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­­­½½½555���½½½ÂÂÂ

éu n��©�§|
dx
dt

= f(t,x), (1)

P x0(t)´Ù÷vÐ©^� x(t0) = x0 �).

¡) x0(t)´­­­½½½���,XJé ∀ε > 0, ∃δ > 0¦�
� ‖x−x0‖< δ �,�©�§| (1)L (t0,x)�) x(t)Ñ÷
v ‖x(t)−x0(t)‖< ε, t ≥ t0. ù«­½5q¡
� Lyapunov­­­½½½.
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¡) x0(t)´ìììCCC­­­½½½���,XJ§´­½�,�éþã
� δ > 0,XJ ‖x−x0‖< δ k lim

t→∞
‖x(t)−x0(t)‖= 0.

¡) x0(t)´ØØØ­­­½½½���,XJ§Ø´­½�,= ∃ε0 > 0¦�
é ∀δ > 0Ñ�3 x∗

δ
÷v ‖x∗

δ
−x0‖< δ ,9é?¿�

� T∗
δ
> 0Ñ�3�m t∗

δ
> T∗

δ
¦� ‖x∗

δ
(tδ )−x0(t∗δ )‖> ε0.
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NNN555: ­½5½Â�?�Ú&?
$^ Lyapunov­½5ïÄA½;��­½5�,Ï~´²
LC�òÙ=z�#�§�²ï:5ïÄ.
ìC­½5½Â¥­½�b�ØU�K.~Xü �±

S1 = {z = e2π
√
−1θ , θ ∈ [0,1)},

þ��©�§

θ̇ = sin2(πθ),

k���²ï: θ = 0.
l S1 þ?�: (θ = 0Ø	)Ñu�;�� t→ ∞�Ñ÷X

�±_����ª�u²ï: 0,l
÷vìC­½5½Â
¥���Ü©^�,
�ù
;�� t→−∞�qÑ÷X�±^����ª�u²

ï: 0,Ï
²ï:´Ø­½�. 

ÚÚÚ���&&&¢¢¢µXÛ�½)�­½5º
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$ 5.1.1 �5àg�©�§|")�­½5

½n 59

� A ∈M . éu~Xê�5àg�©�§|

ẏ = Ay. (2)

(a) XJ A�A���¢ÜÑ�u",K�©�§| (2)�")
ìC­½.

(b) XJ A�A���¢ÜÑ�u½�u",�¢Ü�"�A�
���ê­ê�uAÛ­ê,K�©�§| (2)�"
) Lyapunov­½.

(c) XJ Ak¢Ü�u"�A��,½k¢Ü�"�A���Ù
�ê­ê�uAÛ­ê,K�©�§| (2)�")Ø­½.
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y: (a)díØ 48 =⇒�3 ρ > 0, a > 0¦�é v ∈ Rn,

‖exAv‖2 ≤ a‖v‖e−ρx, x ∈ [0,∞).


�©�§| (2)�?�) y(x)Ñ�L«¤

y(x) = exAv,

�/ª. dd�y�©�§| (2)�")ìC­½.
(b)� A�pØ�Ó�A���

λ1, . . . ,λk, λk+1, . . . ,λs,

§���ê­ê�

ni, i = 1, . . . ,s;

�

Reλi < 0, i = 1, . . . ,k; Reλi = 0, i = k+1, . . . ,s.

Ï� λi, i = k+1, . . . ,s��ê­ê�uÙAÛ­ê,
¤±ÙéA��5Ã'�A��þk ni �.
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d½n 479ÙN5 1�,�©�§| (2)kÄ)Ý


Φ(x) =
(

eλ1xP(1)
1 (x), . . . ,eλ1xP(1)

n1 (x), . . . ,e
λsxP(s)

1 (x), . . . ,eλsxP(s)
ns (x)

)
,

Ù¥

P(j)
i (x), j = 1, . . . ,k, i = 1, . . . ,nj

´gêØ�L nj−1�õ�ª,


P(j)
i (x), j = k+1, . . . ,s, i = 1, . . . ,nj

´~ê�þ (éAu λj �A��þ). P

Ψ1(x) =
(

eλ1xP(1)
1 (x), . . . ,eλ1xP(1)

n1 (x), . . . ,e
λkxP(k)

1 (x), . . . ,eλkxP(k)
nk (x)

