Chapter 20

Lecture 27 The computation of double
integrals (I)

§ 1 The computation of double integrals

1.1 Reduction of a double integral to an erated integral
Theorem 1.1 If fecR[a,b;c,d] and forall x€|a,b],

the integral F(x)= E f(x,y)dy (re.gp. G(») =_[: f(x, y}dx]

exists, then

I f(xp)dxdy= Edrf f(x,y)dy

[ﬂ,b,f,d]
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[’“P I 7(xy)ddy ] aiv] f(x,y)dx|.

[@be.d]
Proof We divide our discussions into two cases.
Case 1.1.1 D 1sa rectangle.
(1) Partition Take the partition {A,} ID as the figure shown.
(2) Summation Let M, =S;1P{f b, my, =inf {/} and

n
¥

& elx, ,x,|. Then

M\ EJ.::_lf(guy)dyi M Ay, . Ba

It casily follows that - -




That 1s,
Z m, Ay, < F(i‘) < ZMﬂhyt .
k -3

Hence
Y myAxAy, <Y F(£)Ax, <) M AxAy, .
Lk Lk

which implies that #(x) is integrable on [a,b].

(3) Limit Let d-max{diamAx,} Then by taking the limit
when 4 >0, we see that

[Pax[*f(e.p)dy=[[ f(xy)dudy.
d|

[abe,

Note feR(D) ifand onlyif X @ AxA, <z,
ik
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where @, = Jax ﬂf(M)—f(M ')|}

Case 1.1.2 For general case .t 1
. e NN
Define F(x,) {f (5.)(x.y) <D
ehine 5 o -
U,_, (I, _]f’) D " _—1r=x(x)

Then F cR|ab;c,d]| and

J.J- F {xry]tﬁdy ij(x,y)gfr@ )

[ﬂ,.&;f,dl
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1.2 X —domains and Y — domains
If D={(x,y): a<x<bh, f[(x)<y</[f,(x)}, then D is
an X — domain;

If D={(x,y): c<y<d, g(y)<x<g,(y)} then D is a
Y —domain.

X-Type domain Y-Type domain




Theorem 1.2.1 (1) If D isan X —domain,i.c.,
D={(x,y):a<x<b, ()< y< ()},

then

11 (x.v)axdy =[x fx. )y

Silx)

(2) If D isaY - domain,ie.,

D={(x,y): c<y<d, g,(»)<x<g,»},
then

] 1 () sy = [ £ x, )

gy
A
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Example 1.1 Let f(x.y)= 5(2—1—}‘) and D bea
domain as shown in the figure. Find _Uf[-t,.l-’)ffmﬁ’.
Solution (I) Ifweregard D as an X -—domain, then

7Gxy sty I«:‘ﬁj;%(z =y oyt~ A

:l.f.:(“x—?f”ﬁx‘]m
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(Il) Ifwercgard D asa Y- domain, then

[ 7 (e)dedy = [y |7 (2%~ y)ds

%J.; 4y? -5y Zy-i i SyZ}Q}'

u
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Example 1.2 Find the volume of the solid bounded by

z=x+y, z=xy, x+y=1, x=0 and y=0.
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Solution Obviously,

V, =[xy .
D y
o | A
D
and s
°1 oo s
P;=H(x+y)cimj;
i

Then

| 7

V=V-V=—
= b oA
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Example 1.3 Find /=] y"’ drdy  where D
D
15 show as in the figure . -‘f_{'zj,'”
| ; 1 c¥sin ! AL e
Solution = [n dyL Tyaft =1—sml _ ‘ ‘ :
| o

Example 1.4 Find ﬂ.(-f* y)dxdy  where D is bounded by
Yy —2x xiy—4. ::+yﬂ:|2.
Solution Obviously,

I :g{ﬂym@_g(xw}cﬁ@
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Since y

oo [ioff e |

=
X
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and

f[ G yyasdy = [ avf ;" v ypax,
[ 2

it follows that
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Homework Page296: 1(2) 2; 3(l,3)




