Chapter 20

Lecture 28 The computation of double
integrals (II)

1.3 Computation by polar coordinates

Let D: r(8)<r<n(6), 8cla,p], and r(0), r,(0)eCla,B].
1 2 a2 ) E -

Then Ac— E[[w +Ar) - |Ag —(r ' Zm)nmﬂm rArA@

and
zﬂ:f(Ml)ﬂJI ~ Z":f(r;cusﬁ,r[ sin @, ), AGAG, .

=1 =1

0000




Asboth Ar and A@ are sufficient small,

> f(x3)A0, =Y [ (r,cos0,r,5in0)rAOAr,
=1

i=1

Hence

Hf[I:)’)ﬂfme = Hf(r cos &,rsin @) rdrd@
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In the application of the above formula, the key is to
determine the boundary curves f=a, 0=p, I' (0) and

I, (2).

(1) If the boundary curves are a<8<p, r(6)<r<r(6,), then

Lff(x,y)dray = ("0 L’ﬁl 7 (rcos6,rsin6)rdr

.n_. g {3)
| ﬁ{ﬂ)
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(2) If the boundary curves are a<r=<b, ﬂl(r)ﬂﬂﬂﬂz(r),
then

”f(x,y)dfm‘fv= _[:dr_[:;:]f(rmsﬂ,rsinﬂ)rdﬂ_

a, {F } i~ = "
."i . L]

k - El{r :t..!l

(3) If the onigin lies in D, then

(£ (x.y)dxy = [ a0["” f(rcos0,rsinO)rdr
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Example 13.1 Find 7= ([ e* *ddy.

I.I'I'_'Fz{l

Solution Let x=rcos@® and y-=rsind. Then dxdy=rdrd0

and

I= J:xdﬂﬁre"ldr =x(l-e).

Example 1.3.2 Suppose S (IJ) is continuous. Find

[ f(xy)dcdy_

H‘”F’ 2iyiep’

Solution ILet x=rcos@® and y=rsind.

0000




Then dxdy=rdrdf and

l

P 2w ; k i
3 r.fr_[ﬂ r:f(r{:us @, r sin H)dﬂ

By 0. ’H“"IP
. 1 p2= ]
_EIRJE A f(pcos@, psin0)do
=f(0,0).
Example 1.3.3 (Weak form) Suppose 1mjf (x,¥)=a_Find

y—l

p—iﬂ;’rp S

Solution It follows from

lim f(x,y)=a

y—>0
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that forany £ >0, there is some 6 >0 such that for all
(x, ¥)e0(0,9),

| f(x, ¥)—a|<s _
This shows that

[[ f(xy)dxdy- a--:— j[ | f(x.»)—a|dxdy

?rp :1y]‘3pl II_jr:.p
<&,

Hence

J] f(x,y)ﬂftdy a.

p—0 EP r?+y]'-1p
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Example 1.34 Find F'(1), where F(1)= [[ 7(x*+)*)do,

iyt

t>0 and f(x) is derivable.

Solution Let x=rcos@® and y=rsiné_Then

dxdy = rdrd6@ and
F(0)=["do[ tf ¢*)dr=2x[ 1f P
Then
F'(t)=2n1(t") .
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Example 1.3.5 Find jj Y o,

1+ +)°

where D={{I,.}’)3“‘fr{1,ﬂ‘fﬂ‘ig}.

Solution Let x=rcos@ and y-rsin@. Then dxdy=rdrd0

and

Example 1.3.6 Find | &| (x*+y'dy.
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Solution Let x=rcos@® and y=rsin@_Then
dxdy = rdrd0

and

24 log( J2+1)

-Il: ‘iIJ.l: Mllrxz 3 yl@ = J.ﬂ: dﬂﬂl.ﬂa:ﬁ' rzdr = ﬁ

Example 1.3.7 Find the area of the D bounded by
xy=a and I+y:;ﬂ (a>0).

Solution We have known that S = [[dxdy _Hence
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S :de@:j;{ga—x—“?)mc
= [E —In -I'fl].':a‘2 )
8 _
Example 1.3.8 Find 1= H (x+y)sgn(x—y)dxdy  where

D={(x,y):0<x<L0<y<1}.

Solution 1= L:cir_l';{x + y)dy — _l.;i’f_l.l{l’f + y)dy

=§ﬂ'+ﬂ]n(1+$§)—4lﬂgz.

Homework Page297: 7(3,4). Page298: 9(1,3)
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