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1. )))���AAAÛÛÛ)))ººº

�ÄXe���©�§

ẋ = f (t,x), (1)

Ù¥ f 3 R2 �,m«� ΩþëY.

� x = φ(t), t ∈ (α,β )´�§ (1)���).

K {(t,φ(t)) : t ∈ (α,β )}´ Ω¥��^­�,¡���
§ (1)�ÈÈÈ©©©­­­���.
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È©­�þ:�����Ç��§�m�'XXÛº
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È©­�3Ùþ?�: (t0,φ(t0))����Ç φ ′(t0)�
u f (t0,φ(t0)).

ù`²éu Ω¥?�: (t,x),XJkÈ©­�ÏL,KÏL
T:�È©­�����Ç� f (t,x).
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é ∀(t,x) ∈Ω,LT:��Ç� f (t,x)���ã. Ω¥¤kù


��ã��N�¤�8Ü¡��§ (1)�������|||.

��|��*�~f´^/^c±��^|µ3��[��

äk�Kü4�^/^c±�gþ�
á��c�,§�ò
Uì^|���3^c±�ü�. ¤kù
k5Kü��c
�Ò�¤
��^|¤÷v�~�©�§���|. �ÖØ
äNïá^/^c�^|÷v��§,k,��ÓÆ�ë
�µ¶Ó;!o«£�~�©�§[p.16,~3].
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=¦Ø���§�)§��±|^��|Cq/�Ñ,
�

§�È©­�.
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dy
dx

= 2,
dy
dx

=
y
x
,

dy
dx

=−x
y
,

dy
dx

=
y+ x

x
.
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¯̄̄KKKµÏL)�½Â�þ�ù�~f§Ú�Æ)g�

�½ (t0,x0) ∈Ω,�§ (1)÷vÐ©^� x(t0) = x0 �)´Ä

�3º

XJÐ�¯K�)�3,@o)´Ä��º

555:

þã¯K�\�ù�Ø%SNµ)��3��5½n

±���Bå�,ò�§ (1)÷vÐ©^� x(t0) = x0 �)�

`¤�§ (1)LÐ©: (t0,x0)�),½�§ (1)LÐ©
: (t0,x0)�È©­�.
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þã¯K3~�©�§�uÐ¤þ²{
é���m.

{IêÆ[ Augustin Cauchy (1789–1857)u 19­
V 20c�ïá
~�©�§Ð�¯K)��3��5½
n (�Ï�Xd,Ð�¯Kq¡� Cauchy ¯̄̄KKK).

�IêÆ[ Rudolf Lipschitz (1832–1903)u 1876c~f

 Cauchy'uÐ�¯K)��3��5½n�^�.

Ü�: þ°�Ï�ÆêÆX 1�ù!�©�§)�AÛ)º!�3Ú��5!¢S�.�í�



�5{IêÆ[ Charles Émile Picard (1856–1941)Ú¥
=êÆ[ Ernst Lindelöf (1870–1946)�Ñ Lipschitz(J�
#y²,

AO´ Picardu 1893c^Åg%C{y²
 Lipschitz½
n (�5��õê��ÖÑ^ Picard�y²,ÏdT½nq
¡� Picard½½½nnn,½ Cauchy–Lipschitz½½½nnn,
½ Picard–Lindelöf½½½nnn).

¿�|êÆ[ Giuseppe Peano (1858–1932)u 1890c�
°
 Picard½n�^�,y²ëY5=��y)��3
5 (�,=këY5Ã{�y��5). Peano �(J�<¡
�� Peano½½½nnn.

'u~�©�§)��3Ú��5�kéõÙ§?�Ú�í

2ÚU?,��Ñ
��§��£��,Ø3d0�
.
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e¡�½n�y
�§ (1)Ð�¯K)��35Ú��.

½n 1 (Picard½½½nnn)

� f (t,x)3m«� Ω ∈ R2 þëY,�'u x÷vÛÛÛ
ÜÜÜ Lipschitz ^̂̂���,=é ∀(t∗,x∗) ∈Ω,�3 (t∗,x∗)��� Ut∗,x∗ ,
9~ê Lt∗,x∗ ,¦�é ∀(t,x1), (t,x2) ∈ Ut∗,x∗ Ñk

|f (t,x1)− f (t,x2)| ≤ Lt∗,x∗ |x1− x2|.