)
,

Ψ2(x) =
(

eλk+1xP(k+1)
1 , . . . ,eλk+1xP(k+1)

nk+1 , . . . ,eλsxP(s)
1 , . . . ,eλsxP(s)

ns

)
,
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díØ 489Ùy²�,�3 ρ > 0, a > 0¦�é ∀v1 ∈ Rn1+...+nk ,

‖Ψ1(x)v1‖2 ≤ a‖v1‖2e−ρx, x ∈ [0,∞).

qÏ� |eλix|= 1 (i = k+1, . . . ,s),�
P(i)

j (i = k+1, . . . ,s, j = 1, . . . ,ni)´(½�~ê�þ,
¤±�3 b > 0¦�é ∀v2 ∈ Rnk+1+...+ns ,

‖Ψ2(x)v2‖2 ≤ b‖v2‖2, x ∈ [0,∞).


�©�§| (2)�Ï)�±�¤

y(x) = Φ(x)v = Ψ1(x)v1 +Ψ2(x)v2,

Ù¥ v =

(
v1

v2

)
´?¿~ê�þ. ¤±

‖y(x)‖2 = ‖Φ(x)v‖2≤
(
a‖v1‖2e−ρx +b‖v1‖2

)
≤ (a+b)‖v‖2, x∈ [0,∞).

dd�y�©�§| (2)�")´ Lyaponov­½.
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(c)XJ Ak¢Ü�u"�A��,P� λ0 = α0 +
√
−1β0.

d½n 47�,�©�§| (2)k/X

y(x) = P(x)eλ0x,

�),Ù¥ P(x)´��gêØ�L n−1�õ�ª.
Ï� α0 > 0,¤±

lim
x→∞
‖y(x)‖2 = lim

x→∞
‖P(x)eλ0x‖2 = lim

x→∞
‖P(x)‖2eα0x = ∞.

ùÒy²
�©�§| (2)�")Ø­½
XJ Ak¢Ü�"�A��,P� λ0 =

√
−1β0,�Ù�ê­ê

�uAÛ­ê. d½n 44�,�©�§| (2)k/X

y(x) = P(x)eλ0x,

�),Ù¥ P(x)´��gêØ�"�õ�ª. ¤±k

lim
x→∞
‖y(x)‖2 = lim

x→∞
‖P(x)‖2 = ∞.

Ïd�©�§| (2)�")Ø­½. y..
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$ 5.1.2 d�5Cq(½���5�©�§�­½5

�ù0�/Ï�5Cq�§�½���5�©�§)�­½5.

½n 62

éu��5�©�§|

ẏ = Ay+ f(x,y), (3)

Ù¥ A´ n��
,b� f(x,y) = O(‖y‖2), ‖y‖� 1 3,«
� G = [0,∞)×{y; ‖y‖< K}þëY�'u y÷vÛ
Ü Lipschitz^�.

(a) XJ A�A���¢ÜÑ�u",K��5�©�§
| (3)�")ìC­½.

(b) XJ Ak�¢Ü�A��,K��5�©�§| (3)�")
Ø­½.
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ùpØ�ÑÙy². k,��Öö�±ë��p<��5~�©
�§6.

N5:
XJ AQk¢Ü�"qk¢Ü�u"�A��½A���¢Ü
Ñ�",K��5�©�§| (3)")�­½5�6u��5
� f(x,y)���.~X

1. ���©�§|

ẋ =−y+αx(x2 + y2)(x2 + y2−1),
ẏ = x+αy(x2 + y2)(x2 + y2−1),

(4)
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� α = 0�,�A��5�©�§|�XêÜ©�A��´
�éXJê,�I�:´�A��5�©�§|�¥%,Ï

´­½�,��ìC­½.

� α 6= 0�,ÏL4�IC� x = r cosθ , y = r sinθ ,�§
| (4)=z�

ṙ = αr3(r2−1), θ̇ = 1.

dd�§N´��µ

� α > 0�,lü �±SÜÑu�;�Ñ_�����^
%C�I�:,Ï
�§| (4)�")´ìC­½�.
� α < 0�,lü �±SÜ (�I�:Ø	)Ñu�;�Ñ
_�����^%Cü �±,Ï
�§| (4)�")´Ø­
½�.
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2. ���©�§|

ẋ =−y−αy(x2 + y2)(x2 + y2−1),
ẏ = x+αx(x2 + y2)(x2 + y2−1),

(5)

34�IC� x = r cosθ , y = r sinθ e=z�

ṙ = 0, θ̇ = 1+αr2(r2−1).

Ïdé α �?¿�,�§| (5)��I�:Ñ´¥%,�"
)´­½�Ø´ìC­½�.

