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dx
dt

= 2x,
dy
dt

=−3y

)�ÛÜ(�.
)µ©O)ü��§�

x = c1e2t, y = c2e−3t.

dd��ü��§�éá�§, i.e.

dx
dy

=
2x
−3y

�Ï)

x3y2 = c, Ù¥c´?¿~ê

|^ù
)�L�ªxÑ¤k;�,9Ù$Ä��.
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d
dt

(
x
y

)
= A

(
x
y

)
, A =

(
a b
c d

)
6= 0, (1)

3Û: (0,0)��;��ÛÜ(�,Ù¥ 0L« 2�"Ý
.

½½½ÂÂÂµµµ

: (x0,y0) ∈ R2 ¡��§

dx
dt

= P(x,y),
dy
dt

= Q(x,y),

�ÛÛÛ:::,XJ P(x0,y0) = 0, Q(x0,y0) = 0.
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Û: (x0,y0)¡�ÐÐÐ���ÛÛÛ::: (½ppp���ÛÛÛ:::),XJ JacobiÝ


∂ (P,Q)

∂ (x,y)

∣∣∣∣
(x0,y0)

,

�A����k��Ø�" (½Ñ�").

Ð�Û: (x0,y0)¡����òòòzzz���,XJ JacobiÝ


∂ (P,Q)

∂ (x,y)

∣∣∣∣
(x0,y0)

,

�A��ÑØ�". ÄK¡�òòòzzz���.

�òzÐ�Û: (x0,y0)¡�VVV���,XJ JacobiÝ


∂ (P,Q)

∂ (x,y)

∣∣∣∣
(x0,y0)

,

�A���¢ÜÑØ�". ÄK¡����VVV���.
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d JordanIO.nØ�,�3¢�_Ý
 P¦� P−1AP�e
� JordanIO.��µ(

λ 0
0 µ

)
,

(
λ 0
1 λ

)
,

(
α −β

β α

)
,

(
λ 0
0 0

)
,

(
0 0
1 0

)
,

Ù¥ λ ,µ,β 6= 0. N´�y,ÏLC�(
x
y

)
= P

(
ξ

η

)
,

�§ (1)�z�

d
dt

(
ξ

η

)
= P−1AP

(
ξ

η

)
.

Ü�:þ°�Ï�ÆêÆX 1��où!²¡~Xê�5�©�§|�ÛÜ(�



ÛÜ(�©Û

555µµµdu�5C��å�.�Ú^=��^,Ø���5,�?
Ø� AäkþãIO.����§ (1)3Û: (0,0)���5�

���ÚÚÚ: �o´ÛÜ(�ºXÛ©Ûº

(I) A =

(
λ 0
0 µ

)
.

�§ (1)�Ï)�

x = c1eλ t, y = c2eµt,

Ù¥ c1,c2 ´?¿~ê. Ï,�§| (1)�)�L«¤

x = 0, ½ y = c|x|
µ

λ ,

Ù¥ c´?¿~ê.
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1) λ = µ. �§ (1)�)�
x = 0,½ y = cx,Ù¥ c´?¿~ê.

�§| (1)�)3 (0,0)�ÛÜ(�ãX??????

d� (0,0)¡����...(((::: (V).

2) λ 6= µ, λ µ > 0.
�

µ

λ
> 1�,¤k;� (Ø x = 0	)3�:?� x¶��.

�
µ

λ
< 1�,¤k;� (Ø y = 0	)3�:?� y¶��.

�§| (1)�)3 (0,0)�ÛÜ(�ãX??????

d� (0,0)¡�üüü���(((:::,½{¡�(((::: (V).

� λ > 0�,¡�ØØØ½½½���(((:::.
� λ < 0�,¡�½½½���(((:::.
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3) λ µ < 0. du

lim
x→±∞

c|x|
µ

λ = 0, lim
x→±0

c|x|
µ

λ = ∞,

¤±�§| (1)�)3 (0,0)�ÛÜ(�ãX??????

d� (0,0)¡�QQQ::: (V).
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Ø
�.(:	,¤k�¹Tkü^��).

x–¶´A�� λ éA�A��þ���.

x–¶´�§|���).

y–¶´A�� µ éA�A��þ���.

y–¶´�§|���).