K�§ (1)L?�: (t0,x0) ∈ΩÑk���),P�

x = φ(t), t ∈ (α,β ).
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?�Ú)ºÛÜLipschitz^�;

Ú�Æ)g�µ½n¥�ü�^�ëY5

ÚÛÜLipschitz^���^XÛº
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Picard½n�Ñ
�©�§ (1)Ð�¯K)��3Ú��
5�¿©^�.

XJòÛÜ Lipschitz^��¤ f (t,x)'u x3 Ω¥këY

 �ê,K Picard½n�(Øw,¤á.
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Picard½n�yl Ω¥?�:Ñuk�=k��

) x = φ(t), t ∈ (α,β ). ?�Ú/,
XJ x = ψ(t), t ∈ (µ,ν)�´�§ (1)L (t0,x0)�),÷
v (α,β )⊂ (µ,ν),�� t ∈ (α,β )� ψ(t) = φ(t),¡
) x = ψ(t)´) x = φ(t)�òòòÿÿÿ.
eéu�§ (1)L (t0,x0)�?�) x = ψ(t), t ∈ (µ,ν)Ñ

k (µ,ν)⊂ (α,β ),¡) x = φ(t), t ∈ (α,β )´�

§ (1)L (t0,x0)�ØØØ���òòòÿÿÿ���)));d�¡ (α,β )´�

§ (1)L (t0,x0)�)����������333«««mmm½{¡���333«««mmm.
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4. Ð�¯K
dy
dx

= y
1
3 , y(1) = 0,�) y = 0Ú

y(x) = 0, x≤ 2; y(x) =
(

2
3

) 3
2

(x−2)
3
2 , x > 2,

��3«m´ (−∞,∞).

5. �©�§
dy
dx

= y2,

÷vÐ©^� y(1) = 1�) y = (2− x)−1 ��3«m

´ (−∞,2);

÷vÐ©^� y(1) =−1�) y =−x−1 ��3«m´ (0,∞).

6. Ð�¯K
dy
dx

= 1+ y2, y(0) = 0,�) y = tanx��3«m

´ (−π

2 ,
π

2 ).

5¿: �§mà�½Â«�Ú)��3«m9)3«mà:�4
��
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ÚÚÚ���&&&ÄÄÄµµµ½n 1Ø=�y
)��35,
��y
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5.

¯̄̄KKK: �o^�Ò�±�y)��35º

½n 2

(Peano½n)XJ f (t,x)3m«� Ω⊂ R2 þëY,K�§ (1)L
?�: (t0,x0) ∈Ω�)Ñ�3,�)½Â3���3«mþ.

½n 1Ú 2�y²ò3±�¥�Ñ.
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þ�ù�~ 4`²=këY5ØU�yÐ�¯K)���5.

���¯̄̄µXJ f (t,x)Ø÷vëY5b�,Ð�¯K)��35U�
yíº

�~µÐ�¯K

dy
dx

= f (x,y), y(0) = 0, (x,y) ∈ (R2,0). (2)

vk),Ù¥

f (x,y) =

{
1, (x,y) ∈ (R2,0), (x,y) 6= (0,0)
0, (x,y) = (0,0).

Ü�: þ°�Ï�ÆêÆX 1�ù!�©�§)�AÛ)º!�3Ú��5!¢S�.�í�



yyyµ$^�y{,XJÐ�¯K (2)k),P�
y = φ(x), x ∈ J = [0,β ) (3 0��>«m�±aq/?Ø).

Uì)�½Â, φ(x)´ëY��Ù�ê�3.

du3�:�	k f (x,y)≡ 1,¤±3�:�	
k φ(x) = x+b

d φ(x)�ëY5Ú φ(0) = 0�

0 = φ(0) = lim
x→0

φ(x) = b

¤± φ(x) = x, x ∈ J. �ù� φ ′(0) = f (0,0) = 0gñ.