5µ

aq/�±ÞÑ��5�©�§�XêÝ
äk"A��

�,\þp��������5�©�§�")äk�«�
U�­½5.

þã~f`²: ����5�©�§�")��5Ü©äk
"¢Ü�A���,")�­½5�½¯K´�©(J�.
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$ 5.1.3 �½­½5� Lyapunov1��{

�Äg£�©�§|

dx
dt

= f(x), x ∈ Rn. (6)

b�Xþ¼ê V(x), ‖x‖ ≤M,ëY��.

¼ê V(x)'''uuu���§§§ (6)���������êêê½Â�

dV
dt

∣∣∣∣
(6)

=
∂V
∂x1

ẋ1 + . . .+
∂V
∂xn

ẋn

∣∣∣∣
(6)

=
∂V
∂x1

f1(x)+ . . .+
∂V
∂xn

fn(x).

¼ê V(x)¡�½½½��� (½½½KKK)�,XJ

V(0) = 0, V(x)> 0 (V(x)< 0), x 6= 0.

¼ê V(x)¡�~~~��� (~~~KKK)�,XJ

V(0) = 0, V(x)≥ 0 (V(x)≤ 0), x 6= 0.

þã½Â¥�¼ê V(x)Ú¡� Lyapunov¼¼¼êêê.
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~K:

¼ê V(x1,x2) = x4
1 + x2

2

3 R2 ¥´½��,

3 R3 ¥´~����½�.

§'u�§

ẋ1 =−x2, ẋ2 = x1, (7)

���ê�

dV
dt

∣∣∣∣
(7)

= 4x3
1(−x2)+2x2x1 = 2x1x2(1−2x2

1).
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½n 63 (Lyapunov­½5�O{)

� x = 0´�§ (6)�). ¼ê V(x)3 ‖x‖ ≤M þëY��.

(a) XJ V(x)´½��,� dV
dt

∣∣
(6) ´~K�,K�§ (6)�")

´­½�.

(b) XJ V(x)´½��,� dV
dt

∣∣
(6) ´½K�,K�§ (6)�")

´ìC­½�.

(c) XJ V(x)´½��,� dV
dt

∣∣
(6) ´½��,K�§ (6)�")

´Ø­½�.
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y: (a)é ∀ε > 0 (Ø�� ε < M),-

m = min
ε≤‖x‖≤M

V(x).

Ï V ëY,� V(x) 6= 0, ‖x‖> 0,¤± 0 < m < ∞.

qÏ� V(0) = 0,¤±�3 δ > 0¦�

V(x)< m, ‖x‖< δ .

ey: é?¿� ‖x‖< δ ,�§ (6)3,�� t0 l xÑu�
) x(t) � t > t0 �Ñk ‖x(t)‖< ε.
eØ,,�3 t∗ > t0 ¦� ‖x(t∗)‖= ε, ‖x(t)‖< ε, t ∈ [t0, t∗).
d½n (a)�b��

V(x(t∗))−V(x(t0)) =
∫ t∗

t0

dV(x(t))
dt

≤ 0.
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 ‖x(t0)‖< δ ,¤±

V(x(t∗))≤ V(x(t0))< m.

ù� V(x(t∗))�½Âgñ. ù�gñ`²:
�� ‖x‖< δ ,Òk ‖x(t)‖< ε, t > t0.

Ï
")´­½�.

(b)d (a),�§ (6)�")´­½�.
éu (a)�y²¥�½� δ . é ∀x÷v ‖x‖< δ ,du

dV(x(t))
dt

≤ 0, V(x(t))≥ 0,

¤±4� lim
t→∞

V(x(t))�3,PÙ� l.
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ey l = 0. eØ,, l > 0. Ï�

V(x(t))≥ l, t ∈ [t0,∞),

� V(0) = 0,¤± ∃ρ > 0¦�

‖x(t)‖ ≥ ρ, t ∈ [t0,∞)

Ï

dV(x(t))

dt
< 0, t ∈ [t0,∞).

-

r := max
ρ≤‖x‖≤M

dV(x)
dt

∣∣∣∣
(6)

.
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Kk −∞ < r < 0. ¤±

V(x(t))−V(x(t0)) =
∫ t

t0

dV(x(s))
ds

ds≤ r(t− t0), t ∈ [t0,∞).

