Lecture 7 Partial derivatives and
differentials (II)

8 3 Higher order partial derivatives and
differentials

3.1 Definition of higher order partial differentials

Ja(x, y)=hm St Ax, ) - (% 9)
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f,G+0, )~ f,(x,9)

f(x, y) = im .

b ﬂ _ a
)=t [, (x5, yAY) — [ (x J*}_
¥ Ap—0 y
In the same way, we can define the following:
Jos Loy [ o [, ete.
Example 3.1.1 Supposec uz—=xpe”cosy. Find all its second
order partial denvatives.

Solution Obwviously,

u,=ye COSy+xye cosy, u,=xe COSy—xye Siny.
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Then
u,=(x+2)ye"cosy;

#,,~€ COSy— ye siny-+xe cosy—xye siny

= {(x + 1}{cos y — ysin y)e”

(The second partial derivative with respect to vanables
X and ¥)
and

U, = —(2smn y+ ycos y)xe

Example 3.1.2 Suppose
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(xp(x® - y°)
e, =1 x*+)° .
0, x*+y* =0
Find f,(0,0) and f,.(0,0).
Solution It follows from

X 4y 20
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and
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v, xz—kylii}




and

L& »=1 &+y)

Consequently,
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and
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Remark 3.1.1 This imphes that, in general,

fo (%, )= 1 .(x, ¥).

Theorem 3.1.2 If both f,, and f, are continuous, then
R e

Proof Let F=g¢(x, y+Ay)-p(x,y) and

p(x,y)= f(x+Ax, y)- f(x, y).
Then

F =@, (x,y+0Ay)Ay

Lf,(x + Ax, y + O, Ay} - [ (x, v + B AV)|Ay

0000




= [, (x+8,Ax, y + B Ap)AxAy |
where 0<8.0, <1_ Similarly
F=f (xt0Ax, y+0Ay)AxAy ,
where 0<#8,, 6, <1. Now, the conclusion f, =/, follows
from the assumption that both f,, and f, are continuous.

Corollary 3.1.3 Suppose u = f(x,y) has all partial
denivatives up to order 7 including that they are continuous.
Then

f.li:—.l af

A oyt (O<k<n, 0<A<k)
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3.2 A formula for higher order differentials
Theorem 3.2.1 Suppose u= f(x,y). Then

n f}nf 2
d'u=3C* "L g tayt
; arn 1@}&

Solution Obviously, du = f (x, y)dx+ f (x, y)dy . This shows
that the result holds when n=1.

We assume that when 7 =r, the result holds. That means,

d'u=3C; ?—kftdr’"‘@* :
o Ox "0y
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When n=r+1_ we know that

"y d(d"u) d(kz;}{' ﬁdxr tafyk)

r al"f "
= Crd(— Dy
=0 ox" oy

r 8r+] 6!4—]
r r—k-l-l-f‘ t":ir T r—k f.l:-l-l
o OOy & "y

@)dfr kdyk

r+l aﬂ-l f

=¥

r+l r—k+Hl~ k
k=0 m 6.’,

drr-l-l—ldyl -

0000




Example 3.2.1 Suppose u=_ log(x*+ y* +1). Find d*u.

Solution It follows from

X y
1 L
: .1:1+__1,=1+I and 2 x1+y1+l
that
9t 4] 2xy
i = i e
s (I2+y2+l)2 ¥ Ly (I2+y2 _I_I)Z
and

ol x—y +1
¥ o@&+yrt Dt
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Hence

2 2 11 4 & “ 51
e I,
(x"+y +1) (x"+y +1) (x"+y +1)

Homework Page 167: 9(1,3,5);
Page 168: 10(1, 3).
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