Lecture 32 The computation of triple
integrals (I)

81 Triple integrals (I)
1.1 Definition
Suppose that the function f(x,y.z) which is defined on

V isboundedin R’.and I isa constant.

If forany &> 0, there exists some 6 >0 such that for

any partition P={A,}  and forany M, (£.n.(,)€A,,

whenever d <é , we have
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W CRRATANEZS
then f(x,»,z) is called integrable on ¥ , denoted by
feR(V), and the limit is called the triple integral of
f(x.¥.2z) on V¥, which is denoted by

I=([[ S (x.,2)dxdydz
Proposition 1.1 If feC(V), where ¥ is bounded,

then feR(V).
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Proposition 1.2 If the set of discontinuity of f(x.y.z)
is contained in a set whose measure is 0, then feR(V)
1.2 The computations of triple integrals

Theorem 1.2.1 If feR|ab;c,d;e ] and for all

IE[a,ﬁl]j
I(x) :jl;[f(x,y,z)cfwfz

exist, where D=|c,d;e, [], then _[: dx[[ f (x,y.z)dydz
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exists and
J[[ rtsdycte = [ ([ £ (3,2 ot

Proof Let P be a partition of ¥ by using the planes
which are parallel to the coordinate planes. Then
V=UV,,where V,=[x_.x|x[y...y]x]z...2].

Let

M, — {f(M)} and m, = mi {f(M)}

HtFﬂ
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Then for any & €lx, ,.x],

myAy Az, < H f(Soy.z)dydz < M4Ay Az,

[ 75195 plzel
This gives
> muAy Az, < [[ £(&.p.2)dpdz <3 M ,Ay Az,
D
and

2. MaAx Ay, Az, < 3 T (5 ) Ax, < 3 My Ay, Az,

i"‘j 1k i I-:'pj '.|-'t

When 4 >0, we see that L“EZ I(&)Ax, exists and this
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limit is independent of the choice of &, and the partition
P . This shows that
I(x)={| f (x.y.z) itz
1s integrable. Hence )
["1(x)ax= [ 1 (x.,2)dvdyetz
The proof is complete. F

As a consequence of Theorem 1.2.1, the following is

obvious.
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Corollary 1.2.2

(1 (e v 2) dsadyz = | e[ 1 (x, y. 2) vk

=[ & ] s (r)
Theorem 123 In Theorem 121, if the domain 1s
replaced by
a<x<b, f,(x)<y<f,(x) and z(x.¥)<z=<z(xy),
then

_r;(:} zy(x _v]
5i(x) I

(x,y,2)dz

0000
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j{j S (%, y,z)dxdydz = | x|




Example 12.1 Find 7- .UI

, where v 1s
x* 4+ y?

boundedby x=1, x=2, z=0, y=x and z=y.

Solution
1-[laf af)

:% [tog (x* + )

_ 1 ¥ 23"
Ll 2

I+_].’

il
0

. %flog(zf)dﬁflug X = %1ogz+flngm

1
—log 2 _
5 £
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1.3 The change of variables in the triple integrals
Theorem 1.3.1 Let
(= ﬂ(x,y,z)

¥ — F(I,_}",E)

W w(x,y,z)

i

be one-to-one from V =V .

Suppose that f(x,y,z) and all partial derivatives of

: 1 D(u, ‘P,‘I-F)
u,v,w are continuous on ¥, and that = #
D(x,y,z)

and 1s continuous.
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Then
11 (5.3, 2) eyt
= 111 et 9). v, ), 22, ) i
4 Some special changes

x=rcosl
1.4.1 Let {y=rsinf Then |J|=7.

L =1

Example 1.4.1 Find 7= [[[(%*+)")dcdvdz where »

1s bounded by

0000




3:2(;._-1+y3) and z=4.

Solution Let

‘x=rcos@
y=rsiné _
F—
D b - .
Then (x.7.2) —r. It follows that
D(u,v,w)

1=("do .[nl dr|,rdz= gﬂ: _

Homework Page309: 1(1); 2(1,3,5)
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