� t→ ∞�,�>�k��,
m>ªuKÃ¡.
ù�gñ`²: l = 0.
��y

lim
t→∞
‖x(t)‖= 0.

eØ,,Ï� {x(t); t ∈ [t0,∞)} k.,¤±�3üN4O:
� {tn}÷v lim

n→∞
tn = ∞¦�

lim
n→∞

x(tn) = x∗ 6= 0.
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�d V(x)Ú) x(t)�ëY5�

0 = lim
n→∞

V(x(tn)) = V(x∗) 6= 0.

ù�gñ`²: lim
t→∞
‖x(t)‖= 0.

(c)�y. XJ")´­½,Ké ∀ε > 0, ∃δ > 0¦�
� 0 < ‖x‖< δ �,÷vÐ©^� x(t0) = x�)k

‖x(t)‖< ε, t ∈ [t0,∞).

Ï
dV(x)

dt

∣∣∣∣
(6)

> 0, x 6= 0,

¤±

V(x(t))≥ V(x(t0)) = V(x)> 0.
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l
 ∃σ > 0¦�

‖x(t)‖ ≥ σ , t ∈ [t0,∞).

-

ρ = min
σ≤‖x‖≤ε

dV(x)
dt

∣∣∣∣
(6)

.

K 0 < ρ < ∞. l
k

V(x(t))−V(x(t0)) =
∫ t

t0

dV(x(s))
ds

ds≥ ρ(t− t0).

Ï σ ≤ ‖x(t)‖< ε � V ëY,
¤±� t→ ∞�,�>k�,
m>ª��Ã¡.

ù�gñ`²")´Ø­½�. y..
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N5:

1. ½n 63¥�½")­½5��{¡� Lyanunov111������
{{{. §´�ÛdêÆ[ Aleksandr
Lyapunov (1857–1918)u 1892c3ÙÆ¬Ø©¥JÑ�,
T�{3ÄåXÚ­½5�ïÄ�¡åX­���^.

Ø
½n 63¥��O�{	,�k�
Ù§�í2. �ùØ
��Û�.

2. �éu1��{, Lyapunov1��{^?ê�½­½5,d
u^å5Ø�B,y3é�Jå. �� Lyapunov1��{�
'� Lyapunov�ê3y�ÄåXÚ�·bïÄ�¡�åX
4Ù­���^.
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~K:

1. �§|
ẋ = x3−2y3, ẏ = xy2 + x2y+

1
2

y3,

�")Ø­½,�±ÏL�
Lyapunov¼ê V = x2 +2y2 y�.

2. �§|
ẋ = y− x3, ẏ =−2(x3 + y5),

�")ìC­½,�±ÏL�
Lyapunov¼ê V = x4 + y2 y�.

3. �§|
ẋ = y+2y3, ẏ =−x−2x3,

�")­½,�±ÏL�
Lyapunov¼ê V = x2 + x4 + y2 + y4 y�.

Ü�:þ°�Ï�ÆêÆX 1��Êù!­½�Vg!�5àg�©�§|")�­½5



4. �§
ẋ = 2x2y+ y3, ẏ =−xy2 +2x5, (8)

�")Ø­½. ¯¢þ,�¼ê V = xy,K

dV
dt

∣∣∣∣
(8)

= x2y2 + y4 +2x6, (9)

3")���S½�. du3
y���¶þ ẋ > 0,3 x���¶þ ẏ > 0,

¤±l1���Ñu�;��X�m�O\ò©ª�±31

���.
ql (9)�,÷Xl1���¥?�:Ñu�;��X�

m�O\ V = xy��î�O\,ù`²l1���Ñu�;
��X�m�O\ÑòÅì�l"). l
")´Ø­½�.
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NNN555: äNA^ Lyapunov1��{�'�´

��EÜ·� Lyapunov¼ê,

�vk������{�E Lyapunov¼ê.

éuäN¯K,3�E Lyapunov¼ê�¦þ¦�Ù÷X�
§���ê¥Ø¹��Cþ�Ûg�.
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���ùùù���­­­:::µ

ÙöÝº­½�½Â

~XêÚ±ÏXê�5�©�§")�­½5�½

Lyapunov1��{�nØÚA^

���ùùù���JJJ:::µ

nØy²

äNXÚLyapunov¼ê��E

������µµµSKÊ

�5Cq�½­½5µ 4, 5

Lyapunov1��{µ 7. 2, 7.3, 7.6, 9, 10.
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��5ÒeÌµ16:00–18:00, 19:00–20:00

��6ÒeÌµ14:00–18:00, 19:00–20:00
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