ª��:���)éAuKA��.

lm�:���)éAu�A��.

Ã¡^;��������)éuýé���A��.
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A� JordanIO.5,�Ù JordanIO.äk£I¤,XÛ�ã:

O�A�� λ1,λ2,9éA�A��þ r1,r2.

XJ λ1 = λ2 = λ ,K�:´�.(:��=
� A = diag(λ ,λ ).

� λ1 6= λ2,��§Tkü^��) eλ1tr1 Ú eλ2tr2

XJ λ1(λ2)< 0,�X�m�O\��)ªu�:.

XJ λ1(λ2)> 0,�X�m�O\��)�l�:.

Ã¡^;��������)éAuA���ýé���@

�.

~f:

d
dt

(
x
y

)
= A

(
x
y

)
, Ù¥ A =

(
2 1
1 2

)
, or A =

(
2 9
1 2

)
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(II) A =

(
λ 0
1 λ

)
.

�§ (1)�)�

x = 0, ½ y(x) = cx+
x
λ

ln |x|,

Ù¥ c´?¿~ê. q

lim
x→0

y(x) = 0, lim
x→0

dy(x)
dx

= c+
1
λ

ln |x|+ 1
λ
=

{
−∞, λ > 0,
∞, λ < 0,

¤±�§| (1)�)3 (0,0)�ÛÜ(�ã�??????

d� (0,0)¡�òòòzzz(((::: (½üüü���(((:::) (V).
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~f: A� JordanIO.,k�.�

A =

(
3 −1
4 −1

)

A��§�:
λ

2−2λ +1 = 0

§k��: λ = 1. Ï A�é�,¤±�:´òz(:½ü�(
:.

éAu λ = 1�A��þ´ r = (1,2). �A���) etr.

u�;�� x¶��� dy/dt�ÎÒ

u�;�� y¶��� dx/dt�ÎÒ

|^ù
;��$Ä���±�½Ñ���)�����

�Ñ�ã�
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(III) A =

(
α −β

β α

)
.

ÏL4�IC� x = r cosθ , y = r sinθ ,�§ (1)z�

dr
dt

= αr,
dθ

dt
= β .

§k)

r = cexp
(

α

β
θ

)
,

Ù¥ c´?¿~ê. ¤±�§| (1)�)3 (0,0)�ÛÜ(�
ã�??????
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?�Ú/,

� α = 0�, r = c, (0,0)¡�¥¥¥%%% (�V�òz).
d� (0,0)���¿÷
±Ï;�.

� α > 0�, (0,0)¡�ØØØ½½½������::: (V).
d� (0,0)���;�� tO\�Ñ�^/lmTÛ:.

� α < 0�, (0,0)¡�½½½������::: (V).
d� (0,0)���;�� tO\�Ñ�^/%CTÛ:.
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~f: A� JordanIO.,k�ÝE�.�

A =

(
2 1
−1 2

)
½ A =

(
1 2
−1 −1

)

A��§�:

λ
2−4λ +5 = 0 ½ λ

2 +1 = 0

§k�é�ÝE�:

λ = 2± i ½ λ =±i.

|^

�:´Ø½��:½¥%.

;�� x¶��� dy/dt�ÎÒ

�±�Ñ�ã�

Ü�:þ°�Ï�ÆêÆX 1��où!²¡~Xê�5�©�§|�ÛÜ(�



(IV) A =

(
λ 0
0 0

)
.

d� y¶þ�:Ñ´Û:.
§�Ñ´òzÐ�Û:.
y¶þ�Û:Ñ¡�{{{���VVV���.

�§ (1)�Ï)�

x = c1eλ t, y = c2,

Ù¥ c1,c2 ´?¿~ê. ¤±�§| (1)�)3 (0,0)�ÛÜ
(�ã�??????
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~f: A� JordanIO.,k��"A��.
A�1�ª�½�". ~X�

A =

(
6 2
3 1

)

A��§�:
λ

2−7λ = 0

§k�:
λ1 = 7, λ2 = 0.

|^Cz

u = 3x+ y, v = x−2y

9�� 3x+ y = 0Ú x−2y = 0=�xÑ�ã.
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(V) A =

(
0 0
1 0

)
.

d� y¶þ�:EÑ´Û:. §�Ñ´p�Û:.

