Lecture 13 Added examples

21 Added examples (II)

Example 7 Suppose

i
f(‘r:-y_ :<HF12+J’1 =
0, x+y*=0

, x>+ y° =0

Find the directional derivative at (0,0) along the direction

—

[ ={cosa,sina}.
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Solution By definition,
of

=

= —lim—cosasing =
—0 I —0 fl 2

_limf(fﬂﬂﬂﬁ,fﬂi]lﬂ}—f{ﬂ,ﬂ) fl 3i]]2£1'

(0,0)

Remark Obwviously, f.(0.0)=0 and /,(0,0)=0.
Then
4

ol

# f(0,0)cosa + fy{[}, 0)sin

©,0)
except sin2a=0.
The reason for this 1s that f(x, ) 1s not differentiable at

(0,0).

0000




Example 8 Suppose

sin® x +sin”® y +sin’ (I +-y} G
: . - , X +y #0
f(x, y)=1 xsinx+ ysiny+(x+ y)sin(x + y)
L x*+y =0
Find £,0,0) and £.(0,0). |
sinx |
Solution  £,0,0)=tim? Y _jim x __¢_
¢ X =) x
Obviously,
g(x, y)—h(x, y) Pty

& =+ [xsinx - ysiny +(x+ y)sin(x ky*]]1
0, " -|—__v2 =10
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where

g(x, y) = [sin 2x +sin 2(x + y)|| xsinx + ysin y +(x+y)sin(x+y) |
and

h(x, y)=| sin® x + sin® y +sin* (x + y) |

- [s.inx t+xcosx+sm(x+y)+{x+ y)cos(xt }’}] ‘

Then

- m[IEiﬂI+yEiﬂy+(I+y)si]l(1+_]«’)—|1 6°
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Example 9 Suppose f(x, y) 1s continuous at M (x,, y,)

and g(x,y) 1sdifferentiable at M, with g(M,)=0.
Show that f(x, y)g(x, y) is differentiable at M,

Proof Since g(x,y) is differentiable at M, with

g(M,)=0_we sce that

2(x, ) = 2. (Mo)x — %) + 2, (Mo )y — yo) + o (& —%,)* + (7~ yo)’)

and

f(x, y)g(x, y)= f(Mu]EI (Mu)'(x i xu)
+ f(M)g,(M Xy —y,)+h(x, y)’

0000




where

h(x, y) =(f(x, )~ £ (M,))( 8. M Xx—x,)+ g, (M Xy — 3,))

(G- %) + (7 7))

It follows from

(/e )~ (M) (8. (M) x—x,) + 8, (M)~ 1))

<G 7Y~ S ML)\ [g, (M) + 8, (M) -\Jx— %, + (7~ 3,)

that

i, ) =o( %)+ (= y0)?).
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Hence f(x,»)g(x,y) is differentiable at M.

Example 10 Suppose f(x, y) isdifferentiable, f(1,1)=1,

fLD=a and f,(0,1)=b.
Let @{I}:f{xﬁf[x,f(x,x_}]}_Find o(1) and @'(Q).
Solution Since

L= rLi=1
and

L Ly = r@,),
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we get
p()=1.
Since
p'x)=f.4x, f[x f(x%)]}
+ 1y 1% S [ f (6 x) [ [ 1 (5 )]}

=fI{_x_,f[x,f(x,.I)]}+,):,{I,f[xrf(x’ I):

{fx [.t,f(x, x)]+j;_[.r, _f(.r, x)][f(x, x):

1
)
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=1 {.r_, f[x,f(.r, x)]}+f}, {x, f[x, f(.r, .r)]}
{fr [x, f(x,x]] Tt f [x, f(x,x]][fr(x,x)+ 1, (x, x)]} :

we have that
AOEFA(SIEFA(RIRTA(BIEVA(RY FA(RIEFA(RY]|
=a+ab+ab”+b’.
Example 11 Suppose f.(%,.¥,) existsand f,(x, ) is

continuous at (x,, y,). Show that f(x, ¥) is differentiable at

(I{]? yﬂ) =
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Proof Let Ax and Ay be the increments of x and
¥, respectively.

Then the corresponding increment Az of Z is
Az = f(xy +Ax, y, + Ay) = [ (%5 o)

=[x, +Ax, y, + Ap)— [(x + Ax, y) + [ (x, + Ax, y, ) — [(x,, ) .
Since

S (o +Ax, yo + Ay) — [(x, +Ax, 3,) = [ (%, + Ax, y, + 0 Ay)Ay

= .f;r(xuj J"u}hy —I—Eﬁ_}f :.,_
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where = f,(x, +Ax, y, + 0 Ay)— f,(x,. ¥,) and €€ (0,1)
and
f(xu +M1 yu}_f(xu: yu) =f;;(xu:t }’D)M+D(!"\I) .

Hence

Az = f_-,.-(xur Vo)AV + [ (%, Yo )Ax + 2Ay + 0(Ax) |

The continuity of f,(x,y) at (x,,y,) 1mplies that

lm£=0
Ax—0 "
Ay—D
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These yield
it S (x, +Ax, y, +Ay) - f(x,, yn}_ﬁ(xn:yn)ﬂx_.ﬁ.(xo: Yo Ay
s Jast+ a7

Ax)+ A
.ﬁy >0 'u"ﬂ"'x "'ﬁ.}'

which imphes that f(x, y) 1s differentiable at (x,, ¥,).
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