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0 Introduction

Throughout this paper, all groups are finite. G always denotes a group and p denotes

a prime. |G|p denotes the order of a Sylow p-subgroup of G. For a subgroup H of G, let

HG and HG denote the normal closure of H and the core of H in G, respectively. That is,

HG = 〈Hg | g ∈ G〉 and HG =
⋂

g∈G Hg. An integer n is called a p-number if n is a power of p.

Recall that a class F of groups is called a formation if F is closed under taking homomorphic

images and subdirect products. A formation F is said to be saturated if G ∈ F whenever

G/Φ(G) ∈ F . We use U to denote the saturated formation of all supersolvable groups. A normal

subgroup N of G is said to be F -hypercentral in G if either N = 1 or every G-chief factor

H/K below N is F -central in G, that is, H/K �G/CG(H/K) ∈ F . The product of all normal

F -hypercentral subgroups is called the F -hypercentre of G and denoted by ZF(G).

A subgroup H of G is said to be quasinormal or permutable[5] (respectively, S-quasinormal

or S-permutable[18]) in G if H permutes with every subgroup (respectively, Sylow subgroup) of

G.

In recent years, in order to investigate the structure of finite groups, a number of embedding

properties of subgroups were introduced by many authors, see, for example, [2, 8–9, 11, 14, 17].

Recall that a subgroup H of G is said to be S-quasinormally embedded (see [7, p. 132]) in G if
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each Sylow subgroup of H is also a Sylow subgroup of some S-quasinormal subgroup of G. A

subgroup H of G is called c-normal [19] in G if there exists a normal subgroup T of G such that

G = HT and H ∩ T ≤ HG. A subgroup H of G is said to be n-embedded [9] in G if for some

normal subgroup T of G and some S-quasinormal subgroup S of G, HT is normal in G and

H ∩T ≤ S ≤ H . A subgroup H of G is called S-embedded [8] in G if for some normal subgroup T

of G and some S-quasinormal subgroup S of G, HT is S-quasinormal in G and H ∩T ≤ S ≤ H .

A subgroup H of G is said to be sn-embedded [17] in G if G has a normal subgroup T and an

S-quasinormally embedded subgroup S such thatHT is S-quasinormal in G andH∩T ≤ S ≤ H .

Recall that a subgroup A of G is called a CAP -subgroup of G if A either covers or avoids

each G-chief factor (see [6, p. 37]). As a generalization of CAP -subgroups and S-quasinormally

embedded subgroups, the authors in [11] introduced the notion of generalized CAP -subgroup:

a subgroup A of G is called a generalized CAP -subgroup of G if for each G-chief factor H/K

either A avoids H/K or the following hold: (1) if H/K is non-abelian, then (A ∩ H)K/K is a

Hall subgroup of H/K; (2) if H/K is a p-group, then |G : NG((A ∩H)K)| is a p-number.

Bearing in mind the above, a problem naturally arises:

Question Can we give a notion which develops and unifies all the above-mentioned con-

cepts and the related results?

In order to resolve the above problem, we now introduce the notion of CAP -quasinormal

subgroup as follows.

Definition 0.1 A subgroupH of G is called CAP -quasinormal in G if G has a quasinormal

subgroup T and a generalized CAP -subgroup A such thatHT is S-quasinormal in G andH∩T ≤
A ≤ H .

It is easy to see that the quasinormal subgroups, S-quasinormally embedded subgroups,

c-normal subgroups, n-embedded subgroups, S-embedded subgroups, sn-embedded subgroups,

CAP -subgroups, generalized CAP -subgroups are all CAP -quasinormal. Hence the notion of

CAP -quasinormal subgroup unifies all the mentioned subgroups. But the following examples

show that the converse is not true.

Example 0.1 Let L1 = 〈a, b | a5 = b5 = 1, ab = ba〉 and L2 = 〈a′, b′〉 be a copy of

L1. Assume that α is an automorphism of L1 of order 3 satisfying aα = b, bα = a−1b−1. Put

G = (L1 ×L2)� 〈α〉 and H = 〈a〉 × 〈a′〉. Note that T = 〈aa′b, a−1b′〉 is a normal subgroup of G

such that HT = L1L2 and H∩T = 1. Thus H is n-embedded in G and so it is CAP -quasinormal

in G. However, |G : NG(H ∩ L1)| = |G : NG(〈a〉)| = 3 is not a 5-number, that is, H is not a

generalized CAP -subgroup of G.

Example 0.2 Let G = P � A5, where A5 is the alternating group of degree 5 and P is a

simple F3A5-modular which is faithful for A5. Let H = PB, where B is a Sylow 5-subgroup of

A5. Following [11], H is a generalized CAP -subgroup of G. Then clearly, H is CAP -quasinormal

in G. By [11] again, H is neither a CAP -subgroup of G nor S-quasinormally embedded in G.

Moreover, H is not sn-embedded in G. In fact, the normal subgroup T of G satisfying that HT

is S-quasinormal in G must be G. In this case, H is S-quasinormally embedded in G, which is

impossible. Consequently, H is not c-normal, n-embedded or S-embedded in G.

