Lecture 9 Derivation of functions
determined by an equation

S 1 Derivation of functions determined
by F(xy,2)=0

Theorem 1.1 Suppose F(x,y.z)=0 and r z0.Then
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Proof Differentiating the equation F(x,y,z)=0 with respect
to X and VY, respectively,
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F+F-==0 and F,+F,-—=0
Hence
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Example 1.1 Suppose z= f(x, y) is determined by
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5 - - gy : X z
Solution By differentiating the equation = +2_+ > =1
with respectto x,

we have that

whence
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Example 1.2 Suppose F(x—y,y—z,z—x)=0_ Find P

oz
and .

Ay
Solution By differentiating the equation
F(x-y,y-z,z-x)=0 with respectto x,

we have that
E+E(-z ) +Fz ~1)=0.
whence
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In a similar way,

FI_FF
7 = 1 2
Fy r f =
F-F,

% 2 Derivation of functions determined by
F(x,y,2)=0 and G(x,y,z)=0
Theorem 2.1 Suppose z=z(x) and y=y(x) are
determined by

(F(x, y,2)=0
G(x,y,z)=0
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Then

F_ F, F, F,
F ( } i o G.L’ G}" GI
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G, G, G, G,

F(x,y,z)=0

Proof By differentiating the equation system { G =1l

with respect to x, we have that

F +Fy+Fz'=0
G, +Gy'+Gz' =0
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whence

F_ F, r, I
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By usin . we have
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A similar argument as in the proof of Theorem 2.1 shows that

Theorem 2.2 Suppose the m functions u,(x,x,,---, x,)
(i=L2,--,n) aredetermined by M equations:

s Y, F ., u )=0 (=12 - m).

n?

Then
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Example 2.1 Suppose x-=rcos@ y=rsiné Find
or 00 or 00

m: | & - @J 3 Eb; -
Solution By differentiating the equation system
x =rcosf
y=rsin#

with respect to x we have that

ir:fﬂr'sr.t:’r‘— @r s =1
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L
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Hence

[ a
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o0 __sinﬂ >

| Ox r

In a similar way, we can get

[ ar

— =8in
o - cos
| Ox r
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Example 2.2 Supposec {

eyttt v =27
Find #, and .

Solution By differentiating the equation system
Ix+y+z+u+v:1
lxzi,yll 22+t +vi =2

with respect to x we have that

I u + v =-1

X

12HHI|2Vﬂ: 2x
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Hence

X
H; =
iu—v
2
X
v =—
5 u—v
] . & E i -I: ]
By differentiating the equation %, = e with respect to X

we know that

(u—v)—x(u_—v) ! (1 —1,:'}1 —2x"

: (u—v)’ (u—vy
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Example 2.3 Use the transformation #=x+y,v=x—y and
w=xy—z tochange the following equation:

&'z &’z &z
=+ S
ok xdy oy
Solution It easily follows that

du oOv Jou ov
x o oy WG
Hence all the second order partial derivatives of

# and v are 0.
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Since z =xy—w , we have the following equalities:

o ow ow & ow on
o ¥ ou ov’ oy Ot 31.”
0%z a*w w Pw 9z B _f}zw *w

= - =
&°  dut  vou V' xdy out v’

o*w *w ’w 5 W
2 - - 2 + 7
oy Ou @vﬁu ov

Hence

o'z 9z 32 *w

a:” x ou”’
oy éhf
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This yields

'w 1
ou”’ 2
g &
Example 24 Change the equation S =a —I; by using

or Ox
the following transformation & =x-af, nR=x+at.
Solution Since
ou ou 6{.‘;’ ot ﬁn ou Ou

o OF ot ﬂn of et éon’

we have that
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Similarly, we get

’u  du 2 u | ’u
o’ 651 o&on arf 3

Hence the equation 1s changed into the form:
Su
050n

U-
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Homework Page 181: 2 (4);5;
Page 182: 7 (5); 10; 11; 13; 18(3).
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