ù�gñ`²Ð�¯K (2)vk).
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«mVg�n)"
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1. gggdddáááNNN$$$ÄÄÄ
±/¡���I�:,Y��þ�����I¶ x����
,�� t0 3pÝ� x0 �/�ò�þ� m�ÔN�e,�3
­å�^eÔN3 t (> t0)��� �XÛ?
b�­å\�Ý� g.
�Ä­å���Ú x����,¿$^Úî1�½
Æ� mẍ =−mg,=

ẍ(t) =−g.

ù´LãÔNgdeá�$Ä�§.
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2. ������555ÔÔÔ���PPPCCC�k,��5Ô�3 t���êþ� x(t),
�Ô�PC��Ý�Ô��êþ¤�',Kk

ẋ(t) =−kx(t),

Ù¥ k > 0´Ô�PC�'~~ê. T~£ã��5Ô�P
C�5Æ.
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3. <<<������...<�¯K´�~E,�,§éX��¬ÆÚ)ÔÆ
�ÃõÏ�.�~�Ä�
n�z��¹.
�<�3,�� t�êþ� x(t),<��O�Ç� k(t,x). K
<��C�5Æ�

ẋ(t) = k(t,x)x(t).

5µ<��O�Ç�Ñ)ÇÚk���,§���K.

3]
4Ù´L��¹e,<�O�Ç k�±w�~ê. ù
´ Malthus<�nØ�Ä:.
��X<�O��5/«�¸�»�,±9<��mék�
]
��p¿�,<�O�Ç�±��

k = a(1− x
L
),

Ù¥~ê L¡��¸Nþ. T�.��¢S��N
<��
Cz.
éuäN�¢S�¹,<�O�Ç�±�Ù§Ü·�¼ê.
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4. êêêÆÆÆ{{{���$$$ÄÄÄêÆ{´n���þ� m{�� l�ü{,Ù
�3­å�^e$Ä.5½{�lmY���m��Ý��,
� x�ü{�{��Y���Y�. 3êÆ{$Ä����
�$^Úî1�½Æ�

mlẍ =−mgsinx,

=

ẍ =−m
l

sinx.

T�§£ã
ü{�$Ä5Æ.
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5. RLC£££´́́>>>666�Äd>{ (R)!>a (L)!>N (C)Ú>

�¤�Gé>´. �3 t��>
�>Ø� E(t),>´�>6
rÝ� I(t). KT��>{!>aÚ>Nüà�>Ø©O´

UR(t) = RI(t), UL(t) = LI′(t), UC(t) =
1
C

∫
I(s)ds.

d>´ó�� Kirchhoff½Æ�

UR(t)+UL(t)+UC(t) = E(t).

é�§ü>'u t¦�ê��'u£´>6÷v����©
�§

LI′′(t)+RI′(t)+
1
C

I(t) = E′(t).
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6. Lotka–VolterraÓÓÓ   ������ÓÓÓ   ���...£ã
ü�Ô« (Ó 
ö��Ó ö)�m�pK��)ÔÆ�..

^ xL«�Ó ö�êþ, yL«Ó ö�êþ. 

K�xüö'X� Lotka–Volterra�©�§|�

dx
dt

= x(a−by),
dy
dt

= y(−c+dx), (3)

Ù¥ a,b,c,d ´�K~ê.

T�.d{I�Æ[ Alfred James
Lotka (1880–1949)u 1925c�£ã�a�ÔÔ«Ú�a
 ú5ÄÔÔ«�m�'Xïá�.
¿�|êÆ[ Vito Volterra (1860–1940) éæ�pæ°¥}
~ÚÙ§~«�êþ'X?1ÚO©Û,¿u 1926cÕá/
éþã�.?1
ïÄ,�Ñ
~+êþCz�Ün)º.
Lotka–Volterra�.Ø
3)�Æ¥,�3X²LÆ,zÆ�
éõÙ§Æ�¥�k2��A^.
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XÛïá&ì��~�©�§�.±�x&ì��/G

XÛïáE36Ä�Y¥��àéW�~�©�§�.±�

xE$1�;,"

±þ�Ñ
åÆ!>ÆÚ)ÔÆþ�
{ü�¢S�.÷v�Ä

åÆ�§�í�.

¯̄̄KKKµXÛ��þã�©�§�),l
?�Ún)ÚÝºù

¢S¯K�$Ä5Æ.
T¯K�e�ùm©ùÇÐ�È©{�ÐÁ="
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