In this paper, we obtain the following main result.

Theorem 0.1 Let F be a saturated formation containing U andE,X be normal subgroups
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of G such that F ∗(E) ≤ X ≤ E and G/E ∈ F . Then G ∈ F if for every prime p ∈ π(X) and

every non-cyclic Sylow p-subgroup Xp of X , Xp has a subgroup D such that 1 ≤ |D| < |Xp| and
the following hold:

(1) if Xp is a non-abelian 2-group and |D| = 1, then every cyclic subgroup of Xp with order

2 or 4 is CAP -quasinormal in G;

(2) otherwise, every proper subgroup of Xp with order |D| or p|D| is CAP -quasinormal in

G.

In this theorem, F ∗(G) denotes the generalized Fitting subgroup of G, that is, the largest

normal quasinilpotent subgroup of G. The following result can be deduced immediately from

Theorem 0.1.

Corollary 0.1 A group G is supersolvable if and only if G has a normal subgroup E such

that G/E is supersolvable and for every non-cyclic Sylow subgroup P of E (respectively, F ∗(E)),

one of the following holds:

(1) every cyclic subgroup of P with order p or 4 (when P is a non-abelian 2-group) is

CAP -quasinormal in G;

(2) every maximal subgroup of P is CAP -quasinormal in G.

Theorem 0.1 covers and unifies the results in many papers, for example,

Corollary 0.2 Let F be a saturated formation containing U and G a group with a normal

subgroup E such that G/E ∈ F . Then G ∈ F if one of the following holds:

(1) for every non-cyclic Sylow subgroup P of E, every maximal subgroup of P is S-embedded

in G (see [8, Theorem C]);

(2) for every non-cyclic Sylow subgroup P of F ∗(E), every maximal subgroup of P is S-

embedded in G (see [8, Theorem D]);

(3) for every non-cyclic Sylow subgroup P of E, every maximal subgroup of P is n-embedded

in G (see [9, Theorem D]);

(4) for every non-cyclic Sylow subgroup P of F ∗(E), every maximal subgroup of P is n-

embedded in G (see [9, Theorem E]);

(5) all maximal subgroups of any Sylow subgroup of F ∗(E) are S-quasinormally embedded

in G (see [16, Theorem 1.1]);

(6) all subgroups of prime order or order 4 of F ∗(E) are S-quasinormally embedded in G

(see [16, Theorem 1.2]);

(7) for every prime p dividing |E| and every Sylow p-subgroup P of E, every cyclic subgroup

of order p or 4 (when p = 2) of P ∩GU is sn-embedded in G (see [17, Theorem 3.13]);

(8) all maximal subgroups of any Sylow subgroup of F ∗(E) are c-normal in G (see [20,

Theorem 3.1]);

(9) all minimal subgroups and all cyclic subgroups of F ∗(E) are c-normal in G (see [20,

Theorem 3.2]).

Besides, Theorem 0.1 also implies Theorem 3.1 in [1], Theorem 3.3 and Corollary 3.4 in [2],

Theorems 1 and 2 in [4], Theorem A in [8], Theorems A and B in [9], Theorems 3.1 and 3.3 in

[15], Theorem 3.12 in [17], Theorems 4.1 and 4.2 in [19] and so on.

All unexplained notations and terminology are standard, as in [3, 6–7, 12].
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1 Preliminaries

Lemma 1.1 ([3, Chapter 1] or [7, Chapter 1, Lemmas 5.34 and 5.35]) Assume that H is

a subgroup of G, E ≤ G and N �G.

(1) If H is quasinormal in G, then HG/HG ≤ Z∞(G/HG).

(2) If H is quasinormal (respectively, S-quasinormal) in G, then H ∩ E is quasinormal

(respectively, S-quasinormal) in E.

(3) If H is quasinormal (respectively, S-quasinormal) in G, then HN/N is quasinormal

(respectively, S-quasinormal) in G/N .

(4) Assume that H is a p-group. Then H is S-quasinormal in G if and only if Op(G) ≤
NG(H).

(5) The set of S-quasinormal subgroups of G is a sublattice of the subnormal subgroup

lattice of G.

(6) If H is a π-group and H is subnormal in G, then H ≤ Oπ(G).

Lemma 1.2 (1) If A is a generalized CAP -subgroup of G and N � G, then AN/N is a

generalized CAP -subgroup of G/N (see [11, Lemma 2.2 (1)]).

(2) If H is CAP -quasinormal in G and N � G such that either N ≤ H or (|N |, |H |) = 1,

then HN/N is CAP -quasinormal in G/N .

