Chapter 17

Lecture 21 Integrals with parameter(s) (I)

§ 1 The concept of integrals with
parameter(s)

Defintion 1.1 Suppose f €Cla,b;c.d].

Then

b
I(y)=][ f(xy)d
1s called the mtegral with the parameter y.
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® 2 Properties

Proposition 2.1 Suppose [ €C[a,b;c,d]. Then 1(y)eC|e,d].

Proof It’s Obvious that
I{(y+Av)-1(y) I:f{x,y +Ay)dx I:j'(x,y]xir

=I:| f(x,y+Ay)—f(x,y) |dx.

Since fe€Clab; c,d|, 1t 1s uniformly continuous. Hence for

any ¢ >0, therc must exist some & such that for any pairs
(x.0) and (x,.3,), if

X, —x,|<Sand|y, — 3| <6,
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then ,f(-’%:}’:)_f(xgsyz)|{5-

Hence
|I(y i Ay) J’(y)| < J.:’f(x,y | ﬁy) f(.t,y)ldx < (.-5 a)z: i
This shows that

hmj 7 (x,y)dx j lim f (x,y)dx.

a2 Y-y
Proposition 2.2 Suppose both [ and f, are continuous on
[a.b; ¢,d]. Then

2 [* )= [} 1, (n) - Jm”)

Proof The following 1s obvious.
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I(_}r—l'—ﬁy)—f(y) i I:f{11y+ ﬁ.}’)—.f{-‘f,}’)ffx
Ay Ay

r-f (x,y+Av)- f(x,») i
i h}’

=Ej;(x,y+&y)c£tl

where 0<0<1.

Proposition 2.1 shows that

b
ff(},}:jﬂ_@(x,y)aft_
Proposition 2.3 Supposec that / € C[a,b;c,d], and that both
a(y) and b(y)cCled], a<a(y)<b, a<b(y)<b.
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Then

F(y) =I:{Tf (x,y)dx

is continuous on [c,d].

Proof Since

S (xoyr)ds—[)) f (,)ds

K+ 4y)
F(y+Ay)-F(y)=[ " B

a y+Ay)

a(y+Ay) =By +y)
= _L{y) f(xy+Ay)dx +-!=(:-} f(xy+Ay)dx

Hf S (534 29)= £ (x.9) e,
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we see that

lim | 7 (y+Ay) F(y)]=0

Ay—l
Proposition 24 Suppose /, f,€C|a,b; ¢, d|, d(»).
b'(y)eCled]. a<a(y) and b(y)<b.

Then
F(y)= f a{mf (x.y)dx +fjj Lde+f|b(y).y |b'(v)- 1| a(y).y |a'(y)-

Proof For any fixed ),,let
5{}%:] Hy) o y)
()= [ £e)ates [ 1 (e p)de [ £ (.9)e

:F;(y)+Fz(y)_F3(y)-
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Then
_}’ﬂ.} J’HJ a)

H¥)
() F(y)-F(»n) f J(xy)d
M e y—y, o Y—Yo

m{ﬁ(-}’} b(yu)f(—

X,y
yY—¥ )

L(B(3)>70)8 ()

and

Fsr(yu) = f(a(yu),yu)a'(yu) -

Hence

F(3)=[ ) 5 (23 £ (6(2).3)8 () f (al3).2)a ().
_y
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sin

Iyxdr_ Find F'(y).

Example 2.1 Suppose F ()= _[:2

- 3 = 2
2smy’ smy

- 4 B 4

Solution F'(y)= I: cos yxdx +

~ 3siny’ —2sin y’
3 ]

SIn yx
: 2
Example 2.2 Show that hy_ﬁl F(y) I 7 dx=-1,

¥y

Ifsin_}rxdr 3sin y’ —2sin y*
im F lim 2 X lim Y e
Proof g (J’ ) e JF'Z et 2y y
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Example 2.3 Find 1(0) L']n(luﬂcusx)dx @c(-1,1)).

Solution Let
f(O0,x)=1+0cosx, [fo(0,%)

COS X

l+8cosx”

Then
o ":C[{],H; a,ﬁ] X
where 0<b<1.

Proposition 2.2 shows that
1 p= 1

)= ———a=———f dx
40 1 +8cosx &g 07°1+80cosx
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Since

j. s = ,2 arctan i'—&tanx H2 (r—ta;ui)
"1+8cosx g1 -6* Vi+ o 24"

we sec that

x 2 T 1 1
I'y=————=z| ———— |
) O ogy1-6* 2 [ﬂ o1 tﬂJ

)+C :rlﬂg(l+wjl 62]+C

The hypothesis I1(0)=0 implies C=-mlog2. Hence

lug(l k1 H:)
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