Lecture 33 The computation of triple
integrals (II)

% 1 Triple integrals (II)

(x = rcos@sing
14.2 let yy=rsmésm¢@ _  Then |J|-r’sing.
 Z=rcosg

Example 1.4.2 Find the volume of the solid bounded

by z=\x*+y*cotf and x’+y’ +(E—ﬂ)1 =a’ , where

ﬁr[{],g) and a>0.
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(x = rcos @sin @
Solution Let yy=rsinfcos@

L.'-_." = I'CIT}S@J‘
Then

e Lh dHI: dmrﬂmwrz sin @dr = gﬁms (l —cos” ,6')

0

2 2 Z Y
Example 1.43 Find [/ _IH[} ' il | ;}f’f@fﬁ, where
¥

2 2 2

V is the solid bounded by : + i’ - j =1,
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[x = arcos @sin @

Solution Let {y=brsmfcosg_
|z =creos @

Then
[ dﬂE dof aber* singrdr = % abe .

Example 1.4.4 Find the volumes of the solids bounded

by the following surfaces, respectively.

2 2 v T 2 2
(1) {ir'} +i] -
C a b
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- 2 Al
(2) (£+§] +(E] =1 (x>0, y>0, z>0, a, b, c>0);
c

(B) z=x"+y", z=2(x1+y1)j xy=a' 6 xy=2a*, x=2y

and 2x=y, wherex>0, y>0.

Solution (1) Let 1

x=arcos@sme

Then |J |=aber® sing

LE’ = rCOs @

and

y=brsmfOsme

y— Sabc_[;; dﬁjﬂ; do[ ™" r* sin gdr - z o

T
4
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2
x=arcos’ @cosp

(2) Let j»= brsin® @cosg
Z=crsing

.

Then |J|=2abcr’simgcosgpcosf and

v = 2abel? cos 06| 2 sin ¢ ok O
=2a c‘l-u cos € J-ﬂ smgﬂcusc;kfg:ijﬂr r—ia c .
x=rcos@
(3) Let yy=rsmnd_
‘E=E’
Then |J|=r
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arnctan 2 J2a-Jcsc Osecd 27t 9 4
v=|"",do| rdr|. d&z==a
arctan a~ cscl secl r 4 s

2

Example 1.4.5

where Q 1is the

Solution Let

; :.a:l«t:rg(,w:2 +y* 4z +1
Find I:Ig x+y +z° +1 )dV’

domain bounded by x*+y*+z" =1.

(x=rcosfsin@

y=rsm@sme

Z=rcosg
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Then |J|=r’sing and

1rln r +l)d o
r=0_

I= J' dﬂ_[ sin pcos pd g,
Example 1.4.7 Suppose [ (I,J’,E ) is continuous.
Change

=L, ] e
into the 1terated integral 1n the form

I I L
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Solution Since

[T f ey z)te=["ef sy | el Sy,
we see that

I faf e o ol ]

1 1 1-x 1 o 1-x
:.[D dZ.L dr.[u aﬁ;_l_."ﬁ dz.ﬁ er_rffv,
Example 1.4.10 Find the volume of the solid bounded

o (<)1) ()

LA | b2
Lh | b
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Solution

And let

B |
e | -

Let u=[x) ,v=[y)g,W=[z) . Then
a b &

D(x,y,2)
D(u,v,w)

= 125abc(m)4 _

[x=rsin@sind

sy=rsm@cosf Then
|z=rcos@
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Example 1.4.11 Find / =mll}mﬁm , where

:{(I,y,z)ll{%{E,P{H{EJ},Z{@{EZ},

Solution let u= E, V= E, W=
x y z
Then
ﬂ(u, v,w) 4 q
‘ = XVZ = UVW
D (x,y,z) and xy ;
These show that

1 1 2 A 27
1= [t § [ [ =3[ Pt =35
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where V' ={(H,v,w):1£u£2, 1Sv<2,1sw< 2}_
Example 1.4.12 Find
|| 1ozIG* +y* + 2" + Vddydz
i ry" ars|
Solution Obviously,

* H 0z |+ + 2+ 1)ddydz

4y +2 =1

=4 || ozl +y" + 2+ Ddxdydz-
.Ill-l-}":-.i.f‘ﬂ
x 20, y20, 220
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X =~u
Let {y=+v.
Z -mfrw

ox,y.2) 1
Then o(u,v,w) 8 Juww e

[ 102G +y" 42 + e

4. 4
Xy 42 =l

P RE

8 TEVW
u v ew <1 N
u=0, v20, w2l
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= “ (u” +v* + w* + Ddudvdw

ulavl ewl<l

w2l v=0, wz0

ru=rmsﬁ'sin¢

[et (v=rsmfsme

W=rcos@

Then
|z | (2 + y* + 2" + Dededy

4 <]

L]
i 3 |_}|" -

= Iﬂ% dHI u% sin Mw_l.; r(r® + Ddr

1

4

15
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Homework Page310: 3(1,3); 4(2)
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