�§ (1)�Ï)�

x = c1, y = c1t+ c2,

Ù¥ c1,c2 ´?¿~ê. ¤±�§| (1)�)3 (0,0)�ÛÜ
(�ã�?????
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þã�¹�©Ûo(

½n 49

P det(A−λE) = λ 2 +pλ +q,Ù¥ p =−trA =−(a+d),
q = detA = ad−bc. �§ (1) ��:ke�5�.

(a) q < 0 (Akü�ÉÒA��), (0,0)´Q:;

(b) q = 0 (Ak����"A��), (0,0)´p�Û:;

(c) q > 0, p2 > 4q (Akü�Ø���ÓÒA��), (0,0)´(:;

(d) q > 0, p2 = 4q (Akü����A��), (0,0)´�.(
:½òz(:;

(e) q > 0, 0 < p2 < 4q (Ak�é¢ÜØ�"�A��),
(0,0)´�:;

(f ) q > 0, p = 0 (Ak�éXJA��), (0,0)´¥%.
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���,,,öööSSS: AØäkIO.�§�ÛÜ�ã�?�Ú~f.

1. ���©XÚ
x′ = x+ y, y′ = 8x− y,

2. ���©XÚ

x′ = 2x−6y, y′ = 2x−5y,

ÚÚÚ������&&&???: þã´nØ©Û§UÄk�*��ã©Û?
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^ Mathematica¦�§|�)Ú²¡ÛÜ�ã

e¡ÏL{ü�~f`²XÛ^ Mathematica¦)�©�§|,
±9^ Mathematica�²¡�©�§|3Û:�ÛÜã.

~~~KKK:
1. ^ Mathematica¦�©�§|Ï)

x′(t) = 2x− y, y′(t) = x−2y.

Ñ\µ

DSolve[{x′[t] == 2x[t]− y[t],y′[t] == x[t]−2y[t]},{x[t],y[t]}, t]
Shift+EnterÑÑ(J
{{x[t]→
1
6 e−

√
3t(3−2

√
3+3e2

√
3t +2

√
3e2
√

3t)C[1]− e−
√

3t(−1+e2
√

3t)C[2]
2
√

3
,

y[t]→
e−
√

3t(−1+e2
√

3t)C[1])
2
√

3
− 1

6 e−
√

3t(−3−2 3
√
−3e2

√
3t +2

√
3e2
√

3t)C[2]}}
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2. ^ Mathematica¦�©�§|Ð�¯K�)

x′(t) = 2x−3y+ e−t, y′(t) = x−2y+ e2t, x(0) = 1, y(0) =−1

Ñ\µ

DSolve[{x′[t] == 2x[t]−3y[t]+Exp[−t],y′[t] ==

x[t]−2y[t]+Exp[2 t],
x[0] == 1,y[0] ==−1},{x[t],y[t]}, t]
Shift+EnterÑÑ
{{x[t]→−1

4 e−t(13−21e2t+4e3t+2t),y[t]→ 1
4 e−t(−11+7e2t−2t)}}
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3. ^ Mathematica�Ñ²¡�©�§

x′(t) = x− y, y′(t) = x+ y,

3�:����ã. 5µN´O��:´���:
Ñ\µ

s1 = NDSolve[{x′[t] == x[t]− y[t],y′[t] == x[t]+ y[t],x[0] ==

0.5,y[0] == 0.5},{x[t],y[t]},{t,−15,15}];
s2 = NDSolve[{x′[t] == x[t]− y[t],y′[t] == x[t]+ y[t],x[0] ==

1.1,y[0] == 0.0},{x[t],y[t]},{t,−15,15}];
s3 = NDSolve[{x′[t] == x[t]− y[t],y′[t] == x[t]+ y[t],x[0] ==

−1.1,y[0] == 1.1},{x[t],y[t]},{t,−15,15}];
ParametricPlot[{Evaluate[{x[t],y[t]}/.s1],Evaluate[{x[t],y[t]}/.s2],Evaluate[{x[t],y[t]}/.s3]},
{t,−15,15}, ImageSize→ 500,PlotRange→{−1.5,1.5}]
Shift+Enter=�ÑÑn^;�.
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äN¯K�ÛÜ(�©Û
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