Lecture 35 The applications and
Improper multiple integrals

$ 1 Applications of triple integrals
1.1 The center of a solid in space
Suppose that Q denotes a solid 1n space whose
density 1s p(M) forany M e
Suppose p(M) iscontinuous in ). Then the

coordinates of the center of {2 are as follows.
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Example 1.1 Suppose

E.?.'.z{(x,,jp',,:.ﬂ:‘]:Jl::Eerz+z2 EI,EED}
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which 1s well-distributed. Find the coordinates of the
center of €.

Solution By the symmetry of €2, we see that

x=0,y=0 and
[l zpG. y. ydsdyts
{[] p(x, y, 2)dxdydz 16

£

z:

5 2 3
Hence the coordinates of the center of €2 is (0,0, E)'
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1.2 Rotational inertia
Suppose that Q denotes a solid in R°, whose density

is p(M) for any M Q. Suppose p(M) i1s
continuous in Q. Then the following triple integrals
are called the inertia of © with respect to yz—plane,

zx—plane and xy - plane, respectively:

[[f = p(x, y, 2)dxdydz m v2p(x, y, 2)dxdydz




and ||| Zp(x, y, 2)drdvcte.

And the following triple integrals are called the inertia
of €) with respect to z—axis, X—axis and y-—axis,
respectively:

1 = [[[ (2 + ) e,y X,

L)

L. = ([[{(} +2°) p(x. y, 2)bedycte
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I, = jﬂ (:-:2 ks xz)p(x, v, z)dxdydz

1.3 Gravitation

Suppose that Q denotes a solid in R°, whose density
is p(M) for any M €Q ., and that M(x,,y,,2,) is a
point outside €2 _If p(M) is continuous in €2,

then the components of the gravitation of Q to
M(x,, ¥, 2,) 1IN X —axis, Y —axis and Z —axis are as

follows:

0000




F kI!!Ip{ME;r_IH)‘E"M:

b~ P0G g
and

F =kIIIF(M):f_z")dx@dz?

where kK denotes the gravitation constant and

r=J@-%Y +@-3) +@z-z) .

0000




§ 2 Improper multiple integrals
2.1 Double integrals with unbounded domains

2.1.1 Definition

Suppose Dc R* is an unbounded domain and a
function F(M) is well-defined in D. Let O denote

the subdomain of » which is bounded by a smooth

closed curve. If the double integral
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| M )yxcdy

exists and the hinnt
tim ([ £ (M)dxdy

exists and have the same value [/ for any smooth
closed curve 0 in D, then [ is called the improper
double integral of f(M) on an unbounded domain,

which 1s denoted by

1=|f rat)dxdy

Also we call that “ S(M)dxdy converges.
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2.1.2 The relations between integrability and

absolute integrability
Theorem 2.1 [[/(M)dxdy converges if [J 17 )| aeay

converges.
2.1.3 Cauchy’s test
Theorem 2.2 Suppose DcR? is an unbounded

domain and

[| r(a)axay

o
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exists for any bounded subdomain o D _Let r
denotes the distance from M €D to the origin 0.

If for any sufficiently large r,

C
M) <—,
r
where then ¢ is a constantand P >2  then

[ f@)axdy converges.

D

Proof Let

“ Sy (x, y)ED
K y)_{ﬂ, (x, )& D
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X=rcosft
and

y=rsint’
Then
JI17 e, y)| dedy = [[|F x, ) dedy

= I:’ d.{}Lm r|F (rcos@, rsin O)dr _

Since for sufficiently large » (forinstance 7 =1%),

C

r-|F(rcos@, rsin )| <

-1 =

?'P
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it follows that
H £ (x, y)|dxdy < Iﬂzg dﬂf: r|F(rcos@, rsin 8)dr
1x o O
dé| —d
' I L] J 0 rp—l. r
gente -” f(x, y)|dxdy converges. Theorem 2.1 shows

that H J(x, y)dxdy converges.
A

2.2 Double integrals with unbounded integrants
2.1.1 Definition
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Suppose D < R® is a domain and a function f(M) has

some irregular points or irregular curves in D. Let 7
be a smooth curve in D and f(M) is well-defined in the
domain X bounded by Y and the boundary ab of D.
If the double integral

[I S (M)dxdy

always exists and has the same value 7 for any smooth
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curve ¥ in D, then [ is called the improper double
integral of f(M) with unbounded integrant, which is
denoted by

1= [f fM)edy .

Also we call that H S(M)dxdy converges.

2.1.2 Cauchy’s test

Theorem 2.2 Suppose DcR® is a domain and

f(M) has an irregular point B in Dc R*. If for any
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point M in D which sufficiently close to B, the

following is satisfied:

fn| <=
r

where ¥ denotes the distance from M to B, ¢ isa

constantand p <2, then [|/(M)dxdy

CONVCTECS.
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§ 3 Examples

Example 3.1 Discuss the integrability of the

following improper integral:

[ =

[0.1; 0.1] Vx

Solution Since

[| 2 fa)

[£,1; 0,1] ’\J

» 1

>
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; dx :
as & — 0+ . This shows that H = s convergent.

f
[o,1-0,1 V¥

Example 3.2 Find

o0

j = J_m J_I:E (! }yl'jdx{f_}?
and show
Jr

I e * dx :T

H]

Solution By Cauchy’s test, this improper integral

CONVCTEOS.
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Let D, ={(x, y): x*+y < RI}, Then
HE‘(’;“’I Ydbxdy = I:H dﬂj.:re"lcﬁ* —a(l—e™®).
Ly

Hence

lim j j e dxdy=n
Dy

R—on

which shows

I:Jf:e (H’ﬁdxdy=ﬂ'_
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By the relation

[ f ety = [ 7] )= ] )

» o0

2
we know that

o —.1:2
j e * dx
]

_Vz
z

Homework: Page 320: 1; 2(1,3); 3
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