Lecture 31 The computation of double
integrals (V)

% 1.5 Added examples (II)
Example 1.5.10 Change ||/ (uv)dudv

2<uv<3 _ _
where , Into an iterated integral.
USVTuU
. Ty 24
Solution Let u. Then J=—"
y== v
v
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and
I () = [ sf, 1 (x) =3[ 1 ()t

Example 1.5.11 Find 7= [[ (x+y)dxdy.

_ x +y2'ir+y
Solution

3T Z
I= J._T; dﬂjﬂmmma (r sin &+ r cos H)rdr'

ix =

— | 4 (sin &+ cos 8 dO mmmgrzdr
[+( )do|,
4

0000




Ix
= %I 4 (sin & +cos 0)4 do
. _E

=‘I ( 1+4cus4325i“23]d9=g

Example 1.5.12 Change H S (xy)dxdy
b
where D:1<xy<2, x<y<2x, into a definite integral.
T
Do

Soluttion Let 41::

X
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I— 1
2y 2v

and

1 2
gf(l,y)draj?= E}"ZL S (u)du .
Example 15.13 Find I Heﬁirdy, where D 1s

boundedby x=0, y=0 and x+y=1.

U=x—y 1

J==
I+y,’[hen| | -

Solution Let {
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and
¥ u 1 '
I: _:ﬂ' = "dudv=— ——
_[Je dxdy ‘ge 4(3 E]?
where D' 1s the domain bounded by the curves
Uu=—-—v, u=v and v=1.

20+ j

Example 1.5.14 Find hmz Z [ ] where

H

[x] means the maximal integer part of X which is

not greater than X .
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g |*--.

where D=|0,1;0,1|. Hence

I =H.:ixdy+2ﬂcfray+3ﬂm@=%,
D, D, D,
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Example 1.5.15 Suppose f<C[0,1] is positive and
decreasing. Show that

[ (e _[r (s

@ [

Proof It follows from

1

[ (x|, r )y <[ o (x) o[ 17 (¥) by
that

[[ (:)7 (S (7)1 () ey >0
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and
[ () @) 7(x)- 1 () ]decdy>0.

Hence

@O )1 0)](r-)edy 0.

Example 1.5.16 Suppose the sequence {f,(x,y)}

uniformly converges to a function f(x,y) ona

bounded and closed domain D.
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Show that

([ £ . yydudy =tim [ 1, Cx, y)dudy

Proof We divide the proof into two steps.
Stepl We first prove the continuity of f(x,y) on D.
It follows from the continuity of f,(x, y) and the

uniform convergence of /,(x, )} to f(x,y) that
for any £>0, there are some N>0 and §>0 such that

forall a>~ andall (x,y)eO((x,,y,), ),

0000



o 2) = £ (s 20| < g

and all (x, y)e D,

£.(x, Y)— f(x, ) <§-

This shows that for any (x, ¥)c O((x,, ¥,), 5),

o )= o ¥0)| < )~ fun(x. )
+ |fm+1{xv J") - fn+l{xn~ yn)|+ |fn+1(-tnv yn)_ Jr(xn-: yn)|

< &

Step I shows that [[/(x, p)dxdy exists.
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Step Il || /(5 y)dedy =1lim [[ £, (x, y)dxdy

It follows from the uniform convergence of {/,(x, ¥)} to

S(x,y) thatforany £>0,thereissome N >0 such
thatforall n>N andall (x,y)eD,

£

S(D)’

£, )~ f(x, )| <

where S(D) denotes the area of D .

Hence

[ 7.0z, yyaedy— [ 1 (x, yyeay| < ([ |1 (x, )~ [, 3)| dbedy < &
” . 2 [oal
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Example 1.5.17 Use the double integral to prove the
following inequality:
b A2 b . b 2
(J’ f(x)c{yskt(&) +( f’ f(.t)sinicrdr) 1:(]’ | f(x)|¢:) _
Prool Since

U; f(x)cos krdx)z = H S (x)f(¥)cos kx cos kydxdy

and

(J-jf(x)sin m)z s J]- J(x)f(y)sin kxsm kydraj:,
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we have that

[jb f(x]cnsb:dr)z + (J'*' ) sir_un:mix)2

=I.'f(1)f(y)(ﬂﬂ3hﬂﬂs Ky +sin kx Siﬂky)imj;

= || @) (yycos k(x— y)drdy
< [Jlr @)1 )| ey
<([2 )

where D={(x,y):a<x<b, a<y<bh}.
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