany £ >0, it follows from the continuity of @(x)

on [4, B] that there i1s some 7>0 such that for any closed

subinterval of [A, B] with its length less than 7 , the

oscillation of ¢(x) on this subinterval 1s not greater than
z
2(b—a)”

[A? B] =

We use Q to denote the oscillaion of @(x) on

It follows from f € R|a,b] that there is some J >0 such

that for any partition P={x} . of |a,b] with AP)<d,
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n | | E
Zﬂ?t,[f]/’ix, o -

Let I'= {f m(f){rp} and "= {1" @, (f):”'?} Then

i&a(wﬁ&& =Y @@ Ak, +) @.(@o )Ax,

2(b a}zm +QZAx

5%+QZM,.._
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Since
12 53 0%, = X 0,())A%, + 3 @A,

> 0.())Ax. 20 Ax,

we see that
Ax,. < 2
" 2€)°
whence
£ E _
@, < —
Z (@o [)Ax, e
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The proof is complete.

Remark The following example shows if ¢ € R[4, B]
and [ €R[a,b] with A< [f(x)<B.

Then the composite function @/ may not be integrable.

Let |a, b]=]0,1],

%) {{],x 0
PLx) =
1L x#0
and X
1
i o
f(x)=1pP 2o
|0, xisirrational

0000




Then

(f(x)) =" P

|0, x isirrational

Obviously, ¢/ isnotintegrable on [0,1] since the
oscillation of ¢ f on any closed subinterval is 1.
Example 1.2 (Page 298: 4) Suppose [ € R|a, b]. Show that

there is a sequence {%,(¥)} of piecewise linear functions
such that

[ feode=1im[ ", ()

0000




Proof Let P={x} ,where x,=a+ i(ﬁ —a) . For each

H ﬂﬂdfﬂl’ﬂﬂ}' xE(xj}Iiil) (I-=U)]!___1ﬂ_1},

let
@ (x)=k(x—x)+ f(x,),
_ j b
where & S(x) T () and Ax,=——
Ax, n

Obviously, each @,(X) is piecewise linear and

[0 =3[ s

0000




=3[ [h-x)+ 1 (x) ]

b—a

n -

=32 () + £ ()]
The result easily follows.
Example 1.3 (Page 299: 5) Suppose S € R[4, B]. Show
lhiﬂ]'j|f(x+h}—f(x)|dr=ﬂ,

where A<a<b<B.
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Proof Let M =@, 5 (/) andlet PZ{J}}:M where
I::“Jr':;(b—ﬂ} and let @; be the oscillation of f(x) on

[ x ;1.

Then for any £ > 0 there 1s some N > 0 such that for all

n>N
bh—g 2! £ — -
@, <— —b ”M{E
n % 4> n 2
L b—a
n n
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Claim | giq]{Ij|f(x+h}—f(x)|cﬁ=ﬂ.

[et 0<h< a- Then for each iE{ﬂ,l,---,ﬂ—Z} and

n
any x€|[x,x,],

f+h) - f()| <o +o,,,
forany x€lx,,.x,1,

‘f(x+h)—f(:::)‘£mﬂ_l +M
It follows that

,l.:|.;f1(3r+.*T'1)—)"'(3'5)|‘fi’-'='_'Z:J':H |_f(x-+k)—f(_x}|d,_-
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£Z_ﬂ:j:+](&:{ +a:¢,1)c£r+_[:_;£|f(x+h)—f(x)|

A1 = .
< 22 @, g 0w M
=0

A g
rn rH
e,

Claim I 1s proved.

In a ssmilar way, we can prove
] b
Claim T lim [ |f(x+h)—f(x)|dx=0.

It follows from Claims I and 11 that

lim [ °|f (x+ h)— f ()| dc =0
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