Proof (2) Let T be a quasinormal subgroup of G and A a generalized CAP -subgroup of

G such that HT is S-quasinormal in G and H ∩ T ≤ A ≤ H . By Lemma 1.1 (3), TN/N is

quasinormal in G/N and HN/N · TN/N = HTN/N is S-quasinormal in G/N . If N ≤ H , then

H ∩ TN = (H ∩ T )N . Now assume that (|H |, |N |) = 1. Then (|HN ∩ T : H ∩ T |, |HN ∩ T :

N ∩ T |) = (|N ∩ HT |, |H ∩ NT |) = 1, which implies HN ∩ T = (H ∩ T )(N ∩ T ) (see [6,

Chapter A, Lemma 1.6]). Hence, HN ∩ TN = (HN ∩ T )N = (H ∩ T )N . This implies that

HN/N∩TN/N = (H∩T )N/N ≤ AN/N ≤ HN/N , whereAN/N is a generalized CAP -subgroup

of G/N by (1). Thus (2) holds. �
Let P be a p-group. If P is not a non-abelian 2-group, then we denote Ω(P ) = Ω1(P ).

Otherwise, Ω(P ) = Ω2(P ).

Lemma 1.3[7, Chapter 3, Lemmas 2.2, 2.9 and 2.11] Let P be a normal p-subgroup of G and C

a Thompson critical subgroup of P . Then P ≤ ZU(G) if either Ω(C) ≤ ZU(G) or P/Φ(P ) ≤
ZU(G/Φ(P )).

Lemma 1.4[10, Lemma 4.3] Let C be a Thompson critical subgroup of a non-trivial p-

subgroup P . Then Ω(C) is of exponent p if p is an odd prime, or exponent 4 if P is a non-abelian

2-group.

The following lemma follows directly from Burnside Theorem.

Lemma 1.5 Let P be a Sylow p-subgroup of G for a prime p satisfying (|G|, p − 1) = 1.

If P is cyclic, then G is p-nilpotent.

Lemma 1.6[7, Chapter 1,Theorem 2.8] Let F be any formation and E�G. If F ∗(E) ≤ ZF (G),

then E ≤ ZF(G).

2 Proof of Main Theorem

The proof of Theorem 0.1 consists of many steps. The following Theorems 2.1 and 2.2 are

the main stages of it. Note that Theorems 2.1 and 2.2 have independent meanings, for example,
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Theorem 3.1 in [2], Theorem 3.14 in [13] and Corollary 3.3 in [17] follow directly from Theorem

2.2.

Theorem 2.1 Let P be a normal p-subgroup of G. Assume that P has a subgroup D

such that 1 ≤ |D| < |P | and the following hold:

(1) if P is a non-abelian 2-group and |D| = 1, then every cyclic subgroup of P with order 2

or 4 is CAP -quasinormal in G;

(2) otherwise, every proper subgroup of P with order |D| or p|D| is CAP -quasinormal in G.

Then P ≤ ZU (G).

Proof Suppose that the assertion is false and consider a counterexample (G,P ) for which

|G|+ |P | is minimal. We proceed via the following steps.

(1) |D| < |P |
p2 . If not, then every maximal subgroup of P is CAP -quasinormal in G. In this

case, we will prove that P ≤ ZU (G).

Let N be a minimal normal subgroup of G contained in P . Then by Lemma 1.2 (2),

(G/N,P/N) satisfies the hypothesis. The choice of (G,P ) implies that P/N ≤ ZU (G/N). It

follows that |N | > p and N is the unique minimal normal subgroup of G contained in P .

Assume that Φ(P ) = 1. Let B be a complement of N in P and N1 a maximal subgroup

of N such that N1 is normal in a Sylow p-subgroup of G. Clearly, (N1)G = 1 < N1 and

P1 = N1B is a maximal subgroup of P . By the hypothesis, G has a quasinormal subgroup T

and a generalized CAP -subgroup A such that P1T is S-quasinormal in G and P1 ∩ T ≤ A ≤ P1.

If P ∩ TG = 1 and N ≤ P ∩ TG, then |N | = p by the G-isomorphism N ∼= NTG/TG and Lemma

1.1 (1). This contradiction shows that either P ∩ TG = 1 or N ≤ T . In the former case, by

Lemma 1.1 (5), P1 = P1(P ∩ T ) = P ∩ P1T is S-quasinormal in G and so is N1 (= P1 ∩ N).

Consequently, N1 � G by Lemma 1.1 (4) and the choice of N1, a contradiction. In the latter

case, P1 ∩ N = P1 ∩ T ∩ N ≤ A ∩ N ≤ P1 ∩ N , that is, N1 = P1 ∩ N = A ∩ N . Since A is a

generalized CAP -subgroup of G and N1 > 1, |G : NG(N1)| is a p-number. This also implies that

N1 �G, a contradiction. Thus Φ(P ) > 1 and so N ≤ Φ(P ). Finally, by Lemma 1.3, we obtain

that P ≤ ZU (G). This contradiction completes the proof of (1).

(2) |D| > p. If |D| ≤ p, then by the hypothesis, every cyclic subgroup of P with order p or

4 (when P is a non-abelian 2-group) is CAP -quasinormal in G.

Let R be a normal subgroup of G such that P/R is a G-chief factor. Clearly, (G,R)

satisfies the hypothesis. By the choice of (G,P ), R ≤ ZU(G), so P/R is non-cyclic. Let L

be a normal subgroup of G such that L < P . Analogously, L ≤ ZU (G). If L � R, then

P = RL ≤ ZU (G). This contradiction shows that L ≤ R for any normal subgroup L of G

satisfying L < P . Therefore, by Lemma 1.3, Ω(C) = P , where C is a Thompson critical

subgroup of P .

Let K/R be a minimal subgroup of P/R ∩ Z(Gp/R), where Gp is a Sylow p-subgroup of

G. Let x ∈ K \ R and H = 〈x〉. Then K = HR. By Lemma 1.4, H has order p or 4. By

the hypothesis, H is CAP -quasinormal in G. Hence, G has a quasinormal subgroup T and a

generalized CAP -subgroup A such that HT is S-quasinormal in G and H ∩ T ≤ A ≤ H . If

P ∩ TG ≤ R and P ∩ TG = P , then PTG/TG ≤ Z∞(G/TG) by Lemma 1.1 (1). Consequently,

PTG/RTG ≤ Z∞(G/RTG). Thus P/R ≤ Z∞(G/R) by the G-isomorphism PTG/RTG
∼= P/R,

which is impossible. Therefore, either P ∩ TG = P or P ∩ TG ≤ R. If P ∩ TG = P , then H is a
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generalized CAP -subgroup of G. Note that (H∩P )R/R = K/R > 1. We have that |G : NG(K)|
is a p-number and |G/R : NG/R(K/R)| is also a p-number. In view of the choice of K/R, we

have that K/R�G/R. So P/R = K/R is cyclic, a contradiction. Now assume that P ∩TG ≤ R.

By Lemma 1.1 (3) (5), K/R = H(P ∩ T )R/R = P/R ∩HTR/R is S-quasinormal in G/R. Also,

K/R � G/R by Lemma 1.1 (4) and the choice of K/R, which also implies that P/R = K/R.

This contradiction completes the proof of (2).

(3) Φ(P ) = 1. Assume that Φ(P ) �= 1. If |Φ(P )| > |D|, then (G,Φ(P )) satisfies the

hypothesis and Φ(P ) ≤ ZU(G) by the choice of (G,P ). Let N be a minimal normal subgroup

of G contained in Φ(P ). Then |N | = p < |D| by (2), so (G/N,P/N) satisfies the hypothesis by

Lemma 1.2 (2). Hence, P/N ≤ ZU(G/N) and P ≤ ZU(G), a contradiction. Note that P/Φ(P )

is abelian. If |Φ(P )| ≤ |D|, then (G/Φ(P ), P/Φ(P )) satisfies the hypothesis by Lemma 1.2 (2),

and so P/Φ(P ) ≤ ZU(G/Φ(P )) by the choice of (G,P ). Therefore, P ≤ ZU (G) by Lemma 1.3,

a contradiction.

(4) Let N be a minimal normal subgroup of G contained in P . Then p < |N | ≤ |D| and
P/N ≤ ZU(G/N). Assume that N = P , that is, P is a minimal normal subgroup of G. Let

P0 be a subgroup of P such that P0 is normal in a Sylow p-subgroup of G and P0 has order

|D| or p|D|. Obviously, (P0)G = 1. By the hypothesis, G has a quasinormal subgroup T and

a generalized CAP -subgroup A such that P0T is S-quasinormal in G and P0 ∩ T ≤ A ≤ P0.

Similarly, if P ∩TG = 1 and P ∩TG = P , then PTG/TG ≤ Z∞(G/TG) by Lemma 1.1 (1). Hence,

P ≤ Z∞(G) by the G-isomorphism PTG/TG
∼= P , a contradiction. We can, therefore, assume

that either P ≤ T or P ∩ TG = 1. If P ≤ T , then P0 is a generalized CAP -subgroup of G and

|G : NG(P0∩P )| = |G : NG(P0)| is a p-number. Hence, P0�G by the choice of P0, a contradiction

as well. Now assume that P ∩ TG = 1. Then by Lemma 1.1 (5), P0 = P0(P ∩ T ) = P ∩ P0T is

S-quasinormal in G. Therefore, by Lemma 1.1 (4) and the choice of P0, we also have P0 � G.

This contradiction shows that N < P .

If |N | > |D|, then (G,N) satisfies the hypothesis and N ≤ ZU (G) by the choice of (G,P ).

In this case, |D| = 1, which contradicts (2). Hence, |N | ≤ |D|. Note that P is abelian by

(3). (G/N,P/N) satisfies the hypothesis by Lemma 1.2 (2). The choice of (G,P ) shows that (4)

holds.

(5) Final contradiction. By (1) and (4), there exists a normal subgroup K of G such that

N < K < P and |K| = p|D|. By the hypothesis, every maximal subgroup of K is CAP -

quasinormal in G. From the proof of (1), it follows that K ≤ ZU(G). So |N | = p. This

contradiction completes the proof. �
Theorem 2.2 Let E be a normal subgroup of G and P a Sylow p-subgroup of E with

(|E|, p − 1) = 1. Assume that P has a subgroup D such that 1 ≤ |D| < |P | and the following

hold:

(1) if P is a non-abelian 2-group and |D| = 1, then every cyclic subgroup of P with order 2

or 4 is CAP -quasinormal in G;

(2) otherwise, every proper subgroup of P with order |D| or p|D| is CAP -quasinormal in G.

Then E is p-nilpotent.

Proof Suppose that the assertion is false and let (G,E) be a counterexample for which

|G|+ |E| is minimal. Then |P | ≤ p2 by Lemma 1.5. We proceed via the following steps.
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(1) Op′(E) = 1 (It follows directly from Lemma 1.2 (2) and the choice of (G,E)).

(2) |D| < |P |
p2 . If not, then every maximal subgroup of P is CAP -quasinormal in G.

(i) Let N be a minimal normal subgroup of G contained in E. Then E/N is p-nilpotent

and N is the unique minimal normal subgroup of G contained in E. Clearly, PN/N is a Sylow

p-subgroup of E/N . Let M/N be a maximal subgroup of PN/N . Then M = N(P ∩M). Let

P1 = P ∩M . Then P1 is a maximal subgroup of P and so it is CAP -quasinormal in G. Assume

that T is a quasinormal subgroup of G and A is a generalized CAP -subgroup of G such that

P1T is S-quasinormal in G and P1 ∩ T ≤ A ≤ P1. Clearly, TN/N is quasinormal in G/N and

MT/N = P1TN/N is S-quasinormal in G/N by Lemma 1.1 (3). Since P1 ∩ N = P ∩ N is a

Sylow p-subgroup of N and |P1T ∩ N : T ∩ N | = |P1 ∩ NT : P1 ∩ T | is a p-number, we have

P1T ∩ N = (P1 ∩ N)(T ∩ N). Moreover, M ∩ TN = (P1 ∩ T )N (see [6, Chapter A, Lemma

1.2]). Hence, M/N ∩ TN/N = (P1 ∩ T )N/N ≤ AN/N ≤ M/N , where AN/N is a generalized

CAP -subgroup of G/N by Lemma 1.2 (1). This shows that M/N is CAP -quasinormal in G/N .

Hence, (G/N,E/N) satisfies the hypothesis. The choice of (G,E) implies that (i) holds.

(ii) N = Op(E) and |N | > p. Suppose that Op(E) = 1. In view of (1), N is non-abelian.

Clearly, 1 < N ∩ P � Φ(P ) (see [12, Chapter IV, Theorem 4.7]). So P = (P ∩ N)P1 for

some maximal subgroup P1 of P . By the hypothesis, G has a quasinormal subgroup T and a

generalized CAP -subgroup A such that P1T is S-quasinormal in G and P1 ∩ T ≤ A ≤ P1. If

E ∩ TG = 1 and N ≤ E ∩ TG, then N ≤ Z∞(G) by the G-isomorphism N ∼= NTG/TG and

Lemma 1.1 (1), a contradiction. By (i), either N ≤ T or E ∩ TG = 1. In the former case,

P1 ∩ N = P1 ∩ T ∩ N ≤ A ∩ N ≤ P1 ∩ N , that is, P1 ∩ N = A ∩ N . If A ∩ N = 1, then

|P ∩N | = |P : P1| = p and N is p-nilpotent by Lemma 1.5, a contradiction. Hence A does not

avoid N/1. Since A is a generalized CAP -subgroup of G, P1 ∩N = A∩N is a Sylow p-subgroup

of N . Then P ∩ N = P1 ∩ N ≤ P1, which contradicts the choice of P1. In the latter case, by

Lemma 1.1 (2), P1 = P1(E ∩ T ) = E ∩ P1T is an S-quasinormal subgroup of E. Moreover, by

Lemma 1.1 (5)–(6), P1 ≤ Op(E) = 1, a contradiction. Hence, Op(E) �= 1, and so N ≤ Op(E).

Clearly, N � Φ(G), hence G = N�M for some maximal subgroup M of G. Note that Op(E)∩M
is normal in G. By (i), Op(E) ∩M = 1, and so Op(E) = N(Op(E) ∩M) = N . If |N | = p, then

N ≤ Z(E). It follows from (i) that E is p-nilpotent. This contradiction shows that (ii) holds.

(iii) Final contradiction for (2). By (ii), G = N � M , so P = N � (P ∩ M). Let N1

be a maximal subgroup of N such that N1 is normal in a Sylow p-subgroup of G containing

P . Obviously, (N1)G = 1 < N1. Let P1 = N1(P ∩ M). Then P1 is a maximal subgroup of

P . By the hypothesis, P1 is CAP -quasinormal in G. Let T be a quasinormal subgroup of G

and A a generalized CAP -subgroup of G such that P1T is S-quasinormal in G and P1 ∩ T ≤
A ≤ P1. Similarly as the proof in (ii), E ∩ TG = 1 and N ≤ E ∩ TG imply that N ≤ Z∞(G),

which is impossible. Therefore, we have either N ≤ E ∩ TG or E ∩ TG = 1. If N ≤ T , then

P1 ∩ N = P1 ∩ T ∩ N ≤ A ∩ N ≤ P1 ∩ N , that is, A ∩ N = P1 ∩ N = N1 > 1. Since A is

a generalized CAP -subgroup of G, |G : NG(N1)| is a p-number. Consequently, N1 � G by the

choice of N1, a contradiction. We may, therefore, assume that E ∩ TG = 1. By Lemma 1.1 (5),

P1 = P1(E ∩T ) = E ∩P1T is S-quasinormal in G and so is N1 (= P1 ∩N). From Lemma 1.1 (4)

and the choice of N1, it follows that N1 �G, a contradiction. Thus (2) holds.

(3) |D| > p. If not, then cyclic subgroup of P with order p or 4 (when P is a non-abelian
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2-group) is CAP -quasinormal in G.

We first prove that Op(E) = 1. Assume that Op(E) > 1. Since (G,Op(E)) satisfies the

hypothesis of Theorem 2.1, Op(E) ≤ ZU (G). Moreover, Op(E) ≤ Z∞(E). Let M be a nor-

mal subgroup of G such that Op(E) < M ≤ E and M/Op(E) is a G-chief factor. Clearly,

Op(E) ≤ Z∞(M). If M/Op(E) is p-nilpotent, then M is p-nilpotent and M ≤ Op(E) by (1), a

contradiction. Therefore, M/Op(E) is a non-abelian pd-G-chief factor and there exists a mini-

mal non-p-nilpotent subgroup K of E contained in M . From [7, Chapter 1, Propositions 1.9 and

1.10], it follows that: (a) K = Kp �Kq, where Kp is the Sylow p-subgroup of K and Kq a cyclic

Sylow q-subgroup of K; (b) Kp/Φ(Kp) is a non-cyclic K-chief factor and the exponent of Kp is

p or 4 (when Kp is a non-abelian 2-group).

Let x ∈ Kp\Φ(Kp) and H = 〈x〉. ThenH has order p or 4 by (b). SoH is CAP -quasinormal

in G. Let T be a quasinormal subgroup of G and A a generalized CAP -subgroup of G such that

HT is S-quasinormal in G and H ∩ T ≤ A ≤ H . Let T0 = T ∩ K. Then T0 is quasinormal

in K by Lemma 1.1 (2). We divide the proof into three cases: (α) Kp ∩ (T0)K ≤ Φ(Kp) and

Kp ∩ (T0)
K = Kp; (β) Kp ≤ T0; (γ) Kp ∩ (T0)

K ≤ Φ(Kp). In Case (α), by Lemma 1.1 (1),

Kp(T0)K/(T0)K ≤ Z∞(K/(T0)K), and so Kp(T0)K/Φ(Kp)(T0)K ≤ Z∞(K/Φ(Kp)(T0)K). Then

Kp/Φ(Kp) ≤ Z∞(K/Φ(Kp)) by the G-isomorphism Kp(T0)K/Φ(Kp)(T0)K ∼= Kp/Φ(Kp), which

contradicts (b). In Case (β), H is a generalized CAP -subgroup of G. Note that M/Op(E) is

a non-abelian G-chief factor. If H ≤ Op(E), then H ≤ Z∞(M) ∩ K ∩ Kp ≤ Z∞(K) ∩ Kp =

Φ(K) ∩ Kp = Φ(Kp) (see [7, Chapter 1, Proposition 1.8]), which contradicts the choice of x.

Therefore, HOp(E)/Op(E) is a Sylow p-subgroup of M/Op(E), which shows that M/Op(E) is

p-nilpotent by Lemma 1.5, a contradiction. Now, we consider case (γ). By Lemma 1.1 (2)–(3)

and (5), HΦ(Kp)/Φ(Kp) = H(Kp ∩ T0)Φ(Kp)/Φ(Kp) = Kp/Φ(Kp) ∩ HT0Φ(Kp)/Φ(Kp) is an

S-quasinormal p-subgroup of K/Φ(Kp). Note that Kp/Φ(Kp) is abelian. In view of Lemma

1.1 (4), we have HΦ(Kp)/Φ(Kp) � K/Φ(Kp). Consequently, Kp/Φ(Kp) = HΦ(Kp)/Φ(Kp),

which contradicts (b). Thus Op(E) = 1.

Now let N be a minimal normal subgroup of G contained in E. If N < E, then (G,N)

satisfies the hypothesis and N is p-nilpotent by the choice of (G,E), which contradicts (1) since

Op(E) = 1. Hence, E is a minimal normal subgroup of G. Let x ∈ E be an element of order

p and H = 〈x〉. By the hypothesis, G has a quasinormal subgroup T and a generalized CAP -

subgroup A such that HT is S-quasinormal in G and H ∩T ≤ A ≤ H . With a similar discussion

as above, we can assume that either E ≤ T or E∩TG = 1. In the former case, H is a generalized

CAP -subgroup of G, so H is a Sylow p-subgroup of E, which contradicts Lemma 1.5. In the

latter case, H = H(E ∩ T ) = E ∩HT is an S-quasinormal p-subgroup of E by Lemma 1.1 (2).

It follows from Lemma 1.1 (5)–(6) that H ≤ Op(E) = 1. This contradiction completes the proof

of (3).

(4) Op(E) = 1. Assume that Op(E) �= 1. Then G has a minimal normal subgroup N

contained in Op(E). We consider three possible cases:

Case (a): |N | < |D|. In view of Lemma 1.2 (2), (G/N,E/N) satisfies the hypothesis. So

E/N is p-nilpotent by the choice of (G,E). Let L/N be the normal p′-Hall subgroup of E/N .

Since E/L is a p-subgroup, we have E/L = PL/L. Let H/L be a subgroup of E/L with order

|D|/|N | or p|D|/|N |. Then H = L(H ∩ P ) and H0 = H ∩ P has order |D| or p|D|. By the
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hypothesis, G has a quasinormal subgroup T and a generalized CAP -subgroup A such that H0T

is S-quasinormal in G andH0∩T ≤ A ≤ H0. By Lemma 1.1 (3), TL/L is quasinormal in G/L and

HT/L = H0TL/L is S-quasinormal in G/L. Since H0∩L = P ∩L is a Sylow p-subgroup of L and

|H0T ∩L : T ∩L| = |H0∩LT : H0∩T | is a p-number, we have H0T ∩L = (H0∩L)(T ∩L). Hence,

by [6, Chapter A, Lemma 1.2], (H/L) ∩ (TL/L) = (H0 ∩ T )L/L ≤ AL/L ≤ H/L, where AL/L

is a generalized CAP -subgroup of G/L by Lemma 1.2 (1). Generally speaking, every subgroup

of E/L with order |D|/|N | or p|D|/|N | is CAP -quasinormal in G/L. So E/L ≤ ZU (G/L) by

Theorem 2.1. As a result, G has a normal subgroup E∗ such that L < E∗ < E and |E∗|p = p|D|.
Moreover, every maximal subgroup of P ∩ E∗, where P ∩ E∗ is a Sylow p-subgroup of E∗, is
CAP -quasinormal in G. Using the proof of (2), E∗ is p-nilpotent. Then by (1), E∗ is a p-group

and so E is a p-group, a contradiction.

Case (b): |N | = |D|. Let B be a normal subgroup of G such that N ≤ B and E/B is

a G-chief factor. If |N | < |B|p, then (G,B) satisfies the hypothesis and B is p-nilpotent by

the choice of (G,E). Moreover, B is a p-group by (1). Hence, B ≤ ZU(G) by Theorem 2.1.

Consequently, |N | = p, which contradicts (3). So |N | = |B|p. Let L/B be a subgroup of

PB/B with order p. Then L = (P ∩ L)B. Denote P0 = P ∩ L. Then |P0| = p|D|. By the

hypothesis, G has a quasinormal subgroup T and a generalized CAP -subgroup A such that P0T

is S-quasinormal in G and P0∩T ≤ A ≤ P0. By Lemma 1.1 (3), TB/B is a quasinormal subgroup

of G/B and LT/B = P0TB/B is an S-quasinormal subgroup of G/B. Since P0 ∩ B = P ∩ B

is a Sylow p-subgroup of B and |P0T ∩ B : T ∩ B| = |P0 ∩ BT : P0 ∩ T | is a p-number, we

have that P0T ∩ B = (P0 ∩ B)(T ∩ B). So L ∩ TB = (P0 ∩ T )B by [6, Chapter A, Lemma

1.2]. Therefore, L/B ∩ TB/B = (P0 ∩ T )B/B ≤ AB/B ≤ L/B, where AB/B is a generalized

CAP -subgroup of G/B by Lemma 1.2 (1). The above shows that L/B is CAP -quasinormal in

G/B. If E/B is a p-group, then E/B = PB/B is elementary abelian and every subgroup of

E/B with order p is CAP -quasinormal in G/B. Thus by Theorem 2.1, E/B ≤ ZU (G/B). It

follows that |E/B| = p and |P | = p|B|p = p|D|, which contradicts (2). Hence, E/B is non-

abelian. First assume that E/B ∩ (TB/B)G/B = 1 and E/B ∩ (TB/B)G/B = E/B. From

Lemma 1.1 (1) and the G-isomorphism E/B ∼= (E/B)(TB/B)G/B/(TB/B)G/B, it follows that

E/B ≤ Z∞(G/B), a contradiction. So either E/B ≤ TB/B or E/B ∩ (TB/B)G/B = 1. In the

former case, L/B is a generalized CAP -subgroup of G/B. Hence, L/B is a Sylow p-subgroup

of E/B and E/B is p-nilpotent by Lemma 1.5, a contradiction. In the latter case, by Lemma

1.1 (5), L/B = P0(E ∩ T )B/B = E/B ∩ P0TB/B is S-quasinormal in G/B. Then by Lemma

1.1 (4), Op(G/B) ≤ NG/B(L/B). However, E/B ≤ (L/B)G/B = (L/B)GpB/B ≤ GpB/B is a

p-group, where Gp is a Sylow p-subgroup of G containing P . This contradiction completes the

proof of case (b).

Case (c): |N | > |D|. By Theorem 2.1, N ≤ ZU(G), and so |D| = 1, which contradicts (3).

The above arguments show that Op(E) = 1.

(5) Final contradiction. Let N be a minimal normal subgroup of G contained in E. By (1)

and (4), N is non-abelian.

First, assume that |N |p < |D|. Let H/N be a subgroup of PN/N with order |D|/|N |p
or p|D|/|N |p. Then H = (P ∩ H)N , where P0 = P ∩ H has order |D| or p|D| and is CAP -

quasinormal in G. With a similar discussion as in Case (b) of (4), we can obtain that H/N is
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CAP -quasinormal in G/N . Hence, (G/N,E/N) satisfies the hypothesis. So E/N is p-nilpotent

by the choice of (G,E). Let K/N be the normal p′-Hall subgroup of E/N . Then with a similar

discussion as in Case (a) of (4), E/K is a normal p-subgroup of G/K such that every subgroup of

E/K with order |D|/|N |p or p|D|/|N |p is CAP -quasinormal in G/N . Hence, E/K ≤ ZU (G/K)

by Theorem 2.1. This implies that G has a normal subgroup E∗ such that K < E∗ < E and

|E∗|p = p|D|. Moreover, P ∩E∗ is a Sylow p-subgroup of E∗ such that every maximal subgroup

of P ∩ E∗ is CAP -quasinormal in G. Hence, (G,E∗) satisfies the hypothesis, and so E∗ is

p-nilpotent, which contradicts (1) and (4).

Now assume that |N |p = |D|. Let B be a normal subgroup of G such that N ≤ B < E and

E/B is a G-chief factor. If |D| < |B|p, then (G,B) satisfies the hypothesis and B is p-nilpotent

by the choice of (G,E), which contradicts (1) and (4). Hence, |D| = |B|p. With a similar

discussion as in Case (b) of (4), we see that this is impossible.

Finally, assume that |N |p > |D|. Then (G,N) satisfies the hypothesis. Assume that N = E.

Let H be a subgroup of P with order |D| or p|D|. Then G has a quasinormal subgroup T and

a generalized CAP -subgroup A such that HT is S-quasinormal in G and H ∩ T ≤ A ≤ H .

Suppose that E ∩ TG = 1 and E ∩ TG = E. In view of Lemma 1.1 (1) and the G-isomorphism

E ∼= ETG/TG, E ≤ Z∞(G), a contradiction. So either E ≤ T or E∩TG = 1. In the former case,

H is a generalized CAP -subgroup of G. Consequently, H is a Sylow p-subgroup of E, which

contradicts (2). In the latter case, H = H(E ∩ T ) = E ∩ HT is an S-quasinormal p-subgroup

of E by Lemma 1.1 (2). From Lemma 1.1 (5)–(6), it follows that H ≤ Op(E), which contradicts

(4). Therefore, N < E, and so N is p-nilpotent by the choice of (G,E), which contradicts (1)

and (4). This contradiction completes the proof. �
Proof of Theorem 0.1 Let p be the smallest prime divisor of |X | and Xp a Sylow p-

subgroup of X . If Xp is cyclic, then X is p-nilpotent by Lemma 1.5. Now assume that Xp is

non-cyclic. Then by Theorem 2.2, we also have that X is p-nilpotent. Let Xp′ be the normal

p′-Hall subgroup of X . With a similar discussion as above, Xp′ is q-nilpotent, where q is the

second smallest prime divisor of |X |. Continuing the steps, we finally obtain that X is dispersive

(see [7, p. 6]).

Let r be the largest prime divisor of |X | and Xr a Sylow r-subgroup of X . Then Xr is

normal in G. If Xr is cyclic, then obviously, Xr ≤ ZU (G). Otherwise, by Theorem 2.1, we also

have that Xr ≤ ZU (G). Let t be the second largest prime divisor of |X | and X{r,t} an {r, t}-
Hall subgroup of X . Then X{r,t} � G and X{r,t} = Xr � Xt by Schur-Zassenhaus Theorem,

where Xt is a Sylow t-subgroup of X . If Xt is cyclic, then X{r,t}/Xr
∼= Xt is cyclic, and so

X{r,t}/Xr ≤ ZU(G/Xr). Suppose that Xt is non-cyclic. From the hypothesis, Lemma 1.2 (2)

and Theorem 2.1, it follows that X{r,t}/Xr ≤ ZU(G/Xr). Thus X{r,t} ≤ ZU (G) in any case.

The rest could be deduced by analogy. Thus X ≤ ZU (G), and so F ∗(E) ≤ ZU(G). Then by

Lemma 1.6, E ≤ ZU(G). Therefore, E ≤ ZU (G) ≤ ZF (G). Consequently, G ∈